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U. Schollwock

Diagonalization- and Numerical

Renormalization-Group-Based Methods for Interactin :
Quagtum Systems . arXiv:cond-mat/0510321,
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Quantum Many-Body Systems:
in Nature and in the Lab

Quantum Magnetism in Natural Minerals Synthesized Materials: Cuprates
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Introduction to Frustrated Magnetism Correlated Electrons in high-temperature superconductors
C. Lacroix, P. Mendels, F. Mila, Springer (2011) § ’ E. Dagotto, Rev. Mod. Phys. (1994)
Goal: Identity

_new states of m /

oo 3
Quantum Physics in One Dimension, Many-body physics with ultracold gases
T. Giamarchi, Clarendon Press (2004) l. Bloch, J. Dalibard & W. Zwerger, Rev. Mod. Phys. (2008)
Quantum Wires, Low Dimensions Ultracold Gases (Optical Lattices)
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Quantum Many-Body Systems:
Superposition & Entanglement

[) Superposition of states is also a possible state

1) = |dead) + |alive)
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Quantum Many-Body Systems:
Correlations

Correlated states:
“mean-field” picture of independent particles breaks down

(5153) # (51) (85) + (57 — (57)) (55 = (53)))

s Expectation values of observables for particles 1 and 2 correlate with each other

a) because of entanglement

b) because of mutual interactions.

Small numerical values: need accurate methods



Quantum Many-Body Systems:

Exchange statistics:

Behavior at low
temperatures:

At T=0:

Quantum Statistics

Bose-Einstein
Condensate

Quantum fluctuations drive
“quantum phase transitions”.

Cold bosons

Cold fermions

Fermi

Sea

A non-universal
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ordered (at 7= 0) pw. \{;ojta, Rep. Prog. Phys. (2003)]




Quantum States of Matter:
Spontaneous Breaking of Symmetries

Continuous phase transitions:

How to investigate this
numerically? Which
quantities to compute?

S—
W, =t 9 4 (L. and au expectation values:
F [M I aM + bM ( ) local observables,
F F F correlation functions, ...

finite
“order parameter”:
broken symmetry

no “order” Q-9
(symmetry preserved) M M M
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Unconventional States:

Topological Phases

“Topological order”: beyond Landau paradigm | ﬁ Nobel Prize

No local order parameter, instead:

® topological invariants (integer numbers)
<—protection against local noise: quantum computing

® metallic surface states
<—dissipationless transport

Examples: integer and fractional quantum Hall effect

10 pxy

198 w/e?
Phase transitions:

jumps in transverse conductivity

102

i

Magnetic field [T]

How to investigate this
numerically? Which
quantities to compute?

topological invariants,

energy gaps,
entanglement properties,

,Schmidt spectrum?,...
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Unconventional states:

Out-of-Equilibrium Dynamics

Example (high-energy physics):
heavy ion collisions

Time—>»
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Fundamental questions:
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® How does the system ‘relax” towards a ‘stationary state’?

® Temperature in the system?
® Prethermalization”

[Berges et al., PRL 2004]

thermal
final state



Quantum Simulators:
Controlled Quench Dynamics

Out-of-Equilibrium e
g wilk. e Collapse aqd Revival
“Quantum Quenches” i _
Rt ‘ @ @ e M. Greiner et al., Nature (2002)
parameters |
=L | o ® "

How to investigate this
numerically? Which

> quantities to compute?
Prepared states,

_ Expansions
‘ ‘Release” atoms, remove a
- trapping potential
“\_\

— T. Kinoshita et al., Nature (2006)

accurate methods for
time evolution with
time-independent
Hamiltonians

uantum Newton Cradle’

[= Relaxation behavior
i Time scales
f e Non-Equilibrium states




Many-Body Systems Out-Of-Equilibrium:

Example: light-harvesting systems

Energy transfer in ,antenna systems’

500 fs

-y
)

1) /
R »'/ \
¥ O ' o 2
O I LV \ J P, -
0 R N A Ly ! N
Ot & =) 20 - Y
r:
" O 35 X120 ~ e
Q- XY ,-_-
) Py \ )
D 2\ &
[ 2 I
\\
> S L' B800—B800
¥ [} )
¥ o
Pal
!
v, . "
N -0 e !
. 32 N

B800—~B850
900 fs

Phonons

[K. Kessing, Master thesis (U. Gottingen, 2020);

Simplified model:
ring geometry coupled to phonons

broadband baths

N

K. Kessing et al., in preparation]

How to investigate this
numerically? Which
quantities to compute?

efficient approaches to
treat phonons?



Many-Body Systems Out-Of-Equilibrium:
Highly Excited Materials

Photon or electron
Pump pulse energy or momentum s
distribution

Sample
Detector
Probe pulsﬁl\ | D .

Photons, electrons,

J\k/fg| ‘

Photo-excitation of “Light-induced

How to investigate this
numerically? Which
e quantities to compute?

21212

F. Krausz & M. Ivanov, RMP (2009)

accurate methods for

Mott insulators superconductivity’ Photovoltaic effects ti.me evolution with
ol 9 o bt ooy b g8 time-dependent
%59% r=5ps b " : " ! Hamiltonians,
& o4y f | } } formation of order or
= ® 10K o s : ; .
" | Uennueas ¢ o } f ¥ t | i % ¥ f quasiparticles?
4()Frequeng;)/ cm? ? p-doped | n-doped

S. Wall et al., Nature Physics (2010) D. Fausti et al., Science (2011) E. Manousakis PRB (2010) ——



Many-Body Systems Out-Of-Equilibrium:

Dynamical quantities

Ground states: Finite temperature: Out-of-equilibrium:

Spectral functions structure factors of quantum magnets e.g., time-dependent

(e.g., Hubbard chains) (e.g., S=1 Heisenberg chain) optical conductivity
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Quantum Many-Body Systems:
Typical Lattice Models

Hubbard model (1D):
ubbard model (1D) H=-—1 Z [ﬂgﬂ,gﬂi,ﬂ + h.c*} —I—UZHLTHE-A’ t
(i7).0 : o ﬁ
U
Also bosons possible: H™M = —J Z (bjb; +h.c.)+ > Z n; (n; — 1) T
(i) i
Heisenberg exchange: 2" order perturbation theory for U >> t t
3 . & a2
JS1 - 59 J = — t —:—-U
(e.g., quantum magnets) U 'y
,Spinless Fermions’
(e.g., fully polarized extended Hubbard model): e & __ &
o A o A
t \



Range of applications for MPS methods:
Quantities we need to compute

We have encountered various quantities, which we need to be able to compute in order to
investigate the physics of the systems of interest, for example (see hands-on session):

* Local expectation values and correlation functions, e.g. (S7) and (S;S7)

* Energy gaps: ground state energies with different quantum numbers, e.g., spin gap,
Ag = Eo(Stotal = 1, L) — Eo(S¢ota1 = 0, L)

Thermodynamic limit? Large system sizes!

» Entanglement properties, e.g., von Neumann or Entanglement Entropy S = —Trplog p

* Dynamical spectral functions, e.g.,

1 e o
SZZ(q’w) = Z Z G—ZQ(j—L/Z) / dtezwt <Sz SL/2(0)>

j 2 Y,



DMRG, MPS and related methods:
Basic Idea

Basic idea: data compression (“quantum version”)

potey e Compressed 10x Compressed 20x
Original - 2.4 MB 257 KB 122 KB

— Graphics (acoustics, signal transmission, etc.)

Key aspect:

Ignore modes that cannot be resolved (by the ear, the screen, ...) — excellent quality with much smaller
amount of data.

v Control parameter here: entanglement.



DMRG Algorithms:
Key Aspects

. £ S.R. White, PRL (1992); U. Schollwdck, RMP (2005)/Ann. Phys. (2011); R.M. Noack & S.R.M., AIP (2005)
Schmidt decomposition:

(see black board) s
e L Approximation:m < dimH
%) = ; wj |a); |B); = ;wj )5 18); (e.g., 1000 sites:
dimH = 2% > (1 googol)®.
A o), B 18), e
['ypical choice: m = 800)

la);, |B); : eigenstates of the reduced density matrix of A or B

A. Daley et al., ].Stat. (2004);

® ver Owerful in 1D S.R. White & A.E. Feiguin, PRL (2004);
Yl S.R.M. et al., AIP (2005);

e s P : : R.M. Noack, S.R.M. et al., Springer Lect. Notes (2008);

® nonequilibrium, finite-T, linear-response dynamics A.C. Tiegel, S.R.M,, et al., PRB(R) (2014)

Recent Review: S. Paeckel et al., Ann. Of Phys. (2019)

Key: entanglement entropy S = Z w? log w_,?- b o000000000s
J 2D: 99 {le0ss0e 90
. obbg g
= the larger the entanglement in the system, the larger m 00090090 8§§
Problem in 2D: 8 :o ®0 o0
“area law of entanglement” - m grows exponentially with system size 8. 9060 80 000
cobestoodons
= Frontier of today’s efforts. b Db b S

[See, e.g., EIM. Stoudenmire & S.R. White, Ann. Rev. Cond. Mat. Phys. (2012).]



DMRG:
Entanglement Area Law

[U. Schollwock, Rev. Mod. Phys. (2005)]
Entanglement Entropy in 1D (Ising-model in transv. tield)

Gapless phase:
| Logarithmic divergence

Gapped phase: constant
‘area law’

o K N s O O
e

.....................
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DMRG:
Truncation efficiency in 1D and in 2D

[U. Schollwock, Rev. Mod. Phys. (2005)]

From 1D to 2D: Schmidt values dim} m
[9) = D wjled;1B); = D wjle);|B);

!

10
10°
Mo 107°
107"
107 M 1 '
0 250 500 750 1000
n

Need to keep much larger number of states to reach same accuracy!

Salvatore R. Manmana



DMRG:
Too much entanglement...

...1s Jjust annoying.



Matrix Product State:
Basic ITdea

[U. Schollwock, Annals of Physics (2011)]
Wave function of a generic many-body system (e.g. S=1/2 chain):

V) = Z Cotron |01 -+ - ON)

-+ 2N coefficients (complex numbers)

Rewrite (using singular value decomposition, SVD):

)= )  ATAT . AVTATY (g o)

- 2-N matrices

Salvatore R. Manmana



Matrix Product State:
Basic ITdea

MPS representation: local representation

)= )  ATTAT . ATNTATN oy oy)

[U. Schollwock, Annals of Physics (2011)]

Typical question: what’s the gain? Don’t we still have 2™ basis coefficients?
Consider the following two aspects:

1. We can exploit this local representation for the computation of expectation values —
we do not need to store the coetficients, but only the matrices!

2. We can truncate the matrix size in a controlled way — we need to store only
relatively small matrices and still obtain a high accuracy!

Salvatore R. Manmana



Good to know & very useful:
Graphical Representation

,3-leg tensor” (e.g., Matrix A°): b\ [This is also called Penrose graphical
- : notation of tensors, R. Penrose (1971)]
a/
Contraction of two indices b
(multiplication of two matrices) N NI
a/
......... M M M) = 'LD
Matrix Product State: : ‘2 ‘L )
01 g9 gr,
0"1 O‘é U‘i},
Matrix Product Operator: Wi Wa —{ W | —0




Useful representation of MPO-matrices:
Finite states machines

[G.M. Crosswhite & D. Bacon, PRA (2008); G.M. Crosshwite et al. PRB (2008)]

[Formulation with Abelian quantum numbers: S. Paeckel, T. Kohler & S.R.M., SciPost Phys. 3, 035 (2017)

Freely available, flexible MPS code using FSM: https://www.symmps.eu ]

Properties & Advantages:

* The FSM-graphs can be used as representation of the Hamiltonian/operator — unified input for all
types of models possible

* Flexible control of time-dependence, 2D systems, observables, ...

* Exact arithmethics by evaluation after construction of the operator


https://symmps.eu/

Useful representation of MPO-matrices:
finite states machines

subsection xx
set parameters =
set description =

[SymMPS package, https://www.symmps.eu]

J
"XX-Model with OBC: \begin{align}\sum_{j=0}"ML-1}\

left[ J_j \left( \hat SA+_j \hat SA-_{j+1} + \hat SA-_j \hat SA+_{j+1} \right) \end{align}"

set transitions —

set print_ignore -
set weight_functions

end

[:1d:I; F:Id:F; \

\

[:J*Splus:A; A:Sminus:F; \
[:J*Sminus:B; B:Splus:F;
Id

J:{0.5*]J}



Finite temperature methods:
purification & matrix product states

== Compute thermal density matrix via a pure state in an extended system:

H—>H®Jla

(W) ~ e~ (Hp®Iq)/(2T)

1
:>QT:E€

—H/T _

1

/

9
physical formal replacement
I I I I auxiliaryQ

@le rung — singlet) ;

Trg |Y7) (YT




Purification:
“Thermofields” in Liouville Space

J. Phys. A: Math. Gen. 20 (1987) 411-413. Printed in the UK

Liouville space description of thermofields and their
generalisations

S M Barnettt and B J DaltonT3

T Optics Section, Blackett Laboratory, Imperial College of Science and Technology, London
SW72BZ, UK

f Physics Department, University of Queensland, St Lucia, Queensland, Australia 4067
Received 14 January 1986, in final form 13 May 1986

Abstract. The thermofield representation of a thermal state by a pure-state wavefunction
in a doubled Hilbert space i1s generalised to arbitrary mixed and pure states. We employ
a Liouville space formalism to investigate the connection between these generalised
thermofield wavefunctions and a generalised thermofield state vector in Liouville space
which is valid for all cases of the quantum density operator. The system dvnamics in the
Schrodinger and Heisenberg pictures are discussed.

+ references therein

do

. ~ . d
i = [#,0] = i=10)) = Llo))

von Neumann equation Liouville equation



Finite temperature methods:
purification & matrix product states

Purification: [U. Schollwock, Annals of Physics (2011)]

I 3 5 7 9

I I I I I I I I physical P formal replacement
§ R+ |[rung — singlet }
; > . - r auxiliary Q |: ¥, =3 ‘ g g >j

1. Schmidt decomposition ,,backwards:

pr=> _sila)p(al, — W) = > _sala)pla),  pp = Troly) (Y]
a=1 a=1

2. Rewrite: Dp = z(ﬁ)—le—ﬁﬁ — z(ﬁ)—le—ﬁ/ﬁﬂ T e—ﬁ?f/z
3. Choose/construct |y,> so that Z(0) p, =1

4. Rewrite: . _ (z(0)z(g)e "7 - Trolwo) (ol - € 7> = (2(0)/Z(B) Trge ™|o) (ole "
Need to compute imaginary time evolution v = e 2] )
5. Compute expectation values: : :
(0), = Trp0py = (Z(0)/Z(B))TrpOTrq |y (Wy| = (Z(0)/Z(B)){w4|Olsy)
6. Partition function via: 7
1= >ﬂ = Trppp = (Z(0)/Z(B))TrpTrq W) Yyl = (Z(0)/Z(B))(Wpl¥rg)



Finite temperature methods:
purification & matrix product states

Purification: [U. Schollwock, Annals of Physics (2011)]

physical P formal replacement

e

Note: Partition function can be computed as

Z(P)/£(0) = (Wglhg)
With Z(0) = d- (d: dimension of the Hilbert space on a site, L: number of sites in P)

This allows one to compute thermodynamic quantities via expectation values,
thermodynamic relations, and the free energy,

F(B) = —p " InZ(p)



Finite temperature methods:
purification & matrix product states

Exam ple: [A. Tiegel, PhD thesis (Gottingen, 2016)]

(a) —\PS TDVP|

-==oxact

XX model, L = 50

L—1
Hxx =J Y (9787, +5YS%,)

j=1

0 i 2 3 1
Temperature T'/J

-y



Outlook 2D:
PEPS, MERA & Tensor Networks

Projected Entangled Pair States (PEPS): F. Verstraete & I. Cirac, arXiv (2004)
| k- k
T o= > F(A AN R )
ki, k=1
e Lo | . 4. with [Aiﬁm . tensors (e.g., square lattice: rank-4)

Multiscale Entanglement Renormalization Ansatz (MERA) & tensor networks:  G. vidal, PRL (2007)

- ~ control of entanglement via unitary transforms:
~ ‘disentanglers’ + block renormalization

=v

Salvatore R. Manmana






Many-Body Systems Out-Of-Equilibrium:
Ultracold Gases & Optical Lattices

[I. Bloch et al., Rev. Mod. Phys. 80, 885 (2008)]

Standing waves of laser light: periodic structures

Mechanism: Stark-Effect

»» [nduced dipolemoment in neutral atoms leads to a trapping force in the periodic potential:
“Crystals of Light”

Salvatore R. Manmana



Quantum Simulators:
Correlated Systems

[I. Bloch et al., Nat. Phys. 8, 267 (2012)]

Idea: Use a well controlled quantum system to describe another, more difficult one
(R.P. Feynman 1982, Y.I. Manin 1980)
= Quantum-Many-Body-Models via ultracold gases on optical lattices

Salvatore R. Manmana



Quantum Simulators:
some developments

Be’* ions in a trap:
frustrated Ising systems with
tunable long-range interactions

Tilted Mott insulators:
Quantum Ising models

Ultracold polar molecules (KRb, LiCs,...):
spin- and t-J-models
(quantum magnetism, superconductivity,...)

Ultracold atoms (alkaline, alkaline earths) :
SU(2) and SU(N) Hubbard models

Salvatore R. Manmana



Ultracold polar molecules
dipolar t-J-V-W Model

[A.V. Gorshkov, S.R. Manmana et al., PRL & PRA (2011)]

”“4:_‘.':.‘3 ¢ polar Molecules (e.g. KRDb) in optical lattices:
¥ oBiw e 2 Rotational states < two Spinstates

‘/.I dipolar '/.
< : 5 >
Interaction

= —tz [ = ﬁlg—l—hc} —I—Z |z_3|3 { S*S + 5, S+)—|—J S; S +Vnin;+W (H¢S;+anj)

Effective Model:

"WIB t: nearest-neighbor hopping
/\/\/\/ /\/\ V: Coulomb-repulsion (long-range)
\t W: density-spin-interaction (long-ranged)

=,_ - *-a____,a-
‘ J: Helsenberg coupllng (anisotropic, long-ranged)

Simplest case: weak E-fields
w J, =V =W =0, 1D for DMRG
= dipolar t-J.-chain

Salvatore R. Manmana



One-Dimensional Systems:
Luttinger Liquids

3D: °
o. L 1

Q"“\\‘ A//
F AN

Luttinger

Fermi liquid:
guasi-free quasiparticles

1D:
O—0O0—0—0O0—0O—0

Interaction & geometry don’t allow for ‘quasi-free’ motion:
collective excitations!

Spin- and charge degrees of freedom feel different influence:
Spin-Charge-Separation!

[C. Blumenstein et al., Nat. Phys. (2011)] Salvatore R. Manmana



Phase diagram of the standard
t-T-chain

— — ]_
_ E : i
H=—t - [ci,aci+1,g T h-C-} +J % (S?’, - Sit1 — 4ﬂq:ﬂz'+1)

1

0.8/

0.6 /
n=(N++N,)/L —{5:151 ?-'6

0.4 -

02

[A. Moreno, A. Muramatsu, and S.R. Manmana, PRB (2011)]

Two superconducting phases:

" Jow filling: K>1 + spin-gap = Luther-Emery-liquid

" Jarge filling: crossover from dominant density-density correlations to superconducting correlations

How does this translate to the t-J.-chain, in particular in the presence of long-range interactions? e Rt



Phase diagram of the standard t-J-chain:
How to obtain it?

. . [S.R. Manmana et al., PRA (2017)]
S — LO\LVyiotal — O\4Yy Mtotal —
0.9 | | | |
——0.2 A/t
0.8 0.3 a
- a; 0.15 0.2
0.7 b :/E/EI’EI/ lox % -
06 — L doos LT
.. . n=0.2],/t=5.2 0.0 .- /
Finite-size 05 L , , T PO ,.
extrapolation! 0 0.005 0.01 0.015 )
0.4 | 1/L
0.3
0.2 s
0.1 | |
3 4 5 6 7

(similarly: inverse compressibility)

Salvatore R. Manmana



Phase diagram of the standard t-J-chain:
How to obtain it?

Luttinger parameter:

. L

| (i
/ T - — J'-? 11-('3.-—"}) ] T .
From structure factor N (k) I, E , € Ni;

ij=1

with ir\r-.ij _ <'T1--é. ’Ilj> _ <=”—-é.> <.-n. j>

Bosonization/ theory of Luttinger liquids:

SO spin gap: K cos(2kpr
o)

= (?ri‘g? A RTE,

+ A5 COS(LIA_‘.F -;‘)-31_4}{,0

With spin gap: K,

(7r7)?

(n(r)n(0)) = - Ay cos(2kpr)r e

[S.R. Manmana et al., PRA (2017)]

k
N (k) — A;U

'

for £k — 0

n=0.4,],/t=5.2
60 0O

80 T

200 A

0.005 0.01 0.0150
1/L

0.005 0.01 o0.015
1/L



Phase diagram of the standard t-J-chain:
How to obtain it?

. . . [S.R. Manmana et al., PRA (2017)]
Dominant correlation functions:

fit and compare exponents

4L () B. [ninj) - (ni}np)| =B |
10-1 B 1 1 1 1 1 1 1 1 I 1 1 1 1 1 1 1 1 i n=0'4 E E B, |<S|-'-SJ->|
th——t" dipolar,n=0.4,),/t=5.6 - a, |(A%iAs))| A
=\ _ 3 La, : :
I N fit ———— |
102 | \ (i) - (| —B— _ -
! - = i s 2
€103} - 1
z
' ! 0
= Loy
=104 F e - -4
-3
10° | - -
S
10_6 1 1 1 1 1 1 1 1 I 1 1 I 1 1 1 1
1 10 100 1 T
r = |I_l| 0 | | ] ] ] | |




Effect of long-range interactions

[S.R. Manmana et al., PRA (2017)]
Spin gap: expect exponentially decaying correlations

1

0.01 -
0.0001 .
T 1e-06 -
m -
+ Jap— .
_2_ le-08 _ algebraic decay!
le-10 n : 0.2, Jperp/t =38
- n.n. chain —a—
Leutotr =3 .
le-12 r Lcutoffz 10 ——
- no cutoff —v—
le-14 LAl . L T
1 10
li-jl

Perturbation theory on (5+S7) = —éh(z’ ( 0ij—1 1 0ij+1 + 1\ Numerics for Ising models / proofs for Gaussian states:
dipolar Ising model: A 8 8 [Deng et al., PRA 72, 063407 (2005);
Schachenmayer et al., NJP 12 (2010) 103044;

Schuch et al., Comm. Math. Phys. 267, 65 (2006)]

Salvatore R. Manmana



Phase diagram of the
dipolar t-J.-chain

[S.R. Manmana et al., PRA (2017)]

==t (flofonothe) + 5 3 s (5187 +575])
T, 0T T,

08}
06F
n r
04f 9O
02F ¢
0 2

" similar to standard t-J-chain, broadened superconducting region
" As =0 and Kp =1 lines interchange
= = gdditional CDW+SG-phase

" Spingap about 2x larger than in standard t-J-chain:

= spin-anisotropy & long-ranged interactions = stabilize superconducting phase
Salvatore R. Manmana



More unconventional states:
Symmetry Protected Topological Phases

Possible characterization (X.-G. Wen):

= new kind of order at T=0
w» SPT phases possess a symmetry and a finite energy gap.

w SPT states are short-range entangled states with a symmetry.

w defining properties:
(a) distinct SPT states with a given symmetry cannot smoothly deform into each other without phase
transition, if the deformation preserves the symmetry.

(b) however, they all can smoothly deform into the same trivial product state without phase transition,
if we break the symmetry during deformation.

Note: “Real” Topological Phases " “long-range entanglement” (Wen)

s What happens for long-ranged H?

Salvatore R. Manmana


http://en.wikipedia.org/w/index.php?title=Short-range_entanglement&action=edit&redlink=1

Simple System with two SPT Phases

—

25 G, = S0 o

X X v 2 ~9
j’\wa(gfrfl gé;z Tg&f‘ g'.l}
% t

t+ Ay @.;_J,q f<£,1,

= no Sull) ew
YC}A«@‘;(O\A(? U(’l)j

Salvatore R. Manmana



Analysis of “Wen’s model”

Characterize topological phases via “entanglement spectrum”:
F. Pollmann, A. Turner, E. Berg, and M. Oshikawa, PRB 81, 064439 (2010)

A &) B 18) ;

ST Aj: eigenvalues reduced density matrix,
= Z VA la);18); give entanglement spectrum
=

“Entanglement Splitting” test for 2-fold degeneracy:

ES = Z =) test topological
e properties!

® staggered magnetization along the legs:
(m) = (Sim T (SE/2+1,1>

singlet gap: AU == El( total — 0) EU( total — 0)
ripletgap:  Ag = Eo(Sfota1 = 1) — Eo(Siota = 0)

d tri . 1,2
2" triplet gap: Ag® = Eo(SE 10 =2) — Ep(S i =1) Salvatore R. Manmana

® Spin gaps:



Analysis of “Wen’s model”

[Z.-X. Liu, Z.-B. Yang, Y.-J. Han, W. Yi, and X.-G. Wen, PRB (2012)]
Symmetry of the ladder: Dy X 0(D2 = {E,RyRy,Rz}; 0: rung exchange)
w8 distinct SPT phases: from projective representations
characterized via “active operators’

R. R, o  Active operators SPT phases
Eo | | | Rung-singlet®, 7, x t,, .
E, I o, o, (82,85.85) ty Xty
E, o. I o, ($%,87.85) ty X I.
E; io. o, | (S%.87.8%) fo, Iy X I, X 1,
Ey, o, o, io, (Sj;,Si,SS_) . X t,
Es io. o, i0, (S¥,57,5%) t,
E¢ io. io, o, (S*,57,8%) t
E; io. ioy o, (S°,85,8%) y

With O: — 01 == 02
Ao e Si,,1 : Sg‘+1,1 77 Sz‘,Q : Si+1,2

Salvatore R. Manmana



Phase Diagram without and with

Long Range Interactions

S.R. Manmana et al., PRB (rapid comm.) 87, 081106(R) (2013)

Nearest neighbor interactions:

(standard DMRG up

to 400 rungs)

04k

0.5 f

0.4

n.3

0.8 : .
0.7 ‘ f!\
¥

0.2 %

0.1

Ground-state degeneracy:

to phase:

S1eeESg2
E 0=-189 2468551
E 1=-18§ 526006

DA =5
E 0=-188.24728807477
E 1=-188.2472878754

ws SPT phases seem to persist in the presence- of diplai' interactions

t; phase:

STEESHN
E 0=-188.24727291579
E 1=-188.24727272182

SIA=S
E 0=-188 545779
E 1=-188. 503227

Long-range 1/r° interactions:
(MPO, up to 400 rungs)

L [sing Neel 747

]
i el
b
nk

Lripalest ’ "

FRITHE =0k et

s

.ﬁ entanglement spectrum

gapped + degenerate
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A highly frustrated quantum magnet:
STC?/Lz( BOg)z

[H. Kageyama et al., PRL 82, 3168 (1999),
K. Kodama et al., Science 298, 395 (2002)]

® Network of orthogonal dimers in a plane: 04— 77 71—
. - [SrCux(BO-) /3 o
2D Shastry-Sutherland lattice 0.3 :
® Series of fractional magnetization plateaux, e.g., - oo
at 1/8, 1/4, and 1/3 (+ further) = 0.2 4 0.4
® Exotic states (e.g. spin-supersolid) in the vicinity ”*Uj@._j 01 _ S P
or on the plateaux? 5 3 |
® Magnetization curve and plateaux at low fields 0.0 .- — 0.2
are an ongoing challenge 1 o1
® Theoretical treatment of the full 2D system very T-0.08 K o o]
difficult — 0.0

] , ) QO 10 20 30 40 50 60
Here: Quasi-2D versions of this system H (T)




Shastry-Sutherland Lattice:
From 1D to 2D

Heisenberg moc_iel 7 Z S S g Z S S _HZSH

on orthogonal dimer
network: ___--,__§<_?_J.>_>, - <wy>

o e e e

e 2D system: ground state at zero field is a product of singlets for J'/J << 1

* Full 2D system too difficult — take a stripe

* simplest stripe: ‘orthogonal dimer chain’ [Schulenburg & Richter, PRB 65, 054420 (2002)]
Infinite series of plateaux between M = 1/4 and 1/2

* 2 orthogonal dimer chains with transverse PBC: peculiar system, ‘Shastry-Sutherland tube’

* crossover to 2D system: increase number of orthogonal dimer chains



Quasi-1D version of the Shastry-Sutherland lattice:
“2-leg Shastry-tubes”

Magnetization curve: Compute ground state energies at different values of S2,, =S ATDaRG, S O
0.5 - - ) i ’ 11 . . ” (2011)]
J'/d = 0.3 (“perturbative regime”)
0.4 3R Histogram of
143 ; M=0J=1J =03 le_aocal Magnetizations
_ - —I=l=l=l=I=1=l=l=l=1=1=1=1=1=1=1] «-
02 | =1=1=1=1l=1=1=1=1=1=I=1=1=1=1=1=

local

0.1 ¢ '] =03

ED + DMRG —H—
PCUTSs

09 092 0% 09 098 1 102 104
H

L - >

0

n2s } ' ' ' @

02 & | J'/J = 0.66 (“intermediate regime”)

I \ Histogram of
5 n.1s - IVI:O,J:1,J' —0.66 WIZ_DocaI Magnetizations
—l=l=l=l=l=1=1=1=1=I=1=1=1=1=1 «:

e il I B e e e e B B R e B B B E R E S
& m

0.05 ' local
= I'V1=0.68
0 DMRG ! 5 c .
0s 06 01 08 09 I = Magnetization plateau of bound states of triplons
H

w= Qualitative change of elementary building blocks: single triplons = muilti-triplon bound states

Salvatore R. Manmana



Quasi-2D version of the Shastry-Sutherland lattice:
"4-leg Shastry-tubes”

Histogram of
Local Magnetizations

local

Hislogram ol ihe Local Magnetizations
0.5312

ralative Trequancy
= | i
W
fa O o
i =t £

b |

o
05 025 0 0256 0.5
mlr.:l.'al

* EXxcited states by injecting triplons, but fluctuations much more pronounced
* Periodic patterns of triplons: magnetization plateaux?

* At boundaries: emerging 1D structures? Salvatore R. Manmana




Quasi-2D Shastry-Sutherland lattice:
DMRG on the 1/8 plateau

M =0.125, closed tube E/N = -0.319238530384945

JJ.].' =1, d, =1, Jp:.:.r =0.3, Jp, =003 Histogram of the Local Magnetizations

0.25

B 0
m
ks

3 0.1875

E

—

L ]

i
alative frequancy

e
[
a
o

= 0.125 ‘

E/N =-0.319179928025625

M =0.125. J =1. q' =0.3 oo ogram of

J Q'EJJJ\_L
0
_<I}_<:>&. I -0.5 025 0 025 05
m
local

Difference in E/N: only 6e-5 !l
[S. White on Kagome: difference between VBC and spin-liquid = 1e-3]
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Approaching the 2D Shastry-Sutherland lattice:
magnetization curve & comparison to experiments

h/J

IPEPS (2D, thermod. limit)

1/2 plateau

1/3 plateau

other plateaus / supersolid phases

A VST - A
2 1/2 supersohd -
q ’ |
"' B

1

-
-

1/3 supersolid

0.5

0.55

0.7

0.9

0.81

0.7r

0.61

0.5F

0.4r

0.3r

0.2r

01r

J'/J = 0.63:

H., Ho Hez
T . B Al

H.y Hg
B LI

AASseDeS S e00qs]

ED N=24

- - -=ED N=36

- - —ED N=40

----- Series expansion
—— DMRG 8x6

—— DMRG 10x8
DMRG 12x10

o iPEPS
Experiment

40

60 80

Magnetic Field (T)

100 120 140

[Y.H. Matsuda, N. Abe, S. Takeyama, H. Kageyama,
P. Corboz, A. Honecker, S.R. Manmana, G.R. Foltin, K.P. Schmidt, and F. Mila, PRL 111, 137204 (2013)]

Salvatore R. Manmana



Approaching the 2D Shastry-Sutherland lattice:
2-triplon bound states & “pinwheel structure”

IPEPS: [P. Corboz and F. Mila, PRL 112, 147203 (2014)]

0 A

: $oe ’ : TEPP $
i i 0.25 . . . : Adddid
(b) 15 14
T ' 0.2} dense 1/6 xxxllllllll -
f ----- L I ¢ ' » 0151 plateau o 2/15 A i
X -..E.__ region Pbbb.............
= 01f dilute  #*° | .
s q ¢ : :
: T IIIII : L. ¢ region ,* intermediate
R 0.05} R DW phases T
O " 1 1 1 1 |
v ‘ 0.4 0.45 0.5 0.55 0.6 0.65
£y : (o : | ) h/J

DMRG with OBC: [G.R. Foltin, S.R. Manmana, and K.P. Schmidt, PRB 90, 104404 (2014)]

0.0349 0.1124 0.0377 0.1167 0.0323 0.1219
-D.G{]M' I D.Dﬂﬁ?i I
] ] | ] | ] [ ] | ] | ]
0.0085 0.2707 0.2274 0.2197 062403278
0.1427 0.2264 0.1337 . D.zim ' 0.0876
h L ]
IEJ 3067 0.0432 I .-. oogoe® oo .-. -0.0082
N 0.0173 -0.0264 7 1o 00304 -0.0277 . -0.0276 0.0172
08 0.0538 > 0.0666 ! 0-‘* 14 0.0432 ﬁ’f’
0.0 [}zﬂlzg 0.1184 0.1337 0.2265 0.1 728 0.1635
{ 0 255700779 0.0151
0.2480 0.0087 ﬁ INEE 0.2707 0.0085
[ ] I ] ] | ] ]
0.0073 0. 0.0073
0.0143 0.1219 0.0323 0.0377 0.1124 0.0349 0.1044

- . . . — - . Salvatore R. Manmana



€€

umerically Exact Dynamics’:
Iterative Diagonalization

[S.R. Manmana et al., AIP (2005) ]

Lanczos procedure:
(Krylov s%ace method) vnt1) = H|vn) — an [vn) — b7 |vn-1)

K. Lanczos (1950)

H
e (vn | H |vn) ,. bi—i—l 2 (Un+1|Vn+1) ,. b =10
(Un|vn) (n|vn)
( ap bl \
bl aj bz 0
Tridiagonalization of T — ;
. : : Nides 2 Qa2
Hamiltonian matrix: .
0 Y g
\ bn an /

Projection of time evolution operator: —iAT/RH |, ~ —iAT /R Tn(T) x/+ ,
T.J. Park and J.C. Light, J. Chem. Phys (1986)  °© Y(7)) = VaulT) e VLT) (7))

Error estimate: g, = HU ‘1/)> _ (_']‘C_mprOX L/)) H
M. Hochbruck and C. Lubich, SIAM (1997) (w A )2 Cew AT\
< 12 exp{— var \ew 4 . n > 2w AT
: n n
Larger systems pOSSlble Usually n< 20 is sufficient

Pro’s/Con’s similar to “full diagonalization’
m Need to store n vectors with dimension of H (%)



Time evolution with
Matrix Product States




Time evolution with Matrix Product States:
Trotter approach

Trotter decomposition:

e—z‘dtﬁ/h: H —idt H;/h H — dtH/h_l_O(dtQ)
1 odd 1 even

Example: imaginary time evolution (,iTEBD”-variant)

Spa

(Ao

exp(—TH)

[Glen Evenbly, https://www.tensors.net |



https://www.tensors.net/

Time evolution with Matrix Product States:
Krylov-approach

Recall Lanczos projection:

—iAT/RH |, ~ V. —iAT/ETo(T) N7+ y
(Krylov-space approach) § (7)) = V(7)€ V(1) |v(T))

Unt1) = (H|Un) )~ an |vn) — bi V1)
(n| H |vn) 2 (Vn+41|Unt1)
= b = - . bp =0
e Gt

Very versatile, arbitrary range interactions & geometries possible
T'wo variants:

* ,global Krylov method™:

perform all operations without taking into account MPS structure — costly!!!
* ,local Krylov method”:

apply Lanczos-projection while ,sweeping’ b

through the system — sequentely updates A-matrices ']

(problem: what about the remaining ones?)



Time evolution with Matrix Product States:
MPO-WI & WII approach

[M. Zaletel et al, PRB 91, 165112 (2015)]

MPO based time evolution

amiltonian expressed as a sum of terms H = Zm H.
Expand U = exp(—itH)for t <1

1+tYy H,— |[(1+tH,)

T T
e D

ENthZ ENL'EZ
~ , Compact matrix product
1 iz ¢ E : H s t E : H H operator representatlon
<y
3 ‘ [n’]jﬂjn
+88 Y HHH, +... _m¢5

TYy<z



Time evolution with Matrix Product States:
Time-dependent variational principle

[J. Haegeman et al, arXiv:1408.5056]

Basic idea of TDVP:

— Manifold of MPS states

Tangent space

Projection onto tangent jy(17))
Space to MPS manifold: = ;

Corrects/improves
,Jocal Krylov” method







Examples

Dynamical spectral functions (also finite T, nonequilibrium)

Quantum Quenches (simulate cold gases experiments)
. -

S*#(k,w) (2IDVP)

1.5 3.9
3
0.75 o = 1.75 3 2 N/ \/J \/J @& @& @& & \/) \
™ optical lattice fermions/bosons
1
U "/ e
wave vector k 0
: : = £7 Out-of-time-order, OTOCs
Two-dimensional systems (this is a challenge!!!) .
(chaos in quantum many body systems)
L 1
0.5 - . OTOC Ff’_f)o (t) obtained with 2TDVP 10~2 10
) _ B =
N A 7
0.4 = oz \\* 60
:? = 1 Sy —
=03+ —
g 0.2 1 40 “E.:I
& : 3 3 g
2 01| —=2TDVP, §=0.1 - 8 —
E Local Krylov, § = 0.1 ” 107+ M ij‘l U\'P
_'{Eﬂ 04 Local Krylov, § = (.01 20 “4‘“]?2
& —8—1TDVP. § = 1.1 d Local Krylov
7 —e— TEBD2, § = 0.1 ¢ MPO W
0.1 + —— (:lobal K1'}'|r_r-_-'1 a4 =11 : —_— fl:!‘} = \,"?;;ITT
MPO W 6 = 0.01 _4 L ,
—0.2 ; ; i i : ; : : : ; g , > : ] 10 L .
0o 02 04 06 08 1 12 14 16 18 2 22 24 26 28 3 —60 —-40 -20 0 20 40 60 10 10

Time Relative position r Time ¢



Example 1:
Bloch Oscillations for interacting systems

Idea: tilt the lattice or apply a field and look at center of mass motion

n:; - \x -"ff
o \o \o/ \o Lo N\ )
optical lattice fermions/bosons N f,/
. e

k

w= Constant force “drags” particle through Brillouin zone, Bragg scattering leads to change of direction:

e(k) = —2Jcos(k) dispersion relation 1D free fermions
k=E = k(t)=ky+Et E external field
Oelk(t
Ugldr== EI[%E ) group velocity
2J _
= zopm(t) ~ = cos( Et) center of mass motion

w Bloch oscillations for non-interacting systems
G| effect of interactions?

[Probe phase diagram: A.V. Gorshkov, S.R. Manmana et al., PRL (2011);
J. Carrasquilla, S.R. Manmana, M. Rigol PRA (2013)]
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Example 1:
Bloch Oscillations for interacting systems

[J. Carrasquilla, S.R. Manmana & M. Rigol, PRA 87, 043606 (2013)]

Spinless fermions at half filling: Bose-Hubbard model at integer filling:
t U
HV:_Zj:tj J+1CJ+C C]+1 vanf Nyl HBHM:—Jg(bjbj+h.c.)+52nf(n,-—1)
L] 1

Center-of-Mass (a) Spinless Fermions (b) Bose HM

Motion: ol V =0] or X ]
5 ' ' _
s 5 3 U=1

XeMm

10 i 10¢

15 Vzl 5 /'i"
2 ﬂ — = U=2
o 10]
12- N

V=15 5 —
Z : - — / U=3
v / Em-
107
. v=2| 8. U=35
E 10t
L -

| = g

ig ' ' | ] E6-/ U=4
E V—S ]l:j— I I I I I I
o ‘ — . &
el / o S/

]
_ 5 (
1 { Salvatore R. Manmana



Example 1:
Bloch Oscillations for interacting systems

Time evolution of <n(k)>:

Spinless Fermions, V=0 Spinless Fermions, V=1 Spinless Fermions, V = 3
! =0 =0 1 =0
L=20,0BC 8 L=20,0BC 8 L=20,0BC 8

08 | : 08 . 08
06 | - 06 | . 06
04t 7 04| 1 04
02t " 02t " 02t

0 e , . 0 E—— | 0 ]

3 2 1 0 1 2 3 3 2 1 0 1 2 3 3 2 1 0 1 2 3
k k k

Non-interacting systems: some dephasing, but no relaxation

Interacting systems: “better” relaxation the stronger the interaction

Open Questions:
Nature of (quasi-)stationary state? Effect of dissipation? Connect to condensed-matter systems?

Salvatore R. Manmana



Todavy's Frontier:
Time evolution in two dimensions?

Heisenberg-antiferromagnet,

0.5 5=

Neel initial state (product state):
0.4
f_} _ Z 1 (§+§— _|_§+§—) 4 §2¢ % 03 |
— ) i 2j j i i9j £
(i) 5
bg 0.1 { —=2TDVP, § = 0.1
o Local Krylov, § = 0.
|w(0)> p— ®|l’>l ®|T>_} ;%ﬂ 0l LocalKrilov,tSzO.(lll
éﬂ“ —e— 1TDVP, § = 0.1
icA jeB " 01 | T Gt Kustow 601
—B—MPO W | §=0.01
0 0 0.}2 0}.4 (Ji(i 01.8 1I l.l2 114 ‘l.}fj 1?8 ; 2}.2 2{4 2?6 QiS j%
Time ¢
o 10%%
hﬂ; ——— T @
Fixed bond-dimension m=200: :
>
. £ —
Errors grow rapidly, but some =
methods perform better than others £
at Short times ’qé —4=— 2TDVP, § = 0.01 Local Krylov, § = 0.1
= Local Krylov, § = 0.0l —e— 1TDVP, § = 0.1
E —e— TEBD2, § = 0.1 —#— Global Krylov, § = 0.1
Sé —&=—- MPO W1 | § =0.01

) 6 7 8 9 10

Time t






Characterize Many-Body Systems:
Dynamical Spectral Functions

angle-resolved photoemission (ARPES) scanning-tunneling spectroscopy
4 energy "

a) macroscopic scale: b) atomic scale:

t

®

_ analyser <
tunneling Nl
photon '\ ; ( et o .
2| ® direction
source = v UT@ x "
| tungsten tip current 4 |-
sample / : A
| sample atoms

/% ©

s ( www.physics.rutgers.edu/bartgroup/)

Linear response: measure quantities of type:

Cpt,a(w) = ) (¥o|Bln) (n|A|¥o) 6(w — (En — Ey))

n

w nsights into (local) density of states, excitations of the system, structure factors


http://www.physics.rutgers.edu/bartgroup/

Linear Response:
Dynamical correlation functions

= time-dependent perturbation
H(t) = Ho— ha g

= |inear response:

o0 %) oo

ﬁ -dt(B(t)} - / dte'“? (T B(t) A)g = / dt ;{@D|B|n) (n|A|T,) et (W= (En—Fo))

— 2 hA:E' — ) — 0

= 21 ) (Wo|B|n) (n|A|¥o) §(w — (En — Eo))

with
Ho |n) = E, |n)

= express via Green’s functions

Cpt aw) =ImGa(w+in+ Ep), Ga(z)= (%Yo Al (z —H) "+ A|Tg)

Salvatore R. Manmana



Linear Response:
Spectral Functions at Finite Field

Dynamical structure factor S*(k,m) of a S-1/2 Heisenberg chain when changing an external magnetic field:
H:JZS’;'QH—BZSE

small B: spinons
-— —

F

Energy w

large B: magnons
)

Ppaes s sa

A.C. Tiegel, S.R.M. et al., PRB(R) (2014),

A.C. Tiegel et al. & S.R.M., PRB (2016), [T. Kohler, Master thesis, U. Gottingen 2013]
E.S. Klyushina et al., S.R.M., PRB(R) (2016).

v

Momentum k




Dynamical correlation functions:
Approach using real-time evolution

L
H=] Z [Aj“jéﬂ ‘|'5y51y+1 + ASZ Si+1 JSJZ]
i=1
1
=13 |5 65550 + 255, -5 | = 0
j=1
1< o
SZZ(q w) _ E Z e—IQU L/ZJ/ dt et <sz( )SL/z( )>
j=1 >
)7 L N
- E‘S e—qu—LXZ) Z el(wﬂr Tnz Re (sz(fn )St/z( )> cc
j=1 n=0

Some methods show artifacts at low
frequencies — not TDVP

S##(k = m,w)

3

2.5

0.5

+— Global Krylov
—— 2TDVP

TEBD2
Local Krylov
MPO Wl
S#(k,w) (2TDVP)
1.5 3.5

0.75 e 1.75

n 0 0

i\ 0 71'/2 ™ 371'/2 2

; wave vector k

X AL s
............................ P> PRCECEERCT TR
........ @
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Freq y w[A]
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Dynamical correlation functions:
T=0vs.T>o0

Dynamical correlation functions at T = 0:

Ga(w) = —tim (vo | AT St Al o) = 5, 1(n14] o) 26 (@ — (B - Eo))
Ho |n) = E,, |n)

Dynamical correlation functions at T > 0:

1

Gﬂ(w? T) = E

> e PEn(m|Aln)(n|Alm)é(w — (En — En))

n,m

w Need the full spectrum...difficult @

Ways out: continued fraction expansion, (D)DMRG, QMC,...
Here: DMRG + Chebyshev expansions

Salvatore R. Manmana



Dynamical correlation functions at
finite T: Liouvillian formulation

Galw,T) = % Ze_ﬁEm (m|Aln)(n|Alm)d(w — (En — En))

n,m

Note: 1) Difference of all energies
2) MPS approach: | W) vector in the Liouville space spanned by Hp ® Hg

s Dynamics is actually governed by Liouville equation [Barnett, Dalton (1987)]

0 .
al‘l’:r):—@ﬁl‘l’:r), ﬁZ%Pt@IQ—Ip@HQ
(backward evolution in Q by Karrasch et al.)

Ga(k,w) = —LIm <lIfT |AT A| 1I'T>

i [A.C. Tiegel et al., PRB (2014) : proof of principle calculations]
« Earlier: Superoperator approach to mixed-state dynamics [Zwolak & Vidal (2004)]



Liouville space formalism:

“Thermofields”

J. Phys. A: Math. Gen. 20 (1987) 411-413. Printed in the UK

Liouville space description of thermofields and their
generalisations

S M Barnettt and B J DaltonT3

T Optics Section, Blackett Laboratory, Imperial College of Science and Technology, London
SW72BZ, UK

f Physics Department, University of Queensland, St Lucia, Queensland, Australia 4067
Received 14 January 1986, in final form 13 May 1986

Abstract. The thermofield representation of a thermal state by a pure-state wavefunction
in a doubled Hilbert space i1s generalised to arbitrary mixed and pure states. We employ
a Liouville space formalism to investigate the connection between these generalised
thermofield wavefunctions and a generalised thermofield state vector in Liouville space
which is valid for all cases of the quantum density operator. The system dvnamics in the
Schrodinger and Heisenberg pictures are discussed.

+ references therein

do

. ~ . d
i = [#,0] = i=10)) = Llo))

von Neumann equation Liouville equation



Dynamical correlation functions:
Chebyshev recursion

[MPS: A. Holzner et al., PRB 83, 195115 (2011);

= Representation via Chebyshev polynomials: A. WeiRe et al., RMP 78, 275 (2006)]
0 ; N-1 g
2303 !
Calw)= - (B o 12 ; T N (R
with

tn, = (toltn) = (U |ATT, (L") A| Ur)

to) = A[¥7), [t1) = Lto), [ta) = 2L[ta—1) — [tn—2)
W : bandwidth of £

L' : rescaled Liouvillian, so that W — [—1,1]

w' € [-1,1], Th(w') = cos[n (arccos w’)]

gn : damping factors — Gaussian broadening n ~ 1/N

an : n T
(N —n+ 1)cos vo1 TSI 57 cot 7o

N +1

J __
gn_

“Jackson damping”



Dynamical correlation functions:
Lanczos recursion

[E. Dagotto, RMP (1994)]
= use continued fraction expansion (CFE)

Ga(z) = —7Im <?7b’3 |AT z—1£A| ¢0> = —7Im (To| A" A|To)

b7
Z—an bi
e

< — ] —

via Lanczos recursion

Al%o),  |fat1) =L|fn) = an|fa) — b [ fa-1)
<fn| L |fn> b2 <fn+1|fn+1>

apn — 3 = b{]:{}

<fﬂ|fﬂr> S <fﬂ|fﬂ> j

| fo)

Salvatore R. Manmana



Liowvillian finite-T approach:
compavrison to exact results

IL—1 [A. Tiegel, et al., PRB (R, 2014)]
HXX =J (SZ S’L—|—1 + S’L S’L—|—1) Sy = 2 isin(ki)sq
i = Z
0.20 .
———exact ( )
3 ||=+=MPS, m =40 i d
7 0.15 f|reeee MPS, m = 60
E ---MPS, m =100/
LD
T 0.10 T — 00
g -
““gg 005 ™
¥p!
0.00
——exact f (b)
305 MPS, T =1/8 :
E’" -=MPS, T =1/4 |
L& MPs, T =172/
o) -==-MPS, T =1
~ 0.3 1l )
| _
0.1
0. === - -
0.0 0.5 1.0 1.5 2.0
W

Excellent agreement with exact results!
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three magnon w New features in the spectra at T>0?

continuum

2.0

1.5

w/J

1.0
thermal intra-band magnon scattering

05 edge-state mode

0.0



Spin-1 chains: Y Nobel Prize

AKLT state o NJP016
Sketch of the AKLT state:
= (1) =1 11))
*—=9 — 7 |
) LT EAT]

» ,Topological” phase (symmetry protected topol. state, SPT)

A - o 1 /= = 2
» Exact ground state of H — Z S; - Siy1 + 3 (Si ' Si_l_l)

* No local order parameter, but string order parameter
* Fractional excitations: effective S=1/2 at the edges



Spin-1 chains:
Spectral functions at T=0

. 2 magnon 3 magnon _

0 /4 /2 3m/4 T
q

S.R. White & I. Affleck, PRB (2008)



Spin-1 chains:
Spectral functions at T=o0 and T>0

DMRG, OBC, L=32:
4 (a) T/J =1/24

Two new features:

E « Atfinite T, a new branch appears below the magnon branch
- 4 scattering of thermally excited magnons

« With OBC, a signature of the edge-state is obtained, also at T>0



Spin-1 chains:
Spectral functions at T>o0

251 two magnon three magnon _
continuum continuum
2.0F -
~ 1.5F 7
T~
3
L.OF -
thermal intra-band magnon scattering
0.5F
7 edge-state mode
0.0 N
0 /4 /2 3m/4 T

q

J. Becker, T. Kohler, A.C. Tiegel, S.R. Manmana, S. Wessel, and A. Honecker, PRB 96, 060403(R) (2017).






Excitation and Recombination:
Time-resolved ARPES

New developments, e.g., ,,Momentum Microscope”

@  At=0fs, ke=0A" (c)
et rev) A 1 Observe Floquet states?
e ” 1.5 5 .
g 0 é} " \
i : - \
i i HEL ., i é‘ ______________ | G
= ; T 0.5 il 0 i
o 2 \
T 0.0 = ot
Y F 101 @i |
—0.5 1 7
//
* o
-1.0 4 -
-0.2 00 0.2 Cl) 110
ky, — K [1/ A] Atmax [fs]
(b)
3.5
3.0

EUV

Normalized Intensity [arb. u.]

Time-resolved

Au(111)

recombination processes?

Electromagnetic dressing of the electron energy spectrum of Au(111) at high

momenta, M. Keunecke et al., PRB (rapid comm.) 102, 161403 (2020)

N
w

2.0
1
1.5 1 .
1
i
// : \\
0.5 4 // E \
ot : . T—
[ e
O-O i i T E—
-50 0 50 100
At [fs]

1.10 eV

0.76 eV
0.56 eV

0.42 eV
0.25 eV

SB

Direct Access to Auger Recombination in Graphene, M. Keunecke et al., arXiv:2012.01256



Thermal and Photoexcitations:
Effect on Dynamical Properties

Heat up a spin-1 Heisenberg chain: Excite a Hubbard-system with ultrashort laser pulses:
E_ ‘ e - —0.03
DMRG L): 32 OBC ’ QMC L i)(il PBC
) -0.02

H—om
| ®o.00

0 2 4 6 8 0 2 4]» 6 8 0 2 4 6 8
5 tp t
oES a o w
N (i Ay | <« exc > B « exc >/
Ay gy &= LHB. UHB  LHB , UHB
*E """ E* &‘ """ g \ \ // \ . /
e ¢ h- iy short-lived long-lived
Reason for the new branch: - HGaT States in-gap states
magnon scatterin T T4 ~ ~ ~ A
& & H==> o, (th(t) U h.c.)—,u Do tU 1 B AV D s 0T

U=25V=0,3,6 (2D model)

Reason/interpretation of in-gap states: formation of
excitons (due to n.n. interaction)

Photo-enhanced excitonic correlations in a Mott insulator with nonlocal
interactions, N. Bittner et al., PRB 101, 085127 (2020)

three magnon |
continuum

2.5k two magrnon
continuum

thermal intra-band magnon scattering

edge-state mode

N

0 /4 /2 3m/4

* Other in-gap states / new branches in
Finite-Temperature Dynamics and Thermal Intraband Magnon Scattering in o : . 3
Haldane Spin-One Chains, J. Becker et al., PRB (rapid comm.) 96, 060403 (2017) nonequilibrium systems? Quasiparticles?

* Relation between thermal and noneq.-excitations?



Spin-selective excitations:
Flectron-hole excitation & band structure

Constantin Meyer and SRM, in preparation

Modeling of an electron-hole excitation in a correlated system:

T T~ T~

3 3
~ L A,I_ ~
A= a’cr,k,z/ ok,
k k

u, v: band index of non-interacting system

Here: apply to strongly interacting system

before after

Non-interacting systems: well defined — but excited state is an eigenstate, no relaxation

Interacting systems: ,, bands”? Scattering will influence the etfect of the excitation

Need to consider time-dependent spectral functions

Here: systematic study of a spin-selective electron-hole excitation in a Hubbard-system with separate bands



Electron-hole excitation:
Time-dependent spectral fct. & band structure

» Expression in equilibrium and key property
5 (kw) = F(wit) [(P]a) (') a, , [7)] 6w —e5 (k)

» Extension to time-dependent spectral function
» Definition via Fourier transform over one time of a two-time Green’s function

dy(k,t',t) = (W(t)al () a, , |¥(t)

» |W(t)): Time evolved state after excitation, quantum quench, pump pulse, ..
» Here:

W (t =0)) = A|GS)

for any excitation A, e.g. photon absorption through electron-hole excitation
» Transform to w-space with artificial broadening n

o0 . / /
ﬂ;(ka W, t) — 2Re |:/ dt/e_lwt e_nt *Qf’;(kj t/7 t)
0



Flectron-hole excitation:
,Shadow-band" formation

C. Meyer & S.R. Manmana, arXiv:2109.07037

(U =4, A= 2)

S
A P

Electron-hole Excitation A = Qg Ot gy

—0973372/33°3/33 4/33 5/33 6/33 7/33 8/33 (0
k/m w

» Approximate modeling of spin-selective electron-hole excitation

~3.0 e 0030b
-35= 3 0.025f (P} o =bht=0"
IE : -

. g ¥
_u5< o 0.020f
Beshwast < :
—5.0< | 0.015;
o0 = 0.010;

0 i
—6.5 % U.UUQ;
—0'1/33 2/33 3/33 4/33 5/33 6/33 7/33 8/33 U 0.000Z

k/m

» New in-gap feature in opposite spin direction



Flectron-hole excitation:

Stability of the ,shadow-band"

C. Meyer & S.R. Manmana, arXiv:2109.07037

g = o =]
3.0

T S B B
Electron-hole Excitation A =a,, a., (U =4, A=2)

» Scattering within bands

» T: Redistribution over entire
band

» |: Stable total weight over
time







Purification: qguantum numbers for
systems without conserved quantities

Comparison of these methods: J. Stolpp et al., Comp. Phys. Comm. (2021)

Typical example: Holstein model H = —¢ Z (C;-cj+1 i h.c.) + Wo Z b;- DS Z ’”ﬁf (b; + bj)
| J J

1

Local basis optimization [e.g., C. Brockt et al. PRB (2015)]

M:

v
@

optimize M;

J

,Pseudo-site approach” [Jeckelmann & White (1998)]

,Pp-DMRG” [T. Kohler, J. Stolpp & S. Paeckel SciPost (2021)]

J

mj—1 M; m;
physical site
Enn ( .! /  jheuEEEEmEm | - | W] dOllhhllg
L ‘ projection
® '

71-]3;3‘ ’Il-B;j



Significantly reduce the entanglement:
,<Mode Optimization

[C. Krumnow, L. Veis, O. Legeza & J. Eisert PRL (2016)]

Idea: apply suitable unitary transform during the sweeps to go to a basis with smaller entanglement

8000 . . . - 1072 ¢ . . | —

i
o S o
1] = Ap) — Ap3, - | == HFomitals ) f 3 HF oo
0L . ygtiteration (| || IF \ HF opt loc opt |
—— A0thiteration | | II/[  107°R NS ‘s
6000 - : TRINE I A ;
| li =) [ | :
2 s000| | i F' e | AN |
I g Bl @ 10 :
& I = = :
é 1000 | | 'J' i EL Hiq 8 i :
TRHLNHE
2 3000 TRINEHHER
Q Iy g i | ! @ 0 Mt
- : : 2000 | CoA R ]
Reduction of the bond dimension from jﬁ i | | | 1f ] | 106
. (I I B 1 L
8000 to ~300 and improvement of the 1000 | 3l H n | | | | I
I Py oy ey
' WITATRTRIRI R Ry
ground state energy! LAV UL . | | | |
0 5 100 150 200 0 50 100 150 200

DMRG step DMRG step



Conclusions & Outlook

L.

11.

I11.

Tensor Network methods very flexible and powerful tools:

Basic idea: ,data compression’

Ground states, phase diagrams, finite-T, spectral functions, nonequilibrium

Specific realization of tensor networks in 1D: MPS/DMRG

Mip) o EW))
- \

01 02 gL

Quantity controling the ,quality” of MPS: Entanglement

o —Zw? lﬂgwf-

Frontier of today’s research: how to deal with the entanglement?
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