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Motivation
• Huge discrepancy in the anomalous magnetic moment of the muon aμ = (gμ − 2)/2

Δaμ = aexp
μ − ath

μ = 249(50) × 10−11 ; [5.0σ]

The Muon g-2 coll. (10.1103/PhysRevLett.131.161802)
Muon g-2 Theory iniative | White Paper  (arXiv:2006.04822v2)

• MUonE experiment is a good candidate to 
clarify this discrepancy (space-like channel)

•  
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Motivation
• The hadronic contribution dominates 

the current state of uncertainties.
aHVP

μ = 6845(40) × 10−11aSM
μ = aQED

μ + aEW
μ + aHVP

μ + aHLbL
μ
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Motivation

aHVP, LO
μ =

α2

π ∫
1

0
dx (1 − x) Δαhad[t(x)]

The Master Formula

• Requires a measurement 
of  in the space-like 

region ( )

Δαhad
t = q2 < 0

• The hadronic contribution dominates 
the current state of uncertainties.

aHVP
μ = 6845(40) × 10−11aSM

μ = aQED
μ + aEW

μ + aHVP
μ + aHLbL

μ
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Motivation

aHVP, LO
μ =

α2

π ∫
1

0
dx (1 − x) Δαhad[t(x)]

The Master Formula

Finding a reliable method to fit the 
data + good extrapolation outside 
data region without using external 

information

Problem

• Requires a measurement 
of  in the space-like 

region ( )

Δαhad
t = q2 < 0

• The hadronic contribution dominates 
the current state of uncertainties.

aHVP
μ = 6845(40) × 10−11aSM

μ = aQED
μ + aEW

μ + aHVP
μ + aHLbL

μ

t < | − 0.143 GeV2 |
0.2 < x < 0.93

We propose a technique based on 
Padé and D-Log Padé Approximants
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Outline

• Padé and DLog Approximants


• Fitting method & simulations


• Results with realistic errors


• Uncertainties Vs Extrapolation


• Outlook & Conclusions



Padé and D-Log Approximants



PN
M(z) =

QN(z)
RM(z)

=
q0 + q1 z + ⋯ + qN zN

1 + r1 z + ⋯ + rM zM

Padé Approximants

Advantages

• Systematic and model-independent method


• Partial reconstruction of analytic (physical) 
properties


• Efficient approximation


• It is possible to provide a systematic error 
using the convergence properties 

f(0) = P(0),
f′￼(0) = P′￼(0),
f′￼′￼(0) = P′￼′￼(0),

⋮
f (m+n)(0) = P(m+n)(0) .

The standard method for constructing 
Padé Approximants (PAs) 

• M+N+1 equations relate: PA 
coefficients (  , ) with original 

function coefficients ( ). 

• PAs return a better approximation 

for the M+N+1 term

qi ri
ai
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What about Padé 
Convergence ??

Stieltjes

f(z) ≡ Δαhad(t)

P1
1(t) ≤ P2

2(t) ≤ … ≤ Δαhad ≤ … ≤ P2
1(t) ≤ P1

0(t)

We can use the convergence 
theorem to bound our function

−∞ < t < 0
To ensure that poles are 
real and t-positive axis

Padé Approximants

Useful for us

Stieltjes function

<latexit sha1_base64="2C4bK3QnPHSNmBTfQX2VSK4vzIE="></latexit>

f(z) =

Z 1

0

d�(u)

1 + zu
�(u) is a measure in u 2 [0,1)

•  is a Stieltjes function!  


• There are convergence theorems for PAs to Stieltjes functions


• Some convergence properties (thanks to analyticity and unitarity):


poles of  are located in the positive real axis;


PA sequences uniformly converge to the original function;


PA sequences act as bounds to the function

Δαhad(t)

PN+k
N , k ≥ − 1,

[Masjuan, Peris ’09], [Aubin, Blum, Golterman, Peris ’12]

[Baker ’96]
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f(z) = A(z)
1

(μ − z)γ
+ B(z) γ ∈ ℜ

F(z) =
d
dz

ln f(z) ≈
γ

(μ − z)

Is not longer a rational approximant

D-Log Padé Approximants
Consider the following function:Advantages respect to Padés

Set a new function applying 
the logarithm derivative

- Approach  with a Padé sequence : 

- Unfold the process: Integrate, exponentiate and normalize

F(z) P̃M
N [F(z)]

• It is useful to reproduces not only 
poles but also cuts or branch points 
of the original function


• Faster convergence


• Also model independent to find the 
singularity position value and its 
multiplicity

DM
N (z) = f(0) exp [∫ dzP̃M

N (z)]
✦ Little is know about D-Logs, they work and we have a convergence conjecture. We find:

Camilo Rojas 13
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Fitting method & Simulations



From Taylor expansion

D-Log Padé Approximants

2/11

Padé Approximants

Taylor expansion from the model @ Greynat and de Rafael ‘22

aHVP, LO
μ =

α2

π ∫
1

0
dx (1 − x) Δαhad[t(x)]

(arXiv:2202.10810 [hep-ph])
Camilo Rojas 15
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• PA parameters:    minimization

• No cancelations between zeros and poles

χ2

• Fitting parameters: starting with unknown Taylor series coefficients of Δαhad(t)

model-independent constraints

<latexit sha1_base64="ny6GFSFu350y57dGGBpNcZz/14A=">AAAB83icbVDJSgNBEK2JW4xb1KOXxiB4CjPidlAIePGYgFkgGUJPpyZp0tMzdPcIYQj4FV48KOLVn/Hm39hZDpr4oIrHe1V09QsSwbVx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6ThXDOotFrFoB1Si4xLrhRmArUUijQGAzGN5N/OYjKs1j+WBGCfoR7UseckaNlTpB1yO3hNp+43aLJbfsTkGWiTcnJZij2i1+dXoxSyOUhgmqddtzE+NnVBnOBI4LnVRjQtmQ9rFtqaQRaj+b3jwmJ1bpkTBWtqQhU/X3RkYjrUdRYCcjagZ60ZuI/3nt1ITXfsZlkhqUbPZQmApiYjIJgPS4QmbEyBLKFLe3EjagijJjYyrYELzFLy+TxlnZuyxf1M5LldrTLI48HMExnIIHV1CBe6hCHRgk8Ayv8Oakzovz7nzMRnPOPMJD+APn8wdz4JB3</latexit>

b1 = a1 < 0
<latexit sha1_base64="NYkxv5rRV5arYechubjKO5pGaw0=">AAACA3icbZDLSgMxFIbP1Futt1F3ugkWwVWZKd42SsGNyxbsBdphyGQybWjmQpIRyjDQja/ixoUibn0Jd76N6WWhrQcSfv7/HJLzeQlnUlnWt1FYWV1b3yhulra2d3b3zP2DloxTQWiTxDwWHQ9LyllEm4opTjuJoDj0OG17w7tJ3n6kQrI4elCjhDoh7kcsYAQrbbnmkedW0Q3q+YHAJMNuNdeXnaNbZLtm2apY00LLwp6LMsyr7ppfPT8maUgjRTiWsmtbiXIyLBQjnOalXippgskQ92lXywiHVDrZdIccnWrHR0Es9IkUmrq/JzIcSjkKPd0ZYjWQi9nE/C/rpiq4djIWJamiEZk9FKQcqRhNgCCfCUoUH2mBiWD6r4gMsKahNLaShmAvrrwsWtWKfVm5aJyXa43xDEcRjuEEzsCGK6jBPdShCQTG8Ayv8GY8GS/Gu/Exay0Yc4SH8KeMzx905JaW</latexit>

b2 =
a2
a1

> 1

• Data generation — simple model for  as a Stieltjes functionΔαhad(t)

30 equally spaced bins — data 
point are mid-value of each bin

<latexit sha1_base64="mEuQiIpDO3mVyAIdfoj/5Clq69M="></latexit>

(x,↵�↵had(x)⇥ 105)
<latexit sha1_base64="LkAVjEgB6moRsSF40FIZGHuxy3E=">AAAB/XicbVDJTsMwEJ2UrZQtLDcuFhUSpygp+60SF46tRBepjSrHdVqrzoLtIEpUwadw4QBCXPkPbvwNbtMDtDxpNE/vzcjj58WcSWXb30ZuYXFpeSW/Wlhb39jcMrd36jJKBKE1EvFIND0sKWchrSmmOG3GguLA47ThDa7GfuOOCsmi8EYNY+oGuBcynxGstNQx92yrhNqc3qL7rNnW5XHHLNqWPQGaJ86UFGGKSsf8ancjkgQ0VIRjKVuOHSs3xUIxwumo0E4kjTEZ4B5taRrigEo3nVw/Qoda6SI/ErpChSbq740UB1IOA09PBlj15aw3Fv/zWonyL9yUhXGiaEiyh/yEIxWhcRSoywQlig81wUQwfSsifSwwUTqwgg7Bmf3yPKmXLOfMOq2eFMvVpyyOPOzDARyBA+dQhmuoQA0IPMAzvMKb8Wi8GO/GRzaaM6YR7sIfGJ8/Na2Tmg==</latexit>

0.2  x  0.93

[Greynat, de Rafael (2022)]

Example PA:

<latexit sha1_base64="niAjgzoXlwQV+osIA7ffY5N38xQ="></latexit>

�↵had(t) = a1 t+ a2 t
2 + a3 t

3 + · · ·

<latexit sha1_base64="qrutOKNDE1M5dKaXtuLfLbcGaJ4="></latexit>

P 1
1 (x) = �

b1 m2
µ x

2

1� x+ b2 m2
µ x

2

Fitting Method

P1
1(t) =

a1 t

1 − a2

a1
t Making change 

of variable

t → x
t = −

m2
μ x2

1 − x

Camilo Rojas 16



Fitting Method

• DLog parameters:    minimizationχ2 Model-independent constraints for β, r1, γ1, …

• Data generation — simple model for  as a Stieltjes functionΔαhad(t)

<latexit sha1_base64="mEuQiIpDO3mVyAIdfoj/5Clq69M="></latexit>

(x,↵�↵had(x)⇥ 105)
<latexit sha1_base64="LkAVjEgB6moRsSF40FIZGHuxy3E=">AAAB/XicbVDJTsMwEJ2UrZQtLDcuFhUSpygp+60SF46tRBepjSrHdVqrzoLtIEpUwadw4QBCXPkPbvwNbtMDtDxpNE/vzcjj58WcSWXb30ZuYXFpeSW/Wlhb39jcMrd36jJKBKE1EvFIND0sKWchrSmmOG3GguLA47ThDa7GfuOOCsmi8EYNY+oGuBcynxGstNQx92yrhNqc3qL7rNnW5XHHLNqWPQGaJ86UFGGKSsf8ancjkgQ0VIRjKVuOHSs3xUIxwumo0E4kjTEZ4B5taRrigEo3nVw/Qoda6SI/ErpChSbq740UB1IOA09PBlj15aw3Fv/zWonyL9yUhXGiaEiyh/yEIxWhcRSoywQlig81wUQwfSsifSwwUTqwgg7Bmf3yPKmXLOfMOq2eFMvVpyyOPOzDARyBA+dQhmuoQA0IPMAzvMKb8Wi8GO/GRzaaM6YR7sIfGJ8/Na2Tmg==</latexit>

0.2  x  0.93

Example DLog:

t → x

• Fitting parameters: starting with unknown Taylor series coefficients of Δαhad(t)

30 equally spaced bins — data 
point are mid-value of each bin

[Greynat, de Rafael (2022)]

<latexit sha1_base64="niAjgzoXlwQV+osIA7ffY5N38xQ="></latexit>

�↵had(t) = a1 t+ a2 t
2 + a3 t

3 + · · ·

t → x
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Results with realistic errors



• 1000 toy data sets


•                                              — 30 data points equally spaced in 


• Central value randomly chosen from a gaussian distribution with expected error of 
MUonE experiment


• Analysis of the fits for each Padé and DLog


•  penalties (  functions) if coefficients do not follow the expected hierarchy


• Value of  calculated for each data set (extrapolation was done in the 
whole region, even in the data region)

χ2 θ

aHVP,LO
μ

<latexit sha1_base64="mEuQiIpDO3mVyAIdfoj/5Clq69M="></latexit>

(x,↵�↵had(x)⇥ 105)
<latexit sha1_base64="LkAVjEgB6moRsSF40FIZGHuxy3E=">AAAB/XicbVDJTsMwEJ2UrZQtLDcuFhUSpygp+60SF46tRBepjSrHdVqrzoLtIEpUwadw4QBCXPkPbvwNbtMDtDxpNE/vzcjj58WcSWXb30ZuYXFpeSW/Wlhb39jcMrd36jJKBKE1EvFIND0sKWchrSmmOG3GguLA47ThDa7GfuOOCsmi8EYNY+oGuBcynxGstNQx92yrhNqc3qL7rNnW5XHHLNqWPQGaJ86UFGGKSsf8ancjkgQ0VIRjKVuOHSs3xUIxwumo0E4kjTEZ4B5taRrigEo3nVw/Qoda6SI/ErpChSbq740UB1IOA09PBlj15aw3Fv/zWonyL9yUhXGiaEiyh/yEIxWhcRSoywQlig81wUQwfSsifSwwUTqwgg7Bmf3yPKmXLOfMOq2eFMvVpyyOPOzDARyBA+dQhmuoQA0IPMAzvMKb8Wi8GO/GRzaaM6YR7sIfGJ8/Na2Tmg==</latexit>

0.2  x  0.93

<latexit sha1_base64="4yA8Vrzeb2nIgLAFfDqe2otRYkc="></latexit>

aHVP,LO
µ =

�
6991+22

�20

�
⇥ 10�11

<latexit sha1_base64="YuN8yn3uih630CP2MjGD0ufuaAc="></latexit>

�↵had(t) =
1X

i=1

ai t
i

<latexit sha1_base64="eXCm+mf8Zw+dIzFIbCU6Oy2lj4I=">AAAB9HicbVDJSgNBEK1xjXGLevTSGARBCDPidvAQ9OIxglkgGUJPpyZp0tMzdvcEwpDv8OJBEa9+jDf/xs5y0MQHBY/3qqiqFySCa+O6387S8srq2npuI7+5tb2zW9jbr+k4VQyrLBaxagRUo+ASq4YbgY1EIY0CgfWgfzf26wNUmsfy0QwT9CPalTzkjBor+e4NbXNbGT/1Ru1C0S25E5BF4s1IEWaotAtfrU7M0gilYYJq3fTcxPgZVYYzgaN8K9WYUNanXWxaKmmE2s8mR4/IsVU6JIyVLWnIRP09kdFI62EU2M6Imp6e98bif14zNeG1n3GZpAYlmy4KU0FMTMYJkA5XyIwYWkKZ4vZWwnpUUWZsTnkbgjf/8iKpnZW8y9LFw3mxfDuLIweHcAQn4MEVlOEeKlAFBk/wDK/w5gycF+fd+Zi2LjmzmQP4A+fzB44tkVQ=</latexit>

0 < ai < ai+1

best result we can 
expect from PAs and 

DLogs predictions

private communication with Abbiendi, Carloni Calame, Venanzoni

Toy model result:

Realistic Data

Camilo Rojas 19
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Inner error bar — statistical error


Exterior error bar — statistical and  systematic 
errors added in quadrature

Convergence pattern preserved for 
the central values

• Good fit qualities


• Statistical and theoretical error of the same 
order but statistical is higher

Realistic Data

Camilo Rojas 20



• Good fit qualities


• Statistical and theoretical error of the same 
order but statistical is higher

Inner error bar — statistical error


Exterior error bar — statistical and  systematic 
errors added in quadrature

Realistic Data
Convergence pattern preserved for 

the central values
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Realistic Data

<latexit sha1_base64="4yA8Vrzeb2nIgLAFfDqe2otRYkc="></latexit>

aHVP,LO
µ =

�
6991+22

�20

�
⇥ 10�11 best result we can 

expect from PAs and 
DLogs predictions

Toy model result:

Camilo Rojas 22



Uncertainties Vs Extrapolation



Realistic Data: extrapolation up to xmax

MuonE, Mainz, June 2024

Fits up to  and 
extrapolated up to :

x ∼ 0.93
xmax
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MuonE, Mainz, June 2024

Realistic Data: extrapolation up to xmax

Fits up to  and 
extrapolated up to :

x ∼ 0.93
xmax
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Camilo Rojas

First error - statistical error


Second error - systematic (extrapolation) error

Fits up to  and extrapolated up to :x ∼ 0.93 xmax

Realistic Data: extrapolation up to xmax
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First error - statistical error


Second error - systematic (extrapolation) error

Fits up to  and extrapolated up to :x ∼ 0.93 xmax

Extrapolation seems to be under control!

Realistic Data: extrapolation up to xmax

Camilo Rojas 27



Conclusions



• Discrepancy for  between experimental measurements and predictions reached the 5.0σ level 


• D-Logs and Padé approximant sequences are a model-independent method to fit and extrapolate 
the data from the MUonE experiment. Approximants up to 6 coefficients seem ok!


• The method uses fundamental knowledge about the analytic structure of . It is a Stieltjes 

function (we use analyticity and unitarity, yet inclusive)  beyond the unitary cut!


• PAs and DLogs can provide a lower and upper bound for the true value!


• Uncertainties may be reduced if:


• Knowledge about the structure of  is included (or either extracted from fit)


• Extrapolate to certain xmax (corresponding to “large enough energy”) and then match to pQCD or 
e+e- (with DLogs we can access the time-like:  or  production thresholds, ρ-meson!)

aμ

Δαhad(t)
⇒

Δαhad(t)

π+π− π0γ

Conclusions

!
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Thanks



Backup slides



Muon Anomalous magnetic 
moment

32



The anomalous magnetic moment of the muon
• The magnetic moment (for charged leptons)

⃗μl = gl
e

2ml
⋅ ⃗S

al = (gl − 2)/2

aQED,LO
e = α/2π ≈ 1.16 × 10−3

• The magnetic anomaly (deviation from Dirac value)

 is gyromagnetic ratio gl gl = 2
Dirac Theory

Radiative 
correction of QFT gl ≠ 2

Spin = 1/2

This observable can be both precisely measured experimentally and 
predicted in the Standard Model, providing a stringent test of the SM.

“These quantum 
fluctuations modify g”• The first order correction (by J. Schwinger)

 is fine structure constantα

33



The anomalous magnetic moment of the muon
• E821 @BNL measurement with an error of 0.54 ppm

aexp
μ = 116592089(63) × 10−11

Δaμ = aexp
μ − ath

μ = 251(59) × 10−11

aSM
μ = 116591810(43) × 10−11

• The theoretical calculation with SM (approved consensus)

Current discrepancy limited by: 

• Experimental uncertainty: New run test at FNAL and J-PARC x4 accuracy 

• In the theoretical frame: How to calibrate Hadronic Contributions uncertainties.

Bennet et al, PRD73,072003 (2006)

T Aoyama et al, Phys. Rep., 887 (2020)

aexp
μ = 116592089(63) × 10−11

B. Abi et al, Phys. Rev. Lett.126,141801(2021)

Merge with FNAL measurement

[0.35 ppm]

By the Muon  Theory Initiativeg − 2

34
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The anomalous magnetic moment of the muon
• QED corrections known up to 5 loops with related precision ∼ 7 × 10−10

• EW corrections up to 2 loops with precision  rel. uncertainty ∼ 10−9 < 1 %

>> not calculable by pQCD <<

aSM
μ = aQED

μ + aEW
μ + aHVP

μ + aHLbL
μ

Main contribution: LO Vacuum Polarization estimated 
rel. uncertainty 0.35% - 0.6%

aQED
μ = 116584718.931(104) × 10−11

aEW
μ = 153.6(1.0) × 10−11

aHVP
μ = 6845(40) × 10−11

Aoyama, Hayakawa, Kinoshita,Nio (2012)

Gnendiger, D. Stöckinger, H. Stöckinger-Kim (2013)

T Aoyama et al, Phys. Rep., 887 (2020)

aHVP
μ = aLO,HVP

μ + aNLO,HVP
μ + aNNLO,HVP

μ

Data-Driven approach

(Timelike domain)

Lattice QCD

Experiment MUonE

(Spacelike domain)

• Hadronic contribution ; the dominant theoretical uncertainty∼ 7 × 10−8

35



How to calculate the HVP contribution ?

R(s) = ( 3s
4πα2 ) σe+e−→hadrons(s) = 12πImΠhad

aHVP, LO
μ = ( αmπ

3π )
2

∫
∞

4m2
π

ds K(s) σe+e−→hadrons(s)

Data-Driven Lattice

C. Aubin, T. Blum,  Phys. Rev. D, 75 (2007)

P. Boyle, L. Del Debbio, E. Kerrane, J. Zanotti, Phys. Rev. D, 85 (2012)
X. Feng, K. Jansen, M. Petschlies, D.B. Renner, Phys. Rev. Lett., 107 (2011)

 Is the hadronic contribution to 
the photon vacuum polarisation function
ImΠhad(s)

aHVP, LO
μ = ( αmπ

3π )
2

∫
∞

4m2
π

ds
K(s)R(s)

s2

Using the dispersive relation integral:

∫ ds∫ dx → ∫ dx∫ ds

aHVP, LO
μ =

α
π ∫

1

0
dx (x − 1) Π̄HVP (Q2)

36

• Using the optical theorem


• Involving the total hadronic 
cross section measured 
experimentally at e +e − 
machines Kernel has the lepton information !

K(s) = ∫
1

0

x2(1 − x)
x2 + (1 − x) s

m2
μ

dx ∼
1
saHVP, LO

μ =
α
π2 ∫

∞

0

ds
s

K(s) ImΠhad(s + i ϵ) ;

Alternative representation usually use in:

In terms of the Euclidean space
Π̄ (Q2) ; Q2 = − q2 < 0

Π̄HVP (Q2) = ∫
∞

s0

ds
s

Q2

(s + Q2)
1
π

ImΠhad(s)

This representation would 
be useful for MUonE 

experiment since it is in the 
space-like domain



Tension between Data-driven Vs Lattice QCD
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MUonE Experiment

38



MUonE Experiment ( ) @CERNμe → μe

• Scattering µ’s on e’s in a low Z target looks like an ideal process (fixed target 
experiment) 


• It is a pure t-channel process at tree level 


• The M2 muon beamline ( ) is available at CERN 


• Useful C.M. energy  to test dominant region of 


• With ∼ 3 years of data taking, a statistical accuracy of 0.35% on  can 
be achieved 


• Easy selection based on the correlation of the electron and muon scattering 
angles.

Eμ ≃ 150 GeV

aLO,HVP
μ

aLO,HVP
μ

dσ
dt

≈
dσ0

dt
α(t)
α0

2

1
1 − Δα(t)

2

=
α(t)
α0

2

Δα(t) = Δαlep(t) + Δαhad(t)

Running of 𝛂

Known from QED To be measured
θe < 32 mrad (Ee > 1 GeV)
θμ < 5 mrad

s ≃ 0.4 GeV → q2 < 0.11 GeV2

39

It is a new experimental proposal @ CERN:

Since it is related with 
HVP contribution of aμ



• Scattering µ’s on e’s in a low Z target looks like an ideal process (fixed target 
experiment) 


• It is a pure t-channel process at tree level 


• The M2 muon beam ( ) is available at CERN 


• Useful cms energy  to test dominant region of 


• Easy selection based on the correlation of the electron and muon scattering 
angles.


• With ∼ 3 years of data taking, a statistical accuracy of 0.35% on  can 
be achieved

Eμ ≃ 150 GeV

aLO,HVP
μ

aLO,HVP
μ

dσ
dt

≈
dσ0

dt
α(t)
α0

2

1
1 − Δα(t)

2

=
α(t)
α0

2

Δα(t) = Δαlep(t) + Δαhad(t)

Running of 𝛂

Known from QED To be measuredθe < 32 mrad (Ee > 1 GeV)
θμ < 5 mrad

s ≃ 0.4 GeV → q2 < 0.11 GeV2

θe < 32 mrad (Ee > 1 GeV)
θμ < 5 mrad

MUonE experiment - event selection

θe < 32 mrad (Ee > 1 GeV)
θμ < 5 mrad
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MUonE experiment - measurement in the space-like momentum

•  is given by the integral of the curve (smooth behaviour) 


• Requires a measurement of  in the space-like region ( ) 


• It enhances the contribution from low  region (below 0.11 GeV2 ) 


• They expect to cover 87% of the  with the space-like integral


• But they need to extrapolate: x → 1, (13% missing)


• Its precision is determined by the uncertainty on  in this region

aLO,HVP
μ

Δαhad t = q2 < 0

q2

aLO,HVP
μ

Δαhad

t(x) = −
x2 m2

μ

1 − x
0 ≤ − t < ∞ x(t) =

t
2m2

μ
1 − 1 −

4m2
μ

t
0 ≤ x < 1

aHVP, LO
μ =

α2

π ∫
1

0
dx (1 − x) Δαhad[t(x)]

Recovering the Master Formula

t < − 0.143 GeV2 0.2 < x < 0.93

t ↔ x

using the output of the routine hadr5n12 (which uses 
time-like hadron production data and perturbative QCD)

xpeak ≃ 0.914
tpeak ≃ − 0.108 GeV2

Δα(q2) = − Re Π̄(q2)
Im Π̄(q2 < 0) = 0

<<.      Real Experimental Range.        >>

taken from  F. Jegerlehner. Nucl Phy proc suppl (2008)
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•  is given by the integral of the curve (smooth behaviour) 


• Requires a measurement of  in the space-like region (t=q2<0) 


• It enhances the contribution from low q 2 region (below 0.11GeV2 ) 


• They can cover 87% of the  with the space-like integral


• But they need to extrapolate: x → 1, (13% missing) !!!


• Its precision is determined by the uncertainty on  in this region

aLO,HVP
μ

Δαhad

aLO,HVP
μ

Δαhad

t(x) = −
x2 m2

μ

1 − x
0 ≤ − t < ∞ x(t) =

t
2m2

μ
1 − 1 −

4m2
μ

t
0 ≤ x < 1

aHVP, LO
μ =

α2

π ∫
1

0
dx (1 − x) Δαhad[t(x)]

Recovering the Master Formula

0 < − t < 0.143 GeV2 0 < x < 0.93

t ↔ x

using the output of the routine hadr5n12 (which uses 
time-like hadron production data and perturbative QCD)

xpeak ≃ 0.914
tpeak ≃ − 0.108 GeV2

Δα(q2) = − Re Π̄(q2)
Im Π̄(q2 < 0) = 0

<<.      Real Experimental Range.        >>

taken from  F. Jegerlehner. Nucl Phy proc suppl (2008)

Finding a reliable method to fit the 
data + good extrapolation outside 

data region 

This fitting method must be:


• A very precise fitting 


• A fast convergence method to the 
original function


• It must have the same analytical 
properties as the original function
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Here is our motivation !!



Stieltjes function

•  is a Stieltjes function in  since HVP correlator is a Stieltjes functionΔαhad(t) t ∈ (−∞,0]

<latexit sha1_base64="2C4bK3QnPHSNmBTfQX2VSK4vzIE="></latexit>

f(z) =

Z 1

0

d�(u)

1 + zu
�(u) is a measure in u 2 [0,1)

<latexit sha1_base64="z2EtPKM2AkIMCBVo/wV9aCzCJKk="></latexit>

f(z) =
1X

i=0

fi(�z)i, fi =

Z 1

0
ui d�(u)
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fm fm+1 · · · fm+n

fm+1 fm+2 · · · fm+n+1
...

...
...
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> 0

Stieltjes series

determinant condition
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Aubin, Blum, Golterman, Peris (2012)
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Masjuan, Peris (2009)

hierarchy



Model of Greynat and de Rafael

Greynat, de Rafael (2022)

model used to generate toy data
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Fitting Method
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• Fitting function from PAs — example

• Modified    function with penaltiesχ2
<latexit sha1_base64="SLoJCPFOEHWoYKFNF9czDkVwHp8="></latexit>

�2 =
30X

i,j=1

⇥
↵�↵had(xi)⇥ 105 � PM

N (xi)
⇤
(C�1)ij

⇥
↵�↵had(xj)⇥ 105 � PM

N (xj)
⇤
+ ndof

N+MX

i=2

✓(ai � ai�1)

matching coefficients





Model parametrisation used by MUonE team

Ref: Giovanni Abbiendi  arXiv:2201.13177v1 [physics.ins-det] 

https://arxiv.org/abs/2201.13177v1


48

f(t) ≅ DM
N (t) = f(0)

t e ∑M−N+1
i=1 aiti

(μ1 − t)γ1…(μN−1 − t)γN−1

Make a Taylor series 
from a model in            

t-variable

Construct a PA 
sequence in the D-log 

space

Get the D-log Padé 
approximants to the 
original function in t

Analysing the structure of 
approximants and propose 

a general function to fit

P̃M
N [F(t)]f(t) DM

N (t)

Making change 
of variable

t → x

Fitting function

D-Log Padé Approximants
How is our D-Log type function ?
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6930

6960

6990

7020

7050

† Relative error from Taylor coefficients of the model

P1
1(t)

a1 = − 912 GeV−2

aPA
μ = 6933 × 10−11

a2 = − 1489 GeV−4

(0.7%)†

(15%)†

a1 t
1 − a2 t

(0.9%)

b1 m2
μ x2

1 − x + b2 m2
μ x2

χ2
min /dof = 1.18 × 10−3

p-value = 1

Example: Padé Approximant (2 dofs)

t → x
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First we can consider a data point set without uncertainties just to see the behaviour of the Padé approximant

An example of  Padé's approximant (dataset without errors)

• The fitting functions for the two sequences proposed (  and  ) 
can be obtained in the same way (results in the right plot)

PN
N PN+1

N

We compute a weighted 
average for the final value 
of  (weights = N)aHLO

μ

āPAs
μ = 6991 × 10−11 , (0.02%)

Final Value

In terms of Taylor 
Coeffs. ( )ai

 computed using 
the parametrisation used 
by the MUonE team

aLO,HVP
μ



Fitting to data with no errors

• We confirmed the pattern of convergence

• Some defect effects at order 6 and 7 in PAs

• The systematic uncertainty that we can 

achieve at each order[Giovanni Abbiendi ´22]  (arXiv:2201.13177v1 )
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https://arxiv.org/abs/2201.13177v1

