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The E34 experiment at J-PARC/Japan aim to perform ultra-precision 

measurements of g-2 and EDM by using a different method.
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Hadronic vacuum polarization
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• At low energies QCD gets strongly interacting and a perturbative calculation is not feasible.

• Luckily, analyticity and unitarity allow us to express the leading hadronic vacuum polarization (HVP) 
contributions via a dispersion relation in terms of experimental data:

   where K(s) is a Kernel function

• An evaluation of the HVP, LO contribution can be obtained from the measurements 
of σ(e+e−→hadrons) or the τ → ντ + hadron decays which can be related to the isovector component 

of the e+e−→hadrons cross section through isospin-symmetry.

• Since both are subject to theoretical uncertainties, it is a good strategy to keep using both.

Gourdin, De Rafael. Nucl.Phys.B 10 (1969) 667-674
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• About 73% of the contributions to the HVP and 58% of the total uncertainty correspond to the π+π-

(γ)  final state at low energies

• For the two-pion final state,

• Including isospin-breaking corrections at LO, we have

 where

• GEM(s) receives contributions from real and virtual photons.

Alejandro Miranda  (IFAE)

F. Jegerlehner. Springer Tracts Mod.Phys. 274 (2017)
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3

• About 73% of the contributions to the HVP and 58% of the total uncertainty correspond to the π+π-

(γ)  final state at low energies

• For the two-pion final state,

• Including isospin-breaking corrections at LO, we have

 where

• The ratio of neutral to charged current di-pion form factor and the long-distance em RadCor are 

challenging.

• GEM(s) receives contributions from real and virtual photons.
Cirigliano et al. Phy. Lett. B513 (2001). JHEP 08 (2002) 002

Isospin rotation
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• There is a discrepancy between the values of          obtained through e+e- and τ decays. According 

to Cirigliano et al. this could be a NP effect,

• There is a solution given by Jegerlehner and Szafron that induces an additional correction due to 

the ρ−γ mixing where ρ0 is regarded as a gauge boson.

• NP effects in τ−→π−π0ντ decays were studied using an EFT framework for some observables.

• A global fit using hadronic tau decays to set bounds on NP effective couplings at the low-energy limit 

of SMEFT was performed by Gonzàlez-Solís et al.

• There is one lattice calculation by the BMWc with an error of ±53x10-11 in which the difference 
concerning the experimental value is reduced to ~1.7σ.

• The recent measurement of the e+e- cross section by CMD-3 is in conflict with all 
previous determinations.

Phy. Rev. Lett. 122 (2019)
JHEP 04 (2022) 152

JHEP 11 (2018) 038

Phys. Lett. B 804 (2020) 135371

Eur. Phys. J. C 71 (2011) 1632
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Long-distance radiative corrections
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• GEM was originally studied by Cirigliano et al in the frame of RChT at O(p4).

• A recalculation was performed by Flores-Baez et al using a VMD model.

• The two model predictions disagree due to the presence of diagrams involving the ρωπ vertex.

• We extend the RChT estimation including contributions up to O(p6).

JHEP 08 (2002) 002

Nucl. Phys. B Proc.Suppl. 169 (2007) 250-254

Phys. Rev. D 102 (2020) 114017

Alejandro Miranda  (IFAE)

Phys.Rev.D 74 (2006) 071301
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Data-driven calculations of HVP

6

SEW: Sirlin '78; Marciano-Sirlin '93
FF (Mixing,…) : Maltman '05; Maltman-Yorke '06, '11; Davier et al '09
EM: Cirigliano et al '01, '02; Flores-Tlalpa et al '06; Miranda and Roig '20;
    Esparza-Arellano et '23
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WP20 [Phys.Rept.887, arXiv:2006.04822]
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Not clear, we need more data 
and another full lattice

computation.
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• Comparison of results for the HVP, LO, evaluated between 0.6 GeV and 0.88 GeV .

HVP, LO from data

CMD-3. Phys.Rev.D 109 (2024) 11, 112002
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• Large tensions among experiments: KLOE, BaBar and CMD3.

Comparison between the different data sets: KLOE and BaBar (left-hand) and CMD-3 (right-hand).

Alejandro Miranda  (IFAE)

P. Masjuan. Phys.Lett.B 850 (2024) 138492
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Euclidean windows
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• Euclidean window quantities allow for the 

separation of the most challenging short and 

long time-distance contributions: internal 
lattice cross-check.

• A dispersive result for the total intermediate 

window contribution,

  which is in 4.3σ tension with recent lattice 

results.

• The discrepancy between data-driven and 

LQCD is almost entirely due to the light-quark 

connected contribution, which is dominated by 

the 2π channel ~81%.

Before CMD-3

RBC/UKQCD 2023

RBC/UKQCD 2018

Phys.Lett.B 833 (2022) 137313

Phys.Rev.Lett. 131 (2023) 25, 251803
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Isospin-breaking corrections
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• We can estimate the effect of each IB correction through

Contributions to         in units of 10-11 using the dispersive representation of the form factor.

Phys. Rev. D 102 (2020) 114017

In agreement with:

Alejandro Miranda  (IFAE) QNP2024



Windows quantities for 2π below 1.0 GeV
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+ 4.3 σ
+ 3.2 σ
+ 2.1 σ

+ 3.6 σ
+ 2.6 σ
+ 0.9 σ

Alejandro Miranda  (IFAE)
P. Masjuan. Phys.Lett.B 850 (2024) 138492

G. Colangelo. Phys.Lett.B 833 (2022) 137313
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Hadronic vacuum polarization
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• When all other contributions are added, we get the overall result for each window quantity.

• The contributions of the intermediate window using tau data are slightly closer to the lattice results 
(~1.5σ).
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Conclusions
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• There is a global effort in improving the hadronic contributions to aµ. Specifically, dedicated studies to 

improve the HVP part from lattice, dispersion relations and improved e+e− data and Monte Carlos are 

being undertaken.

• Through the years, the tau data-driven estimation has always been approximately [2,2.5]σ away from 
the experimental average.

• The most recent lattice results (Mainz/CLS, ETMC, RBC/UKQCD) agree remarkably with BMWc in 

the intermediate window.

• We show that tau based results are compatible with the lattice evaluations in the intermediate 

window, being the e+e− based values in tension with both of them. This difference should be 

further scrutinized.

Alejandro Miranda  (IFAE) QNP2024
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Contributions at O(p4)

• At O(p4) in χPT with resonances (RχT), the diagrams that contribute to these decays are:

B1

JHEP 08 (2002) 002
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Contributions at O(p6)

• Using the basis given by Cirigliano et al. Nucl. Phys. B753 (2006) and Kampf & Novotný, Phys. Rev. D84 (2011), 
we get the following contributions at O(p6) :

   for Vµν, and

  for Aµν.

B2

Phys. Rev. D 102 (2020) 114017

Alejandro Miranda  (IFAE) QNP2024



B3

• Comparison of recent results for the leading-order, hadronic vacuum polarization contribution to the 

anomalous magnetic moment of the muon:

HVP, LO from lattice QCD

Nature (2021)
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B4

• The measured branching fractions for τ−→ π−π0 ντ compared to the predictions from the e+ e−→ π+π− 

spectral functions, applying the IB corrections.

τ vs e+e-

Eur.Phys.J.C66:127-136,2010
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B5

• Comparison of results for the HVP, LO, evaluated between 0.6 GeV and 0.88 GeV .

HVP, LO from e+e- data

CMD-3. 2302.08834 [hep-ex]

Alejandro Miranda  (IFAE) QNP2024



B6

• ρ−γ mixing corrections proposed in Eur.Phys.J.C71:1632,2011.

ρ−γ mixing
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B7

• Smoothly divide integral in several parts

• Short-distance → cutoff effects

• Long-distance → Monte-Carlo noise

• Intermediate window: accessible with current resources
– Precision of 0.4 - 0.6 %

Euclidean windows

Mattia Bruno. HADRON2023, June 5th 2023

Phys.Lett.B 833 (2022) 137313
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Form factor
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Overall IB corrections

B9Alejandro Miranda  (IFAE) QNP2024



Short-distance constraints

B10

• Using the relations for 2-point Green functions at O(p4), we have:

• Using the relations for 2 and 3-point Green functions at O(p6), we have:

Alejandro Miranda  (IFAE) QNP2024



Short-distance constraints

B11

• For the parameters contributing to the leading-order chiral LECs:

• For the even-intrinsic parity sector:

• The analysis of the <VAS> Green function yields:

Alejandro Miranda  (IFAE) QNP2024



B12

• An important independent cross-check is provided by the tau branching fraction, another key quantity 

which can be directly measured.

CVC prediction of Bππ0

CMD-3. Phys.Rev.D 109 (2024) 11, 112002
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Short-distance constraints
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• For the parameters contributing to the leading-order chiral LECs:

• For the even-intrinsic parity sector:

• The analysis of the <VAS> Green function yields:
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Short-distance constraints

B14

• The study of the <VAP> and <SPP> Green functions yield the following restrictions on the resonance couplings:

• For the odd-intrinsic parity sector:
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Fit results

B15

• We perform a global fit using the relations for the resonance saturation of the anomalous sector LECs:

• These values are in good agreement with our earlier estimation |κV
i | < 0.025 GeV-1 .

Phys.Rev.D 92 (2015) 025014
Phys. Rev. D 102 (2020) 114017
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