Exercise:
Corner-transfer matrix method
for the 2D classical Ising model

slides / codes: tinyurl.com/4an74t8w



CTM method for the classical 2D Ising model
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Represent partition function as a 2D TN
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Use CTM to contract the 2D network
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» Compute environment tensors C and T iteratively (CTM)

» Here: symmetric case: all corner/edge tensors the same and
el k _ k
Cij = Cj 1y = 17

» Start with random (symmetric) C and T, e.g. with X0 — 2



CTM for rotational/mirror symmetric tensors
Nishino, Okunishi, JPSJ65 (1996)

Eigenvalue decomposition (or SVD) of corner
S

U] T Note: reshape into a matrix before
doing the eigenvalue decomposition.
Then reshape U back to obtain
the 3-legged U

U |

Keep nhumbers
bounded:
e.g. divide each tensor by its
largest element




CTM algorithm implementation

» Start with random (symmetric) C and T, e.g. with Yo = 2

» Do CTM renormalization steps, keeping (at most) a boundary dimension X

4+ The method is converged once the change Z s, — s}| < tol
k
where sk (truncated & normalized) are the singular values of corner C

4 Due to round-off errors the tensors might not be perfectly symmetric anymore.
For better numerical stability, symmetrize matrix before doing eig.

» Once convergence is reached, quantities of interest (e.g. m) can be computed
using the converged environment tensors C and T

» Further practical hints:

4 use scipy.linalg.sqrtm to compute the square root of the Q matrix when constructing a, b
4 normalize and symmetrize each tensor dfter each step

4 use scipy.linalg.eigh to perform the eigenvalue decomposition

4 use numpy.transpose and numpy.reshape for permuting / reshaping tensors

4 make use of ncon for the tensor network contractions



Contracting TNs using NCON

» NCON: Network contractor to conveniently contract TNs

» Written by R. N. C. Pfeifer, G. Evenbly, S. Singh, and G.Vidal, arXiv:1402.0939

» Example: i1

13 14
» Matlab code: Cp =ncon({C, T, T, a},{[1 2], [-1 1 3], [2 -3 4], [-2 3 4 -4]});

» Python implementation by Markus Hauru: https://github.com/mhauru/ncon
Cp =ncon([C, T, T, a],([1,2], [-1,1,3], [2,-3,4], [-2,3,4,-4]));

» Complicated networks can be contracted in an easy way in a single line!



Implement and test your own code

» Test your code for beta=0.5.You can crosscheck your a, b tensors with these values:

In [103]: a in [194]: b
Dut[103): Outlid4]:
arrayi [[[[2.53434211, @.5 1. arrayl [TI[ 2.527635822, 0.464936751,
[9.5 , 9.1839397217, [ P.46493675, 0. 11,
[[8.5 , 9.18393972], [[ b.46393675, ©. l.
171, [ @ , =0.46193675111,

[9.193939/2, 9.5

[[[8.5 , 9.18393972], [[[ ».46493675, 0. I,
[#.18393372, A.5 11, [ a. , —9.46493675]],
[[9.18393972, 9.5 1, [[ e. , =8.46493675],
19.5 , 2.534342111011) [-B. 46493675, -2.527658221111)

» Using chi=8 you should obtain for the magnetization:m = 0.911319
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» If you are quick, you can also try to compute the energy (e.g. to get the specific heat)
or the correlation length. The simulations can also easily be extended to include an

external magnetic field.

» Try it out! This is the easiest starting point to get into 2D TN



Computing the correlation length with CTM

Nishino, Okunishi, Kikuchi, Physics Lett. A 213, 69 (1996)

|st and 2nd lowest
eigenvalue of M



