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Chiral Right-handed QED (xQED) in d dimensions

xQED tree action in d dimensions:
_ 1 1
SO = /dd,I <“/}zngw] — EFI»“/F”V — i(@,JA”)Q — 6820+ Eext) .

SO = (SJNZJ + S/;W = SlZJiRAibR) + SAA + Sg—fix + Séc + Spc + SR(:’[/) + S’L;CR : J

> Field strength tensor F},, = 0,4, — 0, A,,
R gauge-fixing — (9, A")? ~ $B? + Bo" A, ; Ghost field c.

» RH fermions ¢r; = Prep; , U(1) “Generators” Vg;;.
d-D Fermion kinetic + fully R-chiral interaction terms:

W D05 = i, s + eV PLAPRY; = Sy, + S/f\l + SymAvn -

(Also, Sy = S5y, + 550,

» External BRST sources K sourcing BRST transformations
SA/L = aucv szi =ie CyRiijj ’
sc=B=-0A/¢, siUg; :ie%jciji.
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1-loop singular counterterm Ss(clt) action

1-loop SCT action evaluated from 1-loop diagrams (self-energies, vertices):

7, A, A,

F

S48 = Tl = 5

sct,inv

1
+ Ss(ct),evan .

1 . o .
Sict)inv arises from usual renormalization transformation, So iny — S0.inv + Sct,inv:

2 2
w _ —he? [ 2Tr[VR] 2 (G ;
Ssct,inv T 1672 3 Saa +€ Z(yg{) (SJEwR + S%Awﬂ)
J

Second term specific to BMHV scheme, arises from fermion loops, & evanescent:

1 —h €2 Tr[Y3] _ 1 - -
Ss(ct),evan = 167T2ETR 2 (SAA - SAA) atx / dd-T EA/L(?QA# . J

(Specific case of SU(N) result [arXiv:2004.14398])
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. 0o 1
Anomalies = 0; Finite counterterms Sf(ct)
N N ?
(STrn) ) = UM(A Tonalf) + AL + NAI Tl 420, 20, |

Relevant anomalies? =2 fd4x eMP7cdy(0,A,)(0sA,), with:
dy = 2Tr[y%] anomaly coeff|C|ent chosen = 0, e.g. SM with correct hypercharges.

Finite O(h) counterterms Sf(ct) such that Af (4= 34Sfclt) = —NI[A] - Tyen|®

2 2 2 4
@ _ he 4 —Tr[Va] + 2250, € TVRl 200 §+5 iy2gi
Sfct_l(iﬁ{/dz( 3x2 Au0 A"+ 3 x4 (457 )+ 6 Z(y) PR

J

+ any BRST-invariant term.

(Specific case of SU(N) result [arXiv:2004.14398])

Not gauge-invariant! (= —breaking) and non-vanishing.
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2-loop singular counterterm Ss(zt) action (1/2)

Photon, fermion SE and fermion-photon vertex. Additional diagrams:
(Note: In Feynman gauge £ = 1.)

A,

g@ _ _p@ _ ¢®

sct div = “sct,inv + Ss(ft),break’ with:
@ _ _ et 2TV
sct,inv 2567T4 3¢ AA
h2et (y{%)2 1 17 jy2 L 2 J J
256m% € {(26 * 12) Vr)™~ 9Tr[y3}] (S50 STt -
and:
g0 et Ty

— 1 17\ [0 1; 25
= - 2 (Saa - S~ L A,5% 4
sct,break T { (Saa — Saa) + (26 24> /d z 3 e, ]

h?et (yzjz)2 5 viyz_ 2 2 J
T 25677 3e <2(yR) _3Tr[yR]> Son

Hermés Bélusca-Maito (PMF Zagreb)
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2-loop singular counterterm Ss(zt) action (2/2)

From the pure 2-loop sub-renormalized diagrams:

R et 1 55 1. o~
S22 = = m[Yi] (65aa /dd ZA,02Ar
st = T g 3e WRI 094+ | 50+ 5 T

—_
/‘\
@\\

_|_
@CQ
o
b
<
2
N——

K2 et

N i (L 2z o
* o e W (2<yR> +2 m;vR]) s

and the 1-loop diagrams with Sf(ct) insertions:

_1\9v h? et -
Ss(c2t V= (Sf(clt) : rer11) = 25674 3¢ {Tr[yjl%] <4SAA + 3/

+3° (60 - MDRIOR?) (5, + 55ay,) — 3D VRS

N}M—\

ATX)
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Finite counterterms Sf(ct)
?
(STren) = IJI—M{AS) : FDReg‘gizg. + Agt)} + N[A((il)]  Tren| @ )+A§ft)4 ' J
(with: A = A+ A
Finite O(h?) counterterms Sf(ct) such that A]SCQM = S4Sfc2t =—...
ho\? 1ITe[VA] - =2, 3e2Tr[Y8] -
5(2): 4/d4 Rl 1 5% A* Rl ( 42)2
ft = \16n2) © Tl 2ax2 t—oxs @)

i () - 5 T 57,

+ any BRST-invariant term.

Same structure as Sf(ct Is it always true @ any order?
(See [arXiv:2205.10381 Cornella, Feruglio, Vecchi] and talk by Luca VeCChi.)
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Observations

Dimensional Regularization/Renormalization has some freedom in definitions:
@ When extending the model to d dimensions:
= Different possible fermion-gauge-boson chiral interactions;

e Any additional finite BRS T-invariant terms in the Sf(;)’(z)"":

= Different choices would modify calculations at higher-orders.

= Different dimensional BMHV “schemes”!
Each of these choices needs to be explicitly mentioned for accurateness!

Very small set of finite counterterms needed for restoring BRST symmetry at any
order. (Compare with manual BRST/Ward ID restoration for individual diagrams...)
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© RG Equation in BRST-restored DimReg
@ Usual formulation; Problems
@ Modified “"Multiplicative Renormalization”
@ Resolution in Algebraic Renormalization
@ Solving at &' and A2 orders
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Renormalization Group Equation (Usual form)

» 1-PI effective action I': functional of fields ¢ and parameters.
(XQED: A, ¥, 9, ¢, B; ext. BRST sources p*, R, R; coupling ¢, gauge parameter £.)

» Renormalization “mass-scale” p dependence for field renormalizations Z;/2
and parameters ~>  T[{g(11)}: e(1), (1), 1.

» Total invariance of I" under u:

dTr ()F 0 0
- — I — [e— — ,
Md,u () + Beae + dfag % 'Y(bN@

10 /0u: RGE differential operator.
Bee = pd(e,&)/du: f-funcs. for each parameter (incl. gauge parameter &).

74 = pdln Zl/2/d w: Anomalous dimensions for YQED fields+sources ¢.
Ny: field- numbering (“leg-counting™) diff. operators:

Ny = [z ¢i(2)d/5¢i(x),
NJ = [ad%e (Previ(2)d/0vi(x),  NE = [d%z (§;(2)PL)d/60;(x).
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(In d =4 — 2¢ dims) Laurent e-expansions for:

o (Divergent) bare couplings 29 (mass-dimensionality 7;), wrt. renormalized xy:
pQue = mp + 572 O ({wi}) €= Zay i)
e (Divergent) wave-function renormalization factors Z, (recall: ¢° = Z;/qu):
+
Zs =1+ 5,2 05" (fad) e
» 3. functions for couplings xy:

. oCy" ({a1})
Bo= G| = ((nh) + Y man g T

e—0

Zy

» and 7, anomalous dimension for ¢:

d1DZ¢

’ 1 oCy) ({a1})
d/J, e—0

- 7 T a:rl ’

1
Yo = 5#

T
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Usual paradigm ('t Hooft-1073, Machacek,Vaughn-1983,'84,'85]) (2/2)

Expansions readable from the (order-by-order) e-expansions from diagrams
(equivalently, the singular counterterms):

@ div(T'y,4,): give expansion terms of Z ¢1¢2

@ div(T'y,. 4,): give expansion terms of Z 1Z 1/2 ..Z;nl/Q, and Z,, ~ 2% /.
Streamlined when singular CT structure follows the one of the tree-level action:

“symmetric-invariant” CTs (respect the fundamental symmetries: BRST, ...)
— “Muiltiplicative Renormalization”.
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Pitfalls

Suppose gauge anomalies are cancelled (e.g. through suitable field contents).

° Ss(it)v’e(fa)n and Sf(clt)"@) are # 0. No effect on 1-loop-level RGEs. However they
matter for renormalization at > 2-loop order, from insertion in loop diagrams.

@ Problem: Ss(clt)’;(vza)n # 0 — Cannot use straightforwardly the technique with
bare ¢'s & e's, and Z renormalization factors for defining the 3. and ~,,
functions, because we have (non-physical) evanescent operators.

» RGEs for the DimReg theory: define 35 for the (non-physical) evanescent
operators = All -functions need to be considered for consistency.

» RGEs for the renormalized 4D theory: using the Algebraic
Renormalization framework.

Hermés Bélusca-Maito (PMF Zagreb) RGE in DimRen+BMHV: xQED @ 2 loops SMEFT-Tools 2022, Sept.15
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Modified “Multiplicative Renormalization” approach (1/4)

DimRen xQED generates singular (and finite) CTs with new structures.
Following [Bos-1987,Schubert-1989], associate auxiliary couplings po to these
operators O, and define new action

Sy =Sy + /ddx poO(x).
Example for YQED:

_— — 1 - _ 1. —2- il
So — Sg = So+ 0155, + 02544 + /ddx ( 35 0P A" 4 5AM62A“ + m%(/ﬁﬁ)
[y S

T+ (L+ 01)% + Sgapn +Saa+(1+ 02)Saa + Sgfix + Sce + Spe + Skey + Sger
2
+ /dd:p (0’3%14#3?14“ + Pl%fiugzx‘i” + P2%(A2)2) )
Share = S0 + Saee + Sie, = modified effective action FDReg[ e, {o:}, {pi}-

Aux.couplings: unphysical, absent in the renormalized theory. Their renormalized
values are = 0. Original theory recovered when o; — 0, p; — 0.

Hermés Bélusca-Maito (PMF Zagreb) RGE in DimRen+BMHV: xQED @ 2 loops SMEFT-Tools 2022, Sept.156 13 /36
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Modified “Multiplicative Renormalization” approach (2/4)

Example for Sgy

(14 01)S5, — Z@(l +01)S5, = (1+ Z5,012,,0) 24, Sy
or:
S -1 SE— ‘ <y
(1+ Ul)S&p = (14 (o1 + 501)21/;,3)2%!)35@1/; = (o1 + 2y, + 501)S¢¢ :
—0 —0 = 1 because
1 no SCT

(Both Lorentz and gauge invariance broken — additive renormalization.)
Zyy: R-fermion wave-function renormalization, has both singular and finite

contributions (from Sﬁjt),}(i))-

Here, Z,, + 0,, = 1, because no % in Ssct (only “tree-level” contribution).

Obtain: of = (01 +05,) 2, =+ =00, 2, = Z, — 1, and define a ;.
Similar logic for the other operators / aux.couplings.

Hermés Bélusca-Maito (PMF Zagreb) RGE in DimRen+BMHV: xQED @ 2 loops SMEFT-Tools 2022, Sept.15
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Modified “Multiplicative Renormalization” approach (3/4)

Modified RGE:
O'bRre 7 0 0 =
T‘ug = _Bee& _65875 _60'1'7 BP'L +Z’Y¢N¢ FDReg

° B ~4: NOT the true beta-functions/anomalous dimensions of the renormalized
theory — auxiliary intermediate quantities. (Example: 3, defined out of 6, .)

@ True f3, 74 functions function of B, ~o- Make sense only in renormalized theory.

4-dim renormalized effective action TI',e, = I" defined by

F[e] =LIM lim FT)Reg[e’ {O-i}’ {Pi}] ’

d—4 0;—0
pi—

i.e. in the limit (LIM4_4) where: (i) divergences are MS-subtracted, and (i)
d — 4, with (iii) remaining (finite) evanescent quantities set to zero.

Hermés Bélusca-Maito (PMF Zagreb) RGE in DimRen+BMHV: xQED @ 2 loops SMEFT-Tools 2022, Sept.156 15 /36
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“True”" RGE for the renormalized effective action I" would be:

or . a]:HISReg
il N ﬁs %" %:%M Lo~ LM 013%10”7 '
pi

The effects of the evanescent operators dilute into the non-evanescent ones
[Bos—1987,Schubert—1989].
Evaluate

(-5 5 = ) Toeales s o3l

pi—0

Via the Regularized Action Principle [Breitenlohner,Maison-1977] evaluate insertions:
*
aFDReg = (0O+ a‘Syizkct LT
- ) DReg
po—0 po

dpo
We don’t continue pursuing this approach here...

_ 9055 + Sid)

po—0 Ipo

*

DReg

po—0

Hermés Bélusca-Maito (PMF Zagreb) RGE in DimRen+BMHV: xQED @ 2 loops SMEFT-Tools 2022, Sept.156 16 / 36
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Algebraic Properties of the RGE

The RGEs for the renormalized I' must satisfy [Piguet,Sorella~1995]:
@ BRST-compatibility: (0, (ST) = Sr(pd,I') = 0.
o Gauge-fixing condition:

or )
o _ mA o — — =
5B EB+0"A, =0 atall orders — 3B no,I' =0,

o Ghost equation:

J J
— - i - 1
GI'=0 atallorders — Guo,I'=0, with §= 52T 0 S

Solution: linear combination of functionals 9.I' = 9I'/de and NI that satisfy
the previous conditions. (NV,: linear combinations of N,,):

po,I' = (—ﬁe el + Z%’Nﬁ"> I,
%)

defining the "true” 3., 7, functions.

Hermés Bélusca-Maito (PMF Zagreb) RGE in DimRen+BMHV: xQED @ 2 loops SMEFT-Tools 2022, Sept.15 17 /36
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The linear-BRST invariants ./\/:p

“Curly” N, defined from invariants under the linear BRST operator by := Sg,:

_ 0
Ly= bd/ddw prA, = <NA —Ne—Np—N, +2§%>50 =NaSp
=2544+ SEA\II — Szc — Sp07
L. = —bg /d% Cac® = (N. — N¢)So = N..So
= Sec + Spc + SCcc + SRcw + Sz/_)cR )
Ly, = fbd/ddx (R'PRY; + U;PLR") = (Ng + NE — Np — Ng)So = NySo
= Q/ddac iW,IPRY; + Sg a9 + S5y »
Other by invariants: pure Yang-Mills term L2 ; coupling variation L.:
9So

—1
LFQ:—/ddxF‘}VFa””:SAA, Le=Ls+L.—2Lp:=e—".
4 H Oe

Hermés Bélusca-Maito (PMF Zagreb) RGE in DimRen+BMHV: xQED @ 2 loops SMEFT-Tools 2022, Sept.15
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Resolution in Algebraic Renormalization (1/2)

Quantum Action Principle [Lowenstein-1971, Piguet,Sorella~1995, Piguet,Rouet-1981]
re-expresses variations (DVOs) of T' as insertions:

ed.I'=N [eaeSg?‘;eg} T (for all physical parameters),
Nl = N [NypSBkeg] - T (for all fields) .

Uses the finite part of the DimReg action: Sg?éeg =S + Stet.

Cannot do the same for ;10,I": renormalization scale ;1 not introduced in
Sgr};eg, but as a modification of the loop integration: ¢ fddx .
= Bonneau ldentities [Bonneau-1980]:

po,I' = Z N, N[r.s.p.l"g{?‘i;ops] T
N>1

“r.s.p.”: residue of simple pole in v =4 — d = 2e.
Fg,’?elzc’ps: DReg'ed sub-renormalized 1-Pl diagrams with precisely N; loops.
(Their h-counting can be > Nj if they contain Sg insertions.)

Hermés Bélusca-Maito (PMF Zagreb) RGE in DimRen+BMHV: xQED @ 2 loops SMEFT-Tools 2022, Sept.156 19 /36
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Resolution in Algebraic Renormalization (2/2)

RGE “271: becomes, with Sg’ﬁeg = Sy + Stet, the equality:

D> NIN[rs.p.Tpke®®] - T' = —Bc N [e0eShikeg] T+ D 7N [Ny Shiieg] - T
%]

N >1

d =4+ (d — 4)-dimensional insertions. The (d — 4) insertions O are not
independent. Expand them in terms of 4-dimensional insertions (Bonneau IDs):

N[O]-T = coiNM]T.

%

Re-express all insertions into a basis of (independent) 4-dimensional operator
insertions:

/,L@HF = ZmN[Ml] -I'= Z <_/666 X We,; + Z’th X ws&,l') N[Ml] I,

i ®
System of equations for the §.'s and the v,'s to be solved.

Hermés Bélusca-Maito (PMF Zagreb) RGE in DimRen+BMHV: xQED @ 2 loops SMEFT-Tools 2022, Sept.156 20/ 36
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Reminder about the yQED tree action

Starting-point tree action in d = 4:

S(S4D) = 570 = /d4l' (Z'(/)]Qlwl]w}{] - in‘yF“V - %(QLA“)Q - 5020 + Eext)

= (SWR + SﬁAwR) + 544+ Sg—fix “!‘Siac“v‘sipc‘f' SRm/; + Sz[ch .

Extended d-D action:
So = (Sgy +Sgp + Sgpags) T 544+ Sgfix + Sec + Spe + Spey + Sger -
Separates into 4D ST) and evanescent EB actions:

Sy = SE¢L + Sft + 544 + Sgfix + Sec + Spe

where: Sp := Sp — % (For those operators with tensorial Lorentz structures.)
Note: we include there the 4D dummy left-handed fermion kinetic term ST

Hermés Bélusca-Maito (PMF Zagreb) RGE in DimRen+BMHV: xQED @ 2 loops SMEFT-Tools 2022, Sept.15 21 /36
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One-loop (k') RGE

pd, T~ = — 8Med.Sp + Z wffﬁl>N¢Sio
Pp=A,c

= 2’YA Saa+ z <2’y(1)S1 (2%(&11) + 7 5(1)) S )

YRAYR
+ (751) - 7,(41)) (See +

ve) + (”/£1> - gt ) (Shew + Sger) »

also equal to:

Tloop _ e
P-TDreg = —T-SP. SSCt
_h 4e? Tr[yR}i 9 J ;
Tl 3 oAt gl Z YR (55, . Smavn)

Obtain system of equations for independent operators and solve:

SAA — QWS) s Si % 2’}/(1)

W _ 0 _ . q__h 22TTD7 ]
S;RA’l/) = 29, + (1) -8, Pe Ta ¢ 16m2° S
. M _ D = h :
Seer Spe =1 =0, T = Te €V

SRmpvsw R*),y [5(1)_0

Hermés Bélusca-Maito (PMF Zagreb) RGE in DimRen+BMHV: xQED @ 2 loops SMEFT-Tools 2022, Sept.156 22 /36
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Two-toop h?-order RGE: Structure (1/2)

sct, fct

Expand 0,1 = —fc N [e0.SBkeg| - T+ X, 70V [N 8B | - T at 0(2):

oI~ = = BIUN[ed. 5o - T=" + 3" 7 NINGSo] - I ~

Pp=A,c
— BIN[edSo) - T+ 3 AWNINGS] - T~ 42w,
p=A,c
_5£1)eaesf(c1t)+ Z 7<(¢1)N¢Sf(clt) v+ 20
b=Ab,c
—/3£2>665570+ Z 7(()2)./\@,570 s +QH4.

p=Ap,c

N[O]-T=1: Insertion of O in 1-loop 1-Pl diagrams and renormalized.
(Notation “=1" and 2 é=Ap,c- - understood in the next slides.)

Hermés Bélusca-Maito (PMF Zagreb) RGE in DimRen+BMHV: xQED @ 2 loops SMEFT-Tools 2022, Sept.156 23 /36
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Two-toop h?-order RGE: Structure (2/2)
Expand p0,I' = 3" 5,51 Ni Nirs.p. Fg&;‘;"ps] -T at O(R?):

=92 ~1l-loop - — 1 =
/“Laﬂr‘ = N[r.s.p. FDF?:; No Sf(clg)] B A R, = —N[I’.S.p. Ss(ct)] =t

+ NJr.s.p. F;}:’:gp o S“)] I=Y s 4+ M, = —Nirs.p. Ss(clt)] =t

+ r.s.p. Sf(clt) =t ~ + Ry = —rs.p. Ss(cQt Y
+ 2r.s.p.2loops ~ + R, = —2rs.p. Ss(ft 2.

DReg, No S((:t)’(z)

@ As in the previous slide, we have evanescent insertions (terms 20, and fR,).

@ Those quantities correspond to already-evaluated counterterms. Only
evanescent insertions are “new’ and require a separate calculation.
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20, and R, (4-dimensional insertions)

W, = — Y N[ed.So) - T + 5 NINS] - T,

and

R, = —N|r.s.p. Ss(clt)] -T.

» This is the 1-loop 4-dim RGE, but as an insertion N[...]-T.

» Since the (non-evanescent) 4-dim classical operators {SAA, [ }
) ) ) D YYR’ TYRAYR
present in the 1-loop RGE constitute an operator basis, their quantum

insertions N[...]-T" also form an operator basis.

» Therefore, 20, = R, trivially, from the 1-loop RGE solution.
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h?-order RGE: 2, and 3R, (Genuine 2-loop contribs) (1/2)

20, “defines”’ the h%-order 3 and ~ functions:
W, = — 82ed.So + 1 NySo
_ Q’YA)SAA Jrz (27(2)51 ( 7(2) ( ) ﬁéz)) S%RAW)

+ (’Yg ) _'7,(42)) (Sze +

o)+ ( @) _ 5(2))( o+ 5o

M, comes from the “pure 2-loop” singular CTs (from usual QED-like diagrams):

N

R, = —2rs.p. Ss(ft 2) (7akz)” factored out!
4 4e* -

%6 Tr[VE]San — — Z(yR) < Tr[VE] - *(yR) ) =

e S L R
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Summary
00000

h?-order RGE: 2, and R, (Genuine 2-loop contribs) (2/2)

We observe:

> ,Yf) (associated with S44) not the “expected” value.
» No ghost contributions — ﬂg) = ’yff) = ’Y£2)-

> So both terms 57, and 57, must have same coefficient: 2755).
But not the case.

= Other contributions are needed!
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20, and R, (Evanescent insertions)

A, A,
+ perm. + perm + 5 perms. + 23 perms.
W, = ’Y¢ [N¢So] =27y N[SZ, vy TS5 T (1672) factored out!
= 2/ N[Saa] T + Z D NISE, ) T+ (3 =) NSee + 8yl T
£=1 4 =0

— D)R]SAA726 Z yR wwR

4 . .
+%Z@%%WWWW%J%W

J

R, from evanescent part of S,Sct

- . p_ N 2TV} a,
R, = —N[rs.p.Seef] - T = 67 3 N[/d T

S S e (257, + 5, ).

J
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sct, fct

20, and R, (Finite CTs contribs)
1 1 1
W = _/Bél)eaesf(ct) + 'Vé )N¢'Sf(ct) (16}31-2 )2 factored out!
0
= (4 = ) Va3 (A e 80) 6
— (
=0

Important gauge dependence

fet

=1 -5 . . -
o 0 (S IDHOR+ O 5, from A, S 1
J

MR, from previously-evaluated Sgt’ b,

R; = —r.s.p. SS{ D= r.s.p. Sf(clt) -I=1

=1 8et - [
- TS 2t Y (V)T
J
2¢* J\4 2192\ (G .
= 2 (S0 TR0’ (55, + ) -
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RG Equation

Summary
00000000 sct, fet 0000000000000000000000880 00000
Summary of contributions (1/2)
W, =R, + R, + R, — W, — W,
Contributions to operators from (normalised) 20
()t (A M) S
Contrib. from (R; — 20;) ) Seze + Spe Shey + Sgen
~ 27( : Ui U VN RN C
R, =-2rsp.5G7 — | ATY 0
R, = —Nlrs.p. 55(32] T — 0 0
R, = —rs.p. szt v, =2 Tr[Vi] 0
—95, = — (-8 N[ed.So] - T
’ (1<) =~ _74 Tr[y?—{] 0
5 NINGSo]  T) —
o, = — <_5<1> 0.5Y
(1 N (1) 0 0
+ Sfct )
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Summary of contributions (2/2)

W, =R, + R, + R, — W, — W,

Contrib. from (R — 20;)

Contributions to operators from (normalised) 20,:
—92 -
(162#) et x (7@2)6&’ + '7/5#2)'/\@) So

57
PYPr

=27

J
VYrRAYR
g e

R, = —2rs.p. Ss(ft‘ D,

SETVRIVE)? + S (V)

22 TrVE(VE)? + D)

R, = —N[rs.p.SH] T —

TR

AR

R; = —rs.p. Siczt" v,

2Tr(VR)(VR)? - 2(V%)*

2Tr(VR)(VR)? — 4(Vh)*

o, =~ (~AV N[0S T
1 NINGSo] - T) —

2 TrVE(VE)? — 2(Vh)*

ZTrVE(VE)? — 2V

-0, = — <_ﬁf(!1>eaew

fct

ENST) —

fet

DTrVE (V)2 - 25

Hermés Bélusca-Maito (PMF Zagreb)

RGE in DimRen+BMHV: xQED @ 2 loops

SMEFT-Tools 2022, Sept.15
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h2-order Solution (Feynman gauge £ = 1)

Obtain system of equations for independent operators and solve:

Saa HQV( ST, o, T S = 12 — AP — 0,
2
BR = 4D = 4@ = (16%) 2¢* Tr[ Vg, Nere ik st o s

We really have: 5(2) (2).

@__(h ) 2 TR + S ()
Vs 1672 9 RI\VR 9 \WR 0

Comparison with literature: [Machacek,Vaughn-1983,'84,'85]

T2 (45 g = EEHECT + xg*4G,(F) + FEHG) S (F)

+ (Yukawa contribs.), (5.5)

(47)*YF |, 100p = (Yukawa contribs.)

OK except for the
+ G (9 TS+ GG - 268, (F) S3566S1] | o Py v

-ig* (P, (4.4) in 7"
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@ Previous results: 1 and 2-loop singular and finite BRST-restoring counterterms

@ YQED action in d dimensions
@ 1-loop Sgclt) and finite BRST-restoring Sf(clt>

@ 2-loop Ss<c2t) and finite BRST-restoring Sf(ft>
@ Observations

© RG Equation in BRST-restored DimReg
@ Usual formulation; Problems
@ Modified “Multiplicative Renormalization”
@ Resolution in Algebraic Renormalization
@ Solving at A! and A2 orders

© Summary
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Summary

o DimReg + BMHV scheme applied to the massless xQED at one
[arXiv:2004.14398] and two loops [arXiv:2109.11042], obtaining local singular,
evanescent, and BRST-restoring finite counterterms.

o CT structure not “symmetric”: d-dim. Lorentz and gauge invariance broken —
“naive” multiplicative renormalization (with Z factors) not applicable for
deriving RGEs. Modified version possible but cumbersome.

e Using Algebraic Renormalization framework we derive O(h?)-order RGEs,
reproducing known S, and 74 [arXiv:2208.09006], from a simple linear system of
equations (per-operator).

Possible future investigations:
@ Massive case, non-zero VEV? (1-loop Abelian-Higgs by [Sanchez-Ruiz—2002].)
@ Generalization to 2-loop YM / Standard Model? Higher-order results?
@ Application to (SM)EFT?
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Summary

o DimReg + BMHV scheme applied to the massless xQED at one
[arXiv:2004.14398] and two loops [arXiv:2109.11042], obtaining local singular,
evanescent, and BRST-restoring finite counterterms.

o CT structure not “symmetric”: d-dim. Lorentz and gauge invariance broken —
“naive” multiplicative renormalization (with Z factors) not applicable for
deriving RGEs. Modified version possible but cumbersome.

e Using Algebraic Renormalization framework we derive O(h?)-order RGEs,
reproducing known S, and 74 [arXiv:2208.09006], from a simple linear system of
equations (per-operator).

Possible future investigations:
@ Massive case, non-zero VEV? (1-loop Abelian-Higgs by [Sanchez-Ruiz—2002].)
@ Generalization to 2-loop YM / Standard Model? Higher-order results?
e Application to (SM)EFT?

Thank you!
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But wait, there is more! SMEFT -Tools (1/2)

n (SM)EFT example:

Cc6)
Lerr = Lsm + FO(G)

(9(8> +.
@ Slavnov-Taylor Identity double-expansion (i) in A, (i) in 1/A:

6T 6T
5K, 00
n % {(pm; TE)Y 1 (0®), 7)Y 4 (1O, 1"(6))} oL

1 X
S(r) = = (I:0) = (05 7@) + 5 {0 @) + <r(6>;r<4>>}

A() )

@ BRST restoration at each order in (i) ki, and (ii) 1/A. Finite BRST-restoring
counterterms of dimension > 6 7

@ RGE for the EFT in our described method ~~ expanded in non-redundant (by
EOMs) operator basis.
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But wait, there is more! SMEFT -Tools (2/2)

RG Equation Summary

sct, fet 0000000000000000000000000 00eeo

Selection of EFT results that may be sensitive to this 75 discussion:

@ One (and higher)-loop Fierz transformations [arXiv:2208.10513 Aebischer, Pesut];
Related: Basis transformations [arXiv:2202.01225 Aebischer, Buras, Kumarl];

@ Axion EFTs [arXiv:2112.00553 (JHEP 08 (2022) 137) Quevillon, Smith, P.N.H.Vuong] and
[arXiv:2205.02248 Filoche et al.] — Functional formalism/Covariant Derivative
Expansion; UOLEA: [arXiv:2006.16532 (JHEP 01 (2021) 049) Angelescu, Huang]; See
papers by J.Quevillon, M.Kramer, B.Summ, ...

o SMEFT from 2HDM models, see e.g. [arXiv:2205.01561 Dawson, Fontes, Homiller,

Sullivan]

@ R. gauge-fixing for EFTs: see [arXiv:1812.11513 Misiak, Paraskevas, Rosiek, Suxho,
Zglinicki] “Effective Field Theories in R¢ gauges'.

@ RGEs in generic EFTs: see talk by Mikolaj Misiak & Ignacy Natecz.
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But wait, there is more! (smert)Tools

@ Semi-automated calculations: Mathematica & manually.

@ Model input: FeynRules [Christensen...~2009,Alloul..~2014] (w/0 BRST sources
since unsupported). Manually patched for symbolic SU(N).

o Loop diagrams (w/o BRST sources) generation: FeynArts [Hahn-2000].
Diagrams with sources manually generated. Amplitudes: FeynCalc
[Mertig...~1990,Shtabovenko...~2016]; e-expansion: interface FeynHelpers
[Shtabovenko—2016] to Package-X ! [Patel-2017] (1 loop), or TARCER (2 loops).
(Development) versions of FeynCalc since ~2020 should be OK (supports BMHV +
fixes in 2-loop helpers).

@ IRD method [Misiak...—1994, Chetyrkin...—1997], external momentum derivative, ...

@ For SU(N) model + scalars: Semi-automated group-invariants evaluation.

1 Retired since July 15t, 2022!
See https://github.com/FeynCalc/feyncalc/discussions/189
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Dimensional Regularization and 75 (1/2)

@ Theory: Divergent multi-loop Feynman integrals; Regularization.
Experiment: Running of parameters; Renormalization.
Fundamental QFT properties: Unitarity, Causality. Renormalizable
gauge(-fixed) theories — BRST symmetry must remain preserved.

o Dimensional Regularization (DReg, ['t Hooft,Veltman-1972]...): y4*dfddx
widely used in calculations / literature / automated codes, etc.: doesn’t break
gauge and Lorentz symmetries (as long as NO s, e.g. QCD).

d =4 — 2¢ "dimensions”: My = My & M_s,.

Small € > 0 regularizes UV divergences (¢ < 0 for IR divs.).
Lorentz objects (metrics, ...): X, =X, + X,..
)A(H“_: evanescent objects.

gp,l/gl/H =d, gpﬂ/gyu =4, guuguu = —2e.
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Dimensional Regularization and 75 (2/2)

@ Observable nature chiral = Realistic 4D models contain chiral fermions (e.g.
Standard Model, ...) ~» Pr/ = (1 £75)/2. ~» chiral anomaly, pion decay...

» DimReg and Dirac v* matrices? [Collins-1986] Intrinsic 4D objects s, €,1p0?
e In 4D: .{75,7“-} =0, Tr(vsYu - Yua) = 4€uspopsps »  Tr(ab) = Tr(ba).
Inconsistent in d-D: Tr(ys5vy,, -+ Yuy) X (d—4) Tr(Y5Yuy - Visa) o

@ Semi-"naive” 5 4+ manual traces fixes, syms. restoration (using Ward IDs, ...):
{15:7"} =0, Te(V5Yr *+ Vi) F40€ 0 o pua 5 Tr(ab) = Tr(ba),

@ Non-cyclicity schemes [Kreimer-1990,'94] (“reading-point prescription”, ...):
{15771 =0, Tr(V5 Yy *+ Vua) = 40€003 papispua Tr(ab)# Tr(ba) .

@ 1 numerous other 5 schemes (see e.g. the reviews [Gnendiger...—2017,Bruque...—2018],
and [Larin—1993, Trueman—1995, Jegerlehner—2000]).

Consistency wrt. unitarity/causality not always clear at high orders...
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DimReg, BMHV scheme

't Hooft-Veltman-Breitenlohner-Maison (“BMHV”) scheme
[Breitenlohner,Maison—1975, Breitenlohner,Maison—1977]

Y5 = (¢/4)€uvpoav* ¥ v*v7, {75,7"} = 0, but [v5,9#] =0,

and: {vs,7"} = {7,%"}, [vs:7*] = [15,7"].

Cyclic trace, and Tr(vsYu, - - Via) = 40€01 pup s pia -

Proven axiomatically consistent (unitarity/causality) at all orders.
1/e-pole (e.g. MS(bar)) subtraction = “Dimensional renormalization” (DimRen).

Hermés Bélusca-Maito (PMF Zagreb) RGE in DimRen+BMHV: xQED @ 2 loops SMEFT-Tools 2022, Sept.15 3/29



Extension to d dimensions

Bosonic fields in d-dims. Chiral fermions introduce two problems:

Kinetic term is chiral = non-regularized propagator 1/ﬁ in d-D [Bilal-2008]

= Need an actual d-D kinetic term:
~ "left-handed inert”" fermion component. z¢zaqu
(Inert because removed in interactions due to Pg/.)

How to promote in d-D the )P, APRr%) interaction term o< ¢¥y*Pra) ?
7.Pr = PLy, = PL7,Pr only in 4D, not in d-D.

Vy'PRY PPy, YPLAHPRY
= NO unique d-dimensional extension!

= Use the interaction term that makes calculations the most simple:

— “symmetric chiral-projection”
©w
’l'bPLPy PR,"'[) (Explicitly conveys the fact that fermions are chiral.)

= Larin symmetrization prescription % (v* — v57*v5) Pr.
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BRST symmetry

BRST symmetry: Residual symmetry after fixing the gauge
(= “generalized” version of gauge symmetry). [Becchi,Rouet,Stora—1975, Tyutin—1975]

0: Grassmann parameter;

Infinitesimal gauge transfo. of wosger % (anticommuting) ghost.

f'e(lsd:;a;f)i _a>u66:pialrl:rf11rtelzr: (’;he - BRST transformation of ¢:
gauge p OBRSTY = 050 = 000| oy ppa-
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All-loop order BRST invariance?

Aim: Verifying/enforcing BRST invariance V orders of perturbation.
Algebraic renormalization framework.

BRST invariance for quantum effective action I' (up to O(h™)):
Functional Slavnov-Taylor Identities (STI) (~ Ward IDs (WTI) with gauge transfos.):

5T or 5T
>, T Ka@) 00@) 2 ® 5w

P=AP,,c

?
=0.

S = /dx

(STren: in 4 dims on renormalized I'ren; SqI'DReg: in DimReg on I'pRreg-)

Quantum Action Principle [Lowenstein—1971, Piguet,Sorella—1995, Piguet,Rouet—1981]
= BRST/ST breaking as a local operator insertion A in I':

ST)=A-T.

BRST restoration really matters only at the renormalized level (in 4D).
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Effective action I": Interpretation & notation (1/2)

Effective action: Generating functional for 1-particle irreducible (1PI) Green's
functions [Weinberg—1996]:

Z| |/(Hd T4 ¢1 xz>r¢n ¢1(1‘1,.. :En)

n>2

n
Fourler
transform | ‘ !

n>2

Momentum conservation

pl ) F¢n"'¢1 (p17 e 7pn) (27[-)454(2] 1pj) )

Iy, ..., are the 1Pl Green's functions defined by:

is"T[®]

= o) 1 1PI
St ooy |, o~ (UTon(zn) - dr (@]l

’L'Fqg"...d;l (1]17 e ,xn) =

¢i=0
= <¢n(xn) o ¢1(JI1)> Pl )

— — 1PI
and iT'y, .., (P1,...,Dn) = <¢>n(pn) e ¢1(p1)> is defined similarly.
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Effective action I": Interpretation & notation (2/2)

n>2 =1
RRNIR
—1 ST,
> ESHED
! KBS
KA
n>2
1 e n
)

Field-Operator insertion in T'[®] [Piguet,Rouet-1981]:
(e.g. counterterm insertions in loop diagrams...)

O(x) - T[@] =} |%|, / (H d'a; @(x») (O(2)n(@n) -~ g1 (1))

6o

Notation:

(=en)

Hermés Bélusca-Maito (PMF Zagreb) RGE in DimRen+BMHV: xQED @ 2 loops SMEFT-Tools 2022, Sept.15
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BRST invariance/breaking @ tree-level?

o YQED is BRST-invariant at tree-level in 4D due to gauge symmetry:
8,5 = 0.

o Is it still so in d-dimensions? = No! 3 BRST breaking A at tree-level:

«— —
SqSo = Sdg@‘) = /dd.%‘ eyRijC {’(/}Z <aPR + aPL> wj} = 3

Interpreted as an interaction vertex whose Feynman rule is:

= eVRij (H’A1PR +é\éPL)a5 .
72 NP1
Uh Dy

Hermés Bélusca-Maito (PMF Zagreb) RGE in DimRen+BMHV: xQED @ 2 loops SMEFT-Tools 2022, Sept.15
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“Loop"-level BRST restoration; Renormalized action (1/2)

SI' = A - T generalized for I'preg With Regularized QAP [Breitenlohner,Maison-1977]:

using Ay = A+ Act,

SdFDReg = Ad ' 1_\DReg d”‘" Slven = IJI_M(SdFDReg) =A- Lren .

—4

(LIM: take d — 4 and cancel evanescent structures. I'ren = LIM(I'pRreg).)
d—4 d—4

(Srfen)(n+1) - IJI—M{AEZSH) : FDReg ) + A(n+1)}

At O(h+1): v >
Ty [ S R 8

fct,4

Act = Ager + Afet = SaSsct + 8aSkct s Ater,a = 545kt = IJI_M(Sdect) .

Stet: such that Ag 4 cancels the irrelevant anomalies from N[Ag4] - Ten.

Remove irrelevant anomalies if possible, with Finite CT action Si;.

Relevant anomalies cannot be removed: M M
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“Loop’-level BRST restoration; Renormalized action (2/2)

(Srren)(n-i-l) — LIM{A((iSn) . FDReg ((;i:/#*l) + A§2Lt+1)}
Ay = A+ At ; d=d - ' L
+ N[AFE"] Tren| 4D 4+ ALY

fct,4

General Procedure at a fixed A”*1 order:

Do the procedure at the previous order i™.
Evaluate SV and ALY = 5,80+ D),

Evaluate Afign) - Tpreg|™*1) : loop diagrams with insertion of AEIS”).

Check whether their divergent part cancels with Ag?jl) (breaking is finite).

Evaluate their finite 4-dimensional part: N[AEF")] - Dyen| Y.

Define S+ 4" such that ALY = 5450 Y - N[AF™] . Ty | (4D

(“irrelevant anomalies”), and verify the absence of relevant anomalies.
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1-loop BRST restoration

(STren)V = LIM{A - Toregl§), + AL} + NIA] - Tren ) + AR

fct,4 °

Procedure:

Evaluate A§§2 = sts(clt).

Evaluate A - I‘DReg|(1) : 1-loop diagrams with insertion of A.

Check whether their divergent part cancels with Agit) (breaking is finite).

Evaluate their finite 4-dimensional part: N[ﬁ] - Tren| M.

Define S'Y) such that A(1)4 = 345(1) def. fN[ﬁ} ~I‘ren|(1) (“irrelevant

fct fct, fct
anomalies”), and verify the absence of relevant anomalies.
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2-loop BRST restoration

1) _ (1) (SI ren)(Q) LIM{A 2 I DReg|d|v sct}
A Q b A
N[A( ] ren ‘(2) + Afct 4-

Procedure:

Evaluate Agt) = SdSs(cQt)'

Evaluate A((il) - Tpreg|? : h2-order diagrams with insertion of A((jl).

Check whether their divergent part cancels with A§§2 (breaking is finite).

Evaluate the finite 4-dimensional part N[Afil)] -Tren|®.

B Define 5 such that AECQM 5492 4t ~N[AY] - Tyen|@ (“irrelevant

fet fct
anomalies”).
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Notation: “Normal Products” N[O(z)]

Introduced by Zimmermann [Zimmermann-1973].

(See also [Lowenstein-1971].)

For a field-product operator O(z), a normal product N[O(z)]
is defined as the “finite part” of O(z) , i.e. via the finite part
of the time-ordered Green's functions of O(x):

(NOVT, 6s(2:)) ™" = Fin. ((OTL, 9u(:)) ).

[Piguet,Rouet-1981]

They depend on the chosen renormalization scheme:

» In BPHZ renormalization (original): done by subtracting the first terms of a
Taylor expansion of loop integrands up to a given order (“degree” of
subtraction). — 3 different normal products associated to the choice of the
"degree” of subtraction. [Piguet,Rouet-1981]

» In dimensional renormalization (DimRen): the normal products are defined
with respect to the e-pole subtraction. [Collins—1974]
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Bonneau Identities, graphical interpretation (1/2)

In DimRen, normal products N[O)] of evanescent operators O of the form

0= (9uv = 9uv — Guv)Ouvp... are interpreted [Bonneau-1980] as the difference
between two ways of performing a “subtraction” in this renormalization scheme.
= "“Zimmermann-like" identities: Bonneau ldentities.

1PI
n, =4 .
o max (—i)" o
N[O] Ten=— > 3 > S g (Cihrsp. Ho7 ONO)(q = =X pi)
) rl Op;*---Op;
n=2 J={j1," jn}, {i1, sir}/ “ o pi=0
0<r<s(J)  1<i;j<n o
x N |:n' ]II ({ /H k}é) a) ¢’jk:| - Tyen + similar with additional BV sources insertions .
n afia=k

r.s.p.: residue of simple pole in v = 2¢ = 4 — d. Overline: 1Pl minimally subtracted (“sub-renormalized”).
g ~ /v, where this v is not submitted to Laurent v-expansion for the r.s.p..

N[@] “Tren = Z C@ZN[ z} “Tren.
{0}

Expands evanescent operators O on a basis of quantum 4D operators of the
renormalized 4D theory.
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Bonneau Identities, graphical interpretation (2/2)

V& N
o . &. ELS
—50 Blve K S I @@«
@y~ (Can) g ’;'%“‘\ =2 S
RO i ARBLTRIN . '
4>1(’L') 4)1:(.\ ) ‘P) (>4 o ¢‘“ ten)

All sub-loops are sub-renormalized, including the loop containing the “special vertex” 0.
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Evaluation of the finite part: N[ﬁ] - Tren|V): Bonneau IDs

(STren)® = LIM{A - Toreglgy. + A&l} + N[A] - Trea| V) + AL,

NI[A] - Tyen|™® = LIM[A - TW]gin

d—4

finite part of A- I'preg after renormalization (removal of divs. and taking Igll\ﬂ).
—
@ Fixed h order: limited finite number of UV-singular diagrams.

Shown by interpreting N[A] - Tyen|(Y) using Bonneau Identities [Bonneau—1980]:

—~ ~ (1) N (1)
At O(h):  N[A] Tyen|® = N {r.s.p. [N[—A] 'F]g:o} Tren = LIM (r.s.p. [-A : r] g:o) .

“r.s.p.”: residue of simple pole in v =4 — d = 2e. A: A and formally replace G, ~~ g with:

G g”? = gud”? = g0 Jug”? =0, 9 =

@ no residual finite evanescent terms = Main advantage of this method.
Hermés Bélusca-Maito (PMF Zagreb)
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Evaluation of the finite part: N[Afil)] - Ten|®: Bonneau IDs

fct,4 *

(STrn)® = LMIAL Toreelfy, + A2} + VAT Tenf + A2, |

= 0in U(1) because
non 1Pl-insertable

N[AD) Tren|@ = N[A+AY | Tren| @ = N[A+AY]T mMM

Interpret N[A] - T'ven|(® using Bonneau Identities [Bonneau—1980]: at O(h2):

. . (2) 1) 1
[N[A] - Tren]@ = LIM (r.s.p. [N[fA] : FDReg]gzo) +N |:r.s.p. [N[fA} rDReg] O} .

EN[K]'Fren‘(l)sz[Aéclt):l

@ Fixed h? order: limited finite number of UV-singular diagrams.
Hence:

< @ )
N[AY]  Tren|® = LIM (r.s.p. [N[—A} .rDReg]gzo) = LIM ([(A +Ad). rDReg]f ) .
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The R-Model defining action .S

Model with generic gauge group G (usually SU(N); can be something else...)
with right-handed (RH) fermions in “right” (R) rep. of G and scalars in S rep. of
G, both coupling to gauge bosons.

Originally defined in 4 dimensions, using either Weyl, or Dirac fermions with
projectors Pr/. = (1 £ 75)/2.

SEP) — /d4x (Lo +L57 + £8P + £ + £5P + L8,

gh g-fix
with: )
-1 1 mno,
L4 — S EnE £8P = 5(Ducpm)2 — %%@,@0%,

LGP = iU, gPRY; + gsTr% U PRY,; = iV, DR,

—C
LR — —(YR)[/2®,,7; PR, + h.c.,

4D ~ ab ) & . @
£GP = due,- D 'cb,ﬁé_ﬁx)ziB B, + B*9"GY,.

Note the Yukawa interaction with charge-conjugated fermion (# Dirac model where left
component couples to right component).
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Nota about charge conjugation

While it is clear how to define the charge conjugation operation in 4D with e.g. an
> ~ i7y9y? with the good

€ap O

explicit construction: numerically C = ( o b
€

properties,
In d-D we can define a similar operation only by its action on the fermions — such

. . . . T .
that it turns fermions to their charge-conjugate and back: ¥¢ = C¥" -, and its
action on Dirac 4-spinor bilinears:

(V) =v, 0" =-C;
TS = 970 TCY, = F,0r70' W, = poT, T,

. +1 fOFP:17’75,’yM’YS7
with: np =
—1 forT'=~H ot olys.

(See e.g. Appendix A of [Tsai—2011].)
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BRST transformations of fields of R-Model

The d-dimensional BRST transformations on the fields are as follows:
4Gl = Db = O™ + gs f*7°Gh
sa¥; = 54V p; = ic*gsTr{; YRy, saVi = saVr; = +iVR;c"gsTRY; ,
54Pm = ic"gs0m, Pr ,
sac" = —%gsf“bccbcc = igsc?,
$q4C* = BY, $4B* =0 « (¢*,B%)is a BRST doublet,

with a similar form (noted s in what follows) in 4D.
The BRST operator sy is nilpotent: sg(sq¢) = 0, similarly to its 4D counterpart.
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The completed R-Model defining action Sy in d-D
Our complete defining action in d dimensions, including the antifields, reads:

So = /dd z (Lym + Lo + Lo + Lvuk + Lgh + Lgfix + Lext) ,
mnop

+h- _]- a a v m )\
Wlth L:YM — 7F,u,uF H , £<I> = (Dl"® )2 — %@m@n@o@p)

1

4 2

Ly = 0DV, =00V, + gsTr% Ur,PLE PrVR, |
Lyvik = —(YR)2 /28 W g Prilg; + hc.,

g

2

Lext = p5aGy, + CaSac” + RisqUp; + sqUp; R + V™ 54P,, .

Leh = Outa - D ¥ ey, Logix = 2B*B, + B*9"GS,

Quantum numbers (mass dimension, ghost number and (anti)commutativity):

G U, U; &, & & BT pt (, R,R Y™ |9

p n S

mass dim. 1 3/2 1 0 2 2 3 4 5)2 3 1 0
ghost # | 0 0 0 1 -1 0 -1 2 -1 -1 |o 1
comm. + - + - - + - + + - + -
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What about a L-Model?

How do the results modify for left-handed (LH) fermions? Two approaches:
Either note that Pr <> P|, corresponding to the change 5 <+ —75, and
related change e#¥P7 +» —eH¥Po,

Or, view LH fermions in a “left” (L) representation of G, as being the
charge-conjugate of corresponding RH fermions that would belong to the
conjugate representation of the “left” ones: P U, = (Pr¥z), and
TL — TR = Tf

NOTE: Possible mixings between RH and LH fermions (in the Yukawa sector...)!
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