
Collective anisotropy at high  in pPb collisions using 
subevent cumulants with the CMS at LHC

pT

Prabhat Ranjan Pujahari 
(for the CMS collaboration)  

Indian Institute of Technology Madras 

07 - 12th July, 2024 
University de Barcelona



2

Standard model of heavy-ion physicsThe standard model of heavy-ion collisions

F. Bellini | SSL 2023 | Heavy Ions 38

Initial state

Pb Pb

QGP formation Hydrodynamic 
expansion

Detection

ALICE

Hadronization and 
freeze-out

Credits: MADAI project. 

Hard 
scatterings

Time # = 0 # ~ 1 fm/c # ~ 10 fm/c # > 10 pm/c

Temperature T ~ 200-800 MeV [1]

Tc, lQCD ~ 155-159 MeV [2,3]

T ~ 155-100 MeV [4]

[1] F. Gardim et al. Nature Phys. 16 (2020) 6, 615-619
[2] A. Bazavov et al., Phys. Lett. B 795 (2019)
[3] Borsaniy et al. PRL 125 (2020) 5, 052001
[4] A. Andronic et al., Nature 561 (2018) 7723, 321-330

No direct observation of the QGP is possible 
à rely on emerging particles as “probes”
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No direct observation of the QGP is possible 
à rely on emerging particles as “probes”

Probe-I: low-pT particles, light flavour hadrons (u,d,s + nuclei) 
  - produced from hadronization of the strongly interacting, thermalised QGP constituents bulk of the matter 
  - thermodynamical, hydrodynamical and transport properties 

Probe-II: high-pT parton (→ jets), heavy flavour hadrons (→ open HF, quarkonia) 
  - produced in the early stages of the collisions 
  - traverse through the QGP and interacting with its constituents 
  - in-medium interaction (energy loss) and transport properties 
  - in-medium modification of the strong force and of fragmentation 

𝜏 = 0                    𝜏 = 1 fm/c                                                      𝜏 = 10 fm/c                  𝜏 > 10 fm/c                

T ~ 200-800 MeV[1]                                 T ~ 155-100 MeV[2]               

TC, LQCD     ~ 155 - 159 MeV [3,4]

Direct observation of the QGP is not possible in an experiment 
→ rely on the emerging particles from hadronic collisions as “probes”
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QGP discovery at RHIC: 2005 - 2006

R. Lacey, SUNY  Stony Brook 
4 M. Roirdan and W. Zajc, 

Scientific American, May 2006 

The QGP Discovered  at RHIC:  2005-2006 
 

M. Roirdan and W. Zajc, Scientific American, May 2006
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Collectivity - evidence of QGP fluidity
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Azimuthal Anisotropy ( ) at low  ( < 3 GeV/c) 

 Discovery of “Ridge” in pPb    

 Geometry + Fluctuations 

    => sign of 
collectivity 

 Hydrodynamic provides simultaneous    
descriptions of  in pp, pPb and PbPb 
collisions

vn pT

v2{4} ∼ v2{6} ∼ v2{8}

v2, v3, v4

4 5 Results

|h| < 1 region for pT > 0.6 GeV/c. For the multiplicity range studied here, little or no depen-
dence of the tracking efficiency on multiplicity is found and the rate of misreconstructed tracks
remains at the 1–2% level.

Simulations of pp, pPb and peripheral PbPb collisions using the PYTHIA, HIJING and HYDJET
event generators, respectively, yield efficiency correction factors that vary due to the different
kinematic and mass distributions for the particles produced in these generators. Applying
the resulting correction factors from one of the generators to simulated data from one of the
others gives associated yield distributions that agree within 5%. Systematic uncertainties due
to track quality cuts and potential contributions from secondary particles (including those from
weak decays) are examined by loosening or tightening the track selections on dz/s(dz) and
dT/s(dT) from 2 to 5. The associated yields are found to be insensitive to these track selections
within 2%.
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Figure 1: 2-D two-particle correlation functions for 5.02 TeV pPb collisions for pairs of charged
particles with 1 < pT < 3 GeV/c. Results are shown (a) for low-multiplicity events (N

offline
trk <

35) and (b) for a high-multiplicity selection (N
offline
trk � 110). The sharp near-side peaks from jet

correlations have been truncated to better illustrate the structure outside that region.

5 Results
Figure 1 compares 2-D two-particle correlation functions for events with low (a) and high (b)
multiplicity, for pairs of charged particles with 1 < pT < 3 GeV/c. For the low-multiplicity
selection (N

offline
trk < 35), the dominant features are the correlation peak near (Dh, Df) = (0, 0)

for pairs of particles originating from the same jet and the elongated structure at Df ⇡ p for
pairs of particles from back-to-back jets. To better illustrate the full correlation structure, the jet
peak has been truncated. High-multiplicity events (N

offline
trk � 110) also show the same-side jet

peak and back-to-back correlation structures. However, in addition, a pronounced “ridge”-like
structure emerges at Df ⇡ 0 extending to |Dh| of at least 4 units. This observed structure is
similar to that seen in high-multiplicity pp collision data at

p
s = 7 TeV [17] and in AA collisions

over a wide range of energies [3–10].

As a cross-check, correlation functions were also generated for tracks paired with ECAL pho-
tons, which originate primarily from decays of p0s, and for pairs of ECAL photons. These
distributions showed similar features as those seen in Fig. 1, in particular the ridge-like corre-
lation for high multiplicity events.
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Fig. 1. Two-particle correlation function for charged hadrons with transverse momenta 1 < pT <
3GeV/c in minimum bias p-p collisions at

p
s = 7TeV5 (left) and in 35–40% centrality Pb-Pb

collisions at
p
sNN = 2.76TeV6 (right), measured by the CMS experiment.

sions where a dijet-like (or mini-jet) correlation structure can be seen; the narrow
peak around (�⌘,��) ⇠ (0, 0) comes from the showering and hadronization of
the leading parton, and the long-range away-side (�� ⇠ ⇡) structure in �⌘ rep-
resents correlations from the recoiling parton. As the two partons are produced
back-to-back they necessarily have opposite rapidities and will therefore populate
the full acceptance in �⌘. In Pb-Pb collisions in addition to the jet-like correla-
tions, a pronounced near-side (�� ⇠ 0) collimation extending over a long range
in �⌘ is observed and is now referred to as the “ridge”. This ridge-like correlation
in heavy-ion collisions such as Au-Au at RHIC and Pb-Pb at the LHC is believed
to be well understood: The overlap area of a heavy-ion collision at a finite impact
parameter has an elliptic shape. The larger pressure gradients along the minor-axis
of the ellipse lead to a larger flow in this direction and therefore collimated pro-
duction in both directions of this axis creating a near- and away-side ridge. Careful
subtraction of the away-side jet peak shows that such a double-ridge is present. The
absence of a ridge structure in minimum bias p-p collisions suggest the absence of
collective behavior in these systems even though event-by-event fluctuations may
result in highly eccentric initial states.

In 2010 surprising indications for collectivity in p-p collisions at the LHC were
observed when triggering on rare events with high multiplicities (large number of
final-state particles).5 The long-range near-side ridge for p-p events having charged
multiplicity Ntrk > 110 is shown in Fig. 2. This ridge-like structure, not present
in minimum bias p-p collisions, is reminiscent of the two-particle correlation in
A-A collisions. Determining whether the p-p ridge can be attributed to collective
flow e↵ects will require a concerted e↵ort by theorists and experimentalists. With a
variety of theoretical proposals and limited experimental data in high-multiplicity

Ridge

Phys. Lett. B 718, 795 (2013) JHEP 07 (2011) 076
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Figure 2: The v2 values as a function of N
offline
trk . Open data points are published two- and four-

particle v2 results [35]. Solid data points are v2 results obtained from six- and eight-particle
cumulants, and LYZ methods, averaged over the particle pT range of 0.3–3.0 GeV/c, in PbPb atp

sNN = 2.76 TeV (left) and pPb at psNN = 5.02 TeV (right). Statistical and systematic uncertain-
ties are indicated by the error bars and shaded regions, respectively.

in pPb collisions at psNN = 5.02 TeV. The v2{2} and v2{4} data are taken from previously pub-
lished CMS results [35]. The solid curves correspond to theoretical predictions for both large
and small systems based on hydrodynamics and the assumption that the initial-state geome-
try is purely driven by fluctuations [50]. The ratios from PbPb collisions are also shown for
comparison. Note that the geometry of very central PbPb collisions might be dominated by
fluctuations, but for these semi-peripheral PbPb collisions the lenticular shape of the overlap
region should also strongly contribute to the v2 values. The CMS pPb data are consistent with
the predictions within statistical and systematic uncertainties. The systematic uncertainties in
the ratios presented in Fig. 3 are estimated to be 2.4% for v2{4}/v2{2} for both pPb and PbPb
collisions, 1% for v2{6}/v2{4} in pPb and PbPb collisions, and 3.6% and 1% for v2{8}/v2{6}
in pPb and PbPb collisions, respectively. Since they are all derived from the same data, the
systematic uncertainties for the different cumulant orders are highly correlated and therefore
partially cancel in the ratios.

Recently, other theoretical models based on quantum chromodynamics, and not involving hy-
drodynamics, have also been suggested to explain the observed multi-particle correlations in
pPb collisions [52, 53]. Unlike the descriptions based on hydrodynamic behavior, these models
do not require significant final-state interactions among quarks and gluons. They suggest sim-
ilar values for v2{4}, v2{6}, v2{8}, and v2{LYZ}, without yet, however, providing quantitative
predictions.

In summary, multi-particle azimuthal correlations among six, eight, and all particles have been
measured in pPb collisions at psNN = 5.02 TeV by the CMS experiment. The new measure-
ments extend previous CMS two- and four-particle correlation analyses of pPb collisions and
strongly constrain possible explanations for the observed correlations. A direct comparison of
the correlation data for pPb and PbPb collisions is presented as a function of particle multi-

Phys. Rev. Lett. 115, 012301 (2015)

Extended structure away from near-side jet peak interpreted as collective effect due to presence of QGP

Ridge - azimuthal anisotropy at low pT  

pPb
PbPb

See it by “eyes” event-by-event
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Azimuthal anisotropy at high  in PbPb collisions  pT

 Azimuthal Anisotropy ( ) at high  ( > 10 GeV/c) in AA: 
 Energy loss + Fluctuations, no hydrodynamics at such high-pT 
 Sensitive to the path length of high  parton in QGP medium (Jet Quenching)

vn pT

pT

Phys. Lett. B 776 (2017) 195

6 6 Results

The v2 values are also obtained from 4-, 6-, and 8-particle cumulant analyses, as shown in
Fig. 2, where the SP v2 results are also included for comparison. For pT < 3 GeV/c, the results
follow the expectation from Bessel-Gaussian or elliptic power v2 distributions, which predict
v2{SP} > v2{4} ⇡ v2{6} ⇡ v2{8} [51–53]. The observation that the multiparticle cumulant
values remain similar up to pT = 100 GeV/c (v2{4} ⇡ v2{6} ⇡ v2{8}), further suggests that the
azimuthal anisotropy is strongly affected by the initial-state geometry and its event-by-event
fluctuations [25, 26]. At higher pT, the difference between SP and multiparticle cumulant results
shows a tendency to decrease. Nevertheless, the uncertainities are too large to draw a firm
conclusion. This tendency might be due to pT dependence of flow vector fluctuations, which
depends on the shear viscosity over entropy density ratio of the medium [26, 54]. Therefore, the
results presented in Fig. 2 provide important information to constrain the QGP shear viscosity
in PbPb collisions.
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Figure 2: Comparison between the v2 results from the SP and the 4-, 6-, and 8-particle cumulant
methods, as a function of pT, in six centrality ranges from 0–5% to 50–60%. The vertical bars
(shaded boxes) represent the statistical (systematic) uncertainties.

Figure 3 shows the correlation between high-pT and low-pT v2 values, for investigating the
connection between the azimuthal anisotropies induced by hydrodynamic flow and the path-
length dependence of parton energy loss [25, 26]. The most peripheral v2{SP} and v2{4} data
points are the ones with the largest error bars. Linear fits to the centrality dependent v2 cor-
relation between the low- and high-pT regions are shown in the figure. Here a zero intercept
is assumed. The corresponding c2 over the number of degree of freedom values are found to
be near 1–1.5, except for the 26 < pT < 35 GeV/c range, where a positive intercept is indicated
for the v2{SP} results. The non-zero intercept might reflect a centrality dependent event-plane
decorrelation that increases going to higher pT. The slope values for v2{SP} and v2{4} are
found to be compatible within statistical uncertainties and to decrease when selecting higher
pT particles. This suggests that the initial-state geometry and its fluctuations are likely to be the
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Nuclear modification factor in small to large system  

15

pT < 10 GeV region, and a rising trend from around 10 GeV to the highest pT. In the pPb system,
there is no suppression in the intermediate pT region, suggesting that in PbPb collisions the
suppression is a hot medium effect. Above pT > 10 GeV in the pPb system, a weak momentum
dependence is seen leading to a moderate excess above unity at high pT. This excess is less
pronounced than the one seen in R

⇤
pA when using an interpolated pp reference spectrum [13].

At the pT value of the largest deviation, 65 GeV, RpA is 1.19 ± 0.02 (stat)+0.13
�0.11 (syst), while R

⇤
pA

is 1.41 ± 0.01 (stat)+0.20
�0.19 (syst). The RpA values above unity in the intermediate pT region are

qualitatively similar to other observed enhancements due to the Cronin effect and radial flow
in pA and dA systems [37, 53]. Furthermore, the moderate excess above 10 GeV is suggestive
of anti-shadowing effects in the nuclear parton distribution function [34].
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Figure 6: Measurements of the nuclear modification factor for an inclusive centrality class for
both PbPb and pPb collisions. The RpA values are formed using the previously published CMS
pPb data [13] and the pp reference spectrum described in this paper. Please refer to the main
text about the exact procedure followed. The green and yellow boxes show the systematic un-
certainties for RpA and RAA, respectively, while the TpA, TAA, and pp luminosity uncertainties
are shown as boxes at low pT around unity.

7 Summary
The transverse momentum spectra of charged particles in pp and PbPb collisions at

p
sNN =

5.02 TeV have been measured in the pseudorapidity window |h| < 1 in the pT ranges of 0.5–
400 (pp) and 0.7–400 GeV (PbPb). Using these spectra, the nuclear modification factor RAA
has been constructed in several bins of collision centrality. In the 0–5% bin, the RAA shows a
maximum suppression of a factor of 7–8 around pT =7 GeV. At higher pT, it exhibits a rise,
reaching a value of RAA = 0.86 ± 0.28 in the pT bin from 250 to 400 GeV. As collisions become
more peripheral, a weakening of both the magnitude and pT dependence of this suppression
is observed. Comparisons of the measured RAA values to the 2.76 TeV results reveal similar pT
dependence and similar suppression. Predictions of the high-pT RAA coming from the SCETG,

JHEP 04 (2017) 039
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Figure 3: Charged-particle RAA measured in six different centrality ranges at
p

sNN = 5.02 TeV
compared to results at

p
sNN = 2.76 TeV from CMS [11] (all centrality bins), ALICE [9] (in the

0–5% and 5–10% centrality ranges), and ATLAS [10] (in the 0–5% centrality range). The yellow
boxes represents the systematic uncertainty of the 5.02 TeV CMS points.

The measured nuclear modification factors for primary charged particles in PbPb collisions are
shown in Fig. 3. The error bars represent statistical uncertainties. The blue and gray boxes
around unity show the TAA and pp luminosity uncertainties, respectively, while the yellow
band represents the other systematic uncertainties as discussed in Section 5. The RAA distri-
butions show a characteristic suppression pattern over most of the pT range measured, having
local maxima at about a pT of 2 GeV and local minima at around 7 GeV. These features are

Charged hadron yield at high pT suppressed in Pb-Pb central  
   collisions (RAA < 1) 

Suppression decreases from central to peripheral Pb-Pb collisions 
   - lower medium density, small path length in peripheral collisions 
   - suppression in peripheral Pb-Pb could be entirely due to selection bias  

No evidence of jet quenching in p-A collisions 
  - RpA ~ 1 at higher-pT in minimum bias p-Pb collisions 
  - Suppression in central Pb-Pb is due to the hot and dense QCD medium 

Open question: collectivity in small system (p-Pb) without energy loss? 
                            → when does energy loss turn on?

RAA =
NA+A

particles

Np+p
particles × Ncoll

• RAA < 1  => particles are suppressed 
• Bigger system → more suppression
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Hard scattering as understood by a flow person 
(Caveat emptor)

Review of the story on hard probes 
Hard scattering and connection with flow:

Prabhat Pujahari, IITMadras                                                                 QNP 2024 

Hard scattering => large momentum transfer Q2 between partons 

Leads to final state particle with large pT 

Probe small distance scales  d ≈ 1/Q 

Probe early times because scattering occur during nuclear crossing  𝝉 = 2R/𝛾 

Jet quenching allows to observe process of equilibrium 

Energy loss is connected to elliptic flow: relationship between jet suppression (RAA) and initial nuclear geometry
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Hard scattering as understood by a flow person 
(Caveat emptor)

What about small system?

Review of the story on hard probes 

Which is which?

Figures courtesy D.V. Perepelitsa

...maybe we shouldn’t be so surprised?

R. Belmont, UNCG JETSCAPE Workshop, 19 March 2020 - Slide 5
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Leads to final state particle with large pT 

Probe small distance scales  d ≈ 1/Q 

Probe early times because scattering occur during nuclear crossing  𝝉 = 2R/𝛾 

Jet quenching allows to observe process of equilibrium 

Energy loss is connected to elliptic flow: relationship between jet suppression (RAA) and initial nuclear geometry

Figure credit: D.V. Perepelitsa

Hard scattering and connection with flow:

Which is which?
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Hard scattering as understood by a flow person 
(Caveat emptor)

What about small system?
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Hard scattering => large momentum transfer Q2 between partons 

Leads to final state particle with large pT 

Probe small distance scales  d ≈ 1/Q 

Probe early times because scattering occur during nuclear crossing  𝝉 = 2R/𝛾 

Jet quenching allows to observe process of equilibrium 

Energy loss is connected to elliptic flow: relationship between jet suppression (RAA) and initial nuclear geometry

• Observation of absence of particle suppression in small systems despite strong evidence for QGP formation 

• Major issue? Apparent similarities between central small systems and peripheral large systems 

• Perceived presence of particle suppression in peripheral PbPb collisions may be an event selection artefact, not a physics effect 

• Where in system size is the onset of suppression?

Hard scattering and connection with flow:
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Previous measurements - how are we doing better?

Previous measurements and limitations:

simple Padé-type fit connecting the two regimes [26]. The trends are qualitatively similar to those in the
data, although there is not quantitative agreement. In particular, the calculation predicts values of v2 and
v3 substantially below the experimental results for pT = 4–15 GeV. It should be noted that calculations
presented in Ref. [26] are performed, consistently between the hydrodynamic and eremitic components,
only for massless partons and with an ideal equation of state. Thus, one does not expect quantitative
agreement and is looking for rather qualitative trends. More sophisticated treatments in the hydrodynamic
regime result in better quantitative agreement with the anisotropy coe�cients at low pT [58, 59]. It is worth
highlighting that traditional parton energy-loss calculations connect the high-pT v2 with a suppression in
the overall yield of high-pT particles. The same is true with this eremitic calculation, and thus, it should
also be in contradistinction to p+Pb high-pT experimental data indicating almost no suppression, i.e. jet
quenching.

Another possible source of the high-pT anisotropies could lie in an initial-state e�ect, potentially encoded
in a model such as P����� 8. Shown in Figure 8 is a P����� 8 calculation with hard2 pp events overlaid
on minimum-bias p+Pb events generated in the default Angantyr framework [60]. It is emphasised
that this version of P����� does not include the recently developed string–string, or so-called string
shoving, implementation [61]. The generator-level charged particles are then processed with the entire
analysis procedure, including the non-flow template fit. The result is a negative v2,2 for all momenta,
in contradistinction to the experimental data. Further investigation reveals that P����� 8 run in ‘hard’
scattering mode has correlations with large pseudorapidity separation between particle pairs as a result
of the specific implementation of initial-state radiation. This correlation is reduced in high-multiplicity

2 The term ‘hard’ refers to P����� 8 run with the following settings: HardQCD:all=on, PartonLevel:MPI=off, and containing
a jet with pT > 100 GeV.
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Figure 7: Coe�cients v2 and v3 plotted as a function of pT for central 0–5% p+Pb collisions from the MBT event
sample. Theoretical calculations relevant to the low-pT regime from hydrodynamics and to the high-pT regime from
an ‘eremitic’ framework from Romatschke [26] are also shown. The lines are Padé-type fits connecting the two
regimes, where the red dotted line is for v2 and the blue dash-dotted line is for v3. Statistical uncertainties are shown
as narrow vertical lines on each point, and systematic uncertainties are presented as coloured boxes behind the points.
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Eur. Phys. J. C 80, 73 (2020)

 2-particle correlation technique (Non-flow contamination) 
 Template fit method or peripheral subtraction method to 
remove non-flow 
 Based on assumptions 
 Could be biased and model dependent 
 Difficult to draw finite conclusion for high-pT flow due to 
possible non-flow contamination

 Cumulant method and its advantage:

 Multiparticle correlation technique 
 Non-flow suppression in a data-driven way

cn{4} = ⟨⟨4⟩⟩ − 2 ⋅ ⟨⟨2⟩⟩⟨⟨2⟩⟩

Azimuthal anisotropy of jet particles in p–Pb and Pb–Pb collisions ALICE Collaboration

inclusive charged-particle v2 coefficient is also displayed for comparison. A positive jet-particle v2 is
observed with a significance of 2.6–6.8s for pT . 5 GeV/c, depending on the range of p

assoc
T . The

measured v2 is independent of pT within uncertainties and amounts to ⇠ 0.04. In contrast, the inclusive
charged-particle v2 is larger in magnitude and shows a clear dependence on pT. It increases up to pT ⇠
3 GeV/c where it reaches a maximum value of ⇠ 0.13 and then decreases with increasing pT to values
similar to those of the jet-particle v2.
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Figure 2: Top: Jet-particle v2 as a function of pT of trigger particles for several p
assoc
T intervals in 0–10% p–Pb

and 20–60% Pb–Pb collisions at
p

sNN = 5.02 TeV, compared with the inclusive charged-particle v2 in both sys-
tems. The values of the jet-particle v2 are horizontally shifted around the centre of the bin for better visibility. The
statistical uncertainties, shown as vertical bars, are determined using the sub-sample technique. The systematic
uncertainties are represented as filled boxes. Horizontal bars indicate the bin width. The previous results pub-
lished by ALICE for reconstructed jet v2 measured in 30–50% Pb–Pb collisions at

p
sNN = 2.76 TeV are also

shown [35]. The Pb–Pb measurements are downscaled by a factor of 0.6. Middle: Comparison of the jet-particle
and inclusive charged-particle v2 obtained in p–Pb collisions with AMPT calculations [36, 37]. Bottom: Compar-
ison of the nuclear modification factor QpPb of inclusive charged particles obtained in p–Pb collisions with AMPT
calculations [36, 37].

A comparison with the jet-particle v2 and the inclusive charged-particle v2 measured in semicentral (20–
60%) Pb–Pb collisions at

p
sNN = 5.02 TeV is also reported in Fig. 2 (middle). The Pb–Pb centrality
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Motivation for using subevent method 

Subevent method: 
In order to further suppress few-particle correlations and to explore possible collective correlation signals, 
we are using subevent cumulant techniques to require rapidity gaps among the particles 

• 2 subevent can reduce non-flow contribution from within the Jets 
•  3 and 4 subevents can remove back to back contribution 
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2 subevent
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FIG. 5: The c2{4} (left panels) and c3{4} (right panels) calculated for particles in 0.3 < pT < 3 GeV (top panels) or 0.5 < pT < 5
GeV (bottom panels) with the three-subevent cumulant method. The event averaging is performed forN sel

ch calculated for various
pT selections as indicated in the figure, which is then mapped to �Nch�, the average number of charged particles with pT > 0.4
GeV.
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the three cumulant methods. The event averaging is performed for N sel

ch calculated for same pT range, which is then mapped
to �Nch�, the average number of charged particles with pT > 0.4 GeV.

the standard method 8. On the other hand, since non-flow contributions are significantly further suppressed in the
subevent methods, the nature of the non-flow fluctuations no longer matter much for the subevent methods.

Finally, we also studied the cn{4} using a four subevent method, where �⌘� < 2.5 range is divided into four equal

8 Even if c2{4} is calculated in unit Nch bin, there is still significant residual non-flow (as shown by Figs 3 and 4).
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dn{4} = ⟨⟨4′￼⟩⟩ − 2⟨⟨2′￼⟩⟩ ⋅ ⟨⟨2⟩⟩

 Q-cumulant:

Qn ≡
M

∑
i=1

einϕiQ-vector: ∙ |Qn |2 = QnQ*n =
M

∑
i, j=1

ein(ϕi−ϕj) = M +
i≠j

∑
i, j

ein(ϕi−ϕj) ⇒ ⟨2⟩ =
|Qn |2 − M
M(M − 1)

∙ |Qn |4 = QnQnQ*n Q*n =
M

∑
i, j,k,l

ein(ϕi+ϕj−ϕk−ϕl) ⇒ ⟨4⟩ =
|Qn |4 + |Q2n |2 − 2Re[Q2nQ*n Q*n ]

PM,3
− 2

2(M − 2) ⋅ |Qn |2 − M(M − 3)
PM,3

∙ ⟨⟨2⟩⟩ ≡ ⟨⟨ein(ϕ1−ϕ2)⟩⟩ =
∑events (W(2))i⟨2⟩i

∑events (W(2))i
∙ ⟨⟨4⟩⟩ =

∑events (W(4))i⟨4⟩i

∑events (W(4))i

where W(2) = M(M − 1) , W(4) = M(M − 1)(M − 2)(M − 3)

=> All-event averaged : 

∙ cn{2} = ⟨⟨2⟩⟩=> Cumulants : ∙ cn{4} = ⟨⟨4⟩⟩ − 2⟨⟨2⟩⟩ ⋅ ⟨⟨2⟩⟩

=> Flow : ∙ vn{2} = cn{2} ∙ vn{4} = 4 −cn{4}

 Differential Q-cumulant:

=> Differential cumulant : =>  Differential Flow : 

∙ ⟨2′￼⟩ ≡
1

mpM − mq

mp

∑
i=1

M

∑
j=1

cos[n(ψi − ϕj)] ∙ ⟨4′￼⟩ ≡
1

(mpM − 3mq)(M − 1)(M − 2)

mp

∑
i=1

M

∑
j,k,l=1

cos[n(ψi + ϕj − ϕk − ϕl)]

•   range of  ={0.3 to 3} => RFP 
•   range of   ={small  bins} => POI

PT ϕ
PT ψ PT

5

qn ⌘
mqX

i=1

ein i . (27)

The q-vector is introduced here in order to subtract ef-
fects of autocorrelations. Using those, we have obtained
the following equations for the average reduced single-
and all-event 2-particle correlations:

h20i = pnQ⇤
n �mq

mpM�mq
, (28)

hh20ii =
PN

i=1(wh20i)i h20iiPN
i=1(wh20i)i

. (29)

For detectors with uniform azimuthal acceptance the
di↵erential 2nd order cumulant is given by

dn{2} = hh20ii , (30)

where, again we use notation from Ref. [8]. We present
equations for the case of detectors with non-uniform ac-
ceptance in Appendix C.

Estimates of di↵erential flow v0n are being denoted as
v0n{2} and are given by [8]:

v0n{2} =
dn{2}p
cn{2}

. (31)

Below we present the corresponding formulae for re-
duced 4-particle correlations:

h40i =

pnQnQ

⇤
nQ

⇤
n � q2nQ

⇤
nQ

⇤
n � pnQnQ

⇤
2n

� 2 ·MpnQ
⇤
n � 2 ·mq |Qn|2 + 7 · qnQ⇤

n

� Qnq
⇤
n + q2nQ

⇤
2n + 2 · pnQ⇤

n

+ 2 ·mqM � 6 ·mq

�

/


(mpM � 3mq)(M � 1)(M � 2)

�
, (32)

hh40ii =
PN

i=1(wh40i)i h40iiPN
i=1(wh40i)i

. (33)

The 4th order di↵erential cumulant is given by [8]:

dn{4} = hh40ii � 2 · hh20ii hh2ii . (34)

Equations for the case of detectors with non-uniform ac-
ceptance are again presented in Appendix C.

Having obtained estimates for dn{4} and cn{4}, we can
estimate di↵erential flow [8]:

v0n{4} = � dn{4}
(�cn{4})3/4

. (35)

Similarly to reference flow, we use the notation v0n{4} for
di↵erential flow harmonics v0n obtained from 4th order
cumulants. v0n{4} and v0n{2} are independent estimates
for the same di↵erential flow harmonic v0n.

V. SIMULATION RESULTS

We have tested the new method with extensive sim-
ulations. The results, presented below, show that the
method e↵ectively suppresses non-flow contributions, il-
lustrate the ability to remove the interference of the dif-
ferent harmonics, show the applicability for detectors
having significant acceptance “holes”, and give an exam-
ple of a di↵erential flow analysis. In the figures, v2{MC},
shown in the first bin, represents the Monte Carlo esti-
mate for vn, which was obtained using the known reaction
plane event-by-event. Other estimates in the figures are
obtained without using this information.

{MC}2v {2,QC}2v {4,QC}2v {6,QC}2v {8,QC}2v {FQD}2v {LYZS}2v

0.0475

0.048

0.0485

0.049

0.0495

0.05

FIG. 2. Elliptic flow extracted by di↵erent methods for 105

simulated events with multiplicity M = 500, v2 = 0.05 and
at the same time v4 = 0.1.

Figure 2 shows the results from a simulation of events
with anisotropic flow present in two harmonics, the sec-
ond and the fourth. Elliptic flow estimated by di↵er-
ent methods is shown in the figure. A clear bias is ob-
served in the estimates from fitting of the Q-distribution
method and the Lee-Yang Zero’s Sum method, labeled
as v2{FQD} and v2{LYZS}, respectively. Results ob-
tained with direct cumulants of di↵erent order, labeled
as v2{k,QC}, are una↵ected by v4 interference.
To demonstrate that the method works well even in

cases with rather bad acceptance we simulated 107 events
with v2 = 0.05 for a detector that had two large “holes”
(see Fig. 3a). Figure 3b shows the obtained v2 estimates
using Eqs. (11) and (12) which are valid for detectors
with perfect acceptance using open markers. Clearly
these values are strongly biased. The v2 estimates ob-
tained from the more general equations for cumulants,
namely Eqs. (C1) and (C6), which do account for the
acceptance e↵ects are shown as closed markers and agree
with the Monte Carlo estimate. In Fig. 3c we look in
more detail at the agreement with the Monte Carlo esti-

Analysis method
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dn{4} = ⟨⟨4′￼⟩⟩ − 2⟨⟨2′￼⟩⟩ ⋅ ⟨⟨2⟩⟩a’ a a* a*
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∙ dn{4}3sub = ⟨⟨4⟩a′￼|bb|c⟩ − 2⟨⟨2⟩a′￼|b⟩ ⋅ ⟨⟨2⟩b|c⟩

∙ dn{4}3sub = ⟨⟨4⟩a|bb′￼|c⟩ − ⟨⟨2⟩a|b′￼⟩ ⋅ ⟨⟨2⟩b|c⟩ − ⟨⟨2⟩a|b⟩ ⋅ ⟨⟨2⟩b′￼|c⟩
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  in   as a function of  v2{4} 185 ≤ Noffline
trk < 250 pT

PbPbpPb

• At low , PbPb has larger  than pPb  
• At high , similar magnitude and similar trend of subevent 
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Results-I: differential v2 vs. pT in pPb and PbPb
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4 subevent  in   v2{4} 185 ≤ (Noffline
trk ) < 250

• At low , PbPb has larger  than pPb  
• At high , similar magnitude and similar trend of 4 subevent values
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Results-I: differential v2 vs. pT in pPb and PbPb
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  in different  bins with  > 6 GeV v2{4} Noffline
trk pPOI

T

• Similar magnitude and similar trend for both PbPb and pPb when  > 6 GeV across all 
multiplicity bins
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T

 p 4 subevent
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pPb 8.16 TeV
PbPb 5.02 TeV

Results-II: v2 vs. multiplicity in pPb and PbPb
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  in HIJING in   d2{4} 60 ≤ (Noffline
trk ) < 120

• HIJING lacks collectivity => used to cross check non-flow subtraction of subevent cumulant 

• Toy model => successfully recover the input v2 using 4-subevent
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Results-III: method robustness check
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 The results of  with subevents for pPb & PbPb collisions at 

 = 8.16 TeV &  = 5.02 TeV, resp. 

 This analysis investigates an extended momentum space for the first 

time in small systems, aiming to provide insights into the potential 

indications of high-   parton energy dissipation 

 Significant positive value for  at high-  in pPb with subagent 

to remove non-flow 

 A striking similarity in high multiplicity pPb and peripheral PbPb 

collisions   →  could be a similar mechanism  

 These results provide new information on the interaction of high-  

partons with the medium in small collision systems
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