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* The problem of the renormalization of ot operator



Renormalization of ot matrix elements

Gamow-Teller transitions (B-decay, EC, 2vpB,charge-exchange) are hindered from expected values
based on sum rules derived by nuclear structure models.



Renormalization of ot matrix elements

Gamow-Teller transitions (B-decay, EC, 2vpB,charge-exchange) are hindered from expected values
based on sum rules derived by nuclear structure models.

Quenching of ot matrix elements is quite a general phenomenon in nuclear-structure physics.
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Renormalization of ot matrix elements

Suhonen, ACTA PHYSICA POLONICA B, 3(2018)
Z.Phys. A - Atomic Nuclei 332, 413417 (1989)
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Quenching of ot matrix elements: theory

Two main sources:

\ [ SP states can be grouped into 3 sub-spaces, well separated in energy:

- inert core (completely filled levels with neutrons and protons paired to J=0)
SR - valence space (partially filled levels)

- external space (empty levels)

1) LIMITED MODEL SPACE

—
oo

valence nucleons

H, has one-, two,
three-, ... A-body
terms

The only active degrees of freedom are given by nucleons inside
the valence space (valence nucleons) while excitations of core Exact reprociction
nucleons and valence nucleons in the external space are “frozen”

or, more properly, “not taken into account explicitly”




Quenching of ot matrix elements: theory

Two main sources:

2) NON-NUCLEONIC DEGREES OF FREEDOM

Processes in which the weak probe prompts a meson to be exchanged between two
nucleons

— meson-exchange two-body currents (2BC)
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H. Hyuga and A. Arima, J. Phys. Soc. Jpn. Suppl. 34, 538 (1973)



Two-body e.w. currents effects
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The contribution of 2BC improves systematically the agreement

From ChEFT 2N +3N interaction

L. Coraggio et al. Physical Review C 109, 014301 (2024)
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2vBp decay
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* The problem of the renormalization of ot operator

* The impact on OvBp decay matrix element



Quenching of ot matrix elements & Ov33 decay

The inverse of the OvpB-decay half-life is proportional to the squared nuclear matrix element (NME).
This evidences the relevance to calculate the NME (M%)

S
Q

-1
[T%] = GO IM®|?(m,)? x g}

« % - phase space factor
« (my,) = |2 mrUgkl|, effective mass of the Majorana neutrino
U, being the lepton mixing matrix




* The problem of the renormalization of ot operator

* The impact on OvBp decay matrix element

« The B spectrum, the shape function



The B decay spectrum

The total half-life of the B decay is expressed in terms of the k-th partial decay half-life as

) ) P~ decay
K
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T1/2 = tf/Z 1/2 C . /
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where k = 6144 s R q _gﬁ =
Parent Daughter \

H. Behrens and W. Biiring, Nuclear Physics Al62 (1971) 11 1 — 144 G. De Gregorio et al. to be published on Phys. Rev. C



The B decay spectrum

The total half-life of the B decay is expressed in terms of the k-th partial decay half-life as

1 1

B~ decay

Before

k K
T k ti2 ==
T1/2 7 t1/2 C

where k = 6144 s
Parent

C is the integrated shape function, whose integrand defines the B-decay energy spectrum

Wo
C = f peWe(WO — We)zF(Zr W) Cp (We)dw,
1

e F(Z,w,) = Fy(Z,w,)Ly(Z,w,),F is the Fermi function and takes into account the distortion of the electron wave
function by the nuclear charge and Ly accounts for the finite size effect.

* w, is the electron energy

* C,(w,) is the shape factor of the n-th forbidden transition which depends on the nuclear matrix elements (NMEs)
of the decay operators.

H. Behrens and W. Biiring, Nuclear Physics Al62 (1971) 11 1 — 144 G. De Gregorio et al. to be published on Phys. Rev. C



The B decay spectrum

Wo
C = j DeWe (Wo — We)zF(Z» We) Crp(We)dw,
1

In general C, is function of W,.

—_ . 2
For allowed transition: C,(w,)=Const=B(GT)= g,2 |<f||2§]0.'-’|<_§k”l>|
l

Beta spectrum is insensitive to B(GT)

J. Kostensalo and J. Suhonen, Phys. Rev. C 96, 024317 (2017)
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The B decay spectrum

J. Kostensalo and J. Suhonen, Phys. Rev. C 96, 024317 (2017)
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The B decay spectrum

Wo
C = J peWe(WO - We)ZF(Zr We )G (We)dw,
1

Beta spectrum is sensitive to Lth-nonunique decays

x10°

—— MMC spectra [set 2]
— 0.8

— gA inf

---14

==

=05
b2
— gA free
-==1.6

M. Paulsen et al. arXiv:2309.14014v1

50

100 150 200

Energy [keV]

250

300

0.006

0.003
0.002
0.001

0

Intensity (arb. Units)

0.005 |~
0.004F*

J. Kostensalo and J. Suhonen, Phys. Rev. C 96, 024317 (2017)

94Nb(6™) — 9Mo(4+)

T T T T

1 1 1 L 1 1 1

0 50 100 150 200 250 300 350 400 50 500

Electron kinetic energy (keV)

One can extract the empirical value of g from the B

spectrum

on forbidden non-unique decays.

. Alternatively, having a microscopic theory without

free parameters, B spectra offer a further
benchmark of the theoretical framework.
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Realistic Shell-Model

Shell model: A well-established approach to obtain a microscopic description of both collective and
single-particle properties of nuclei
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Realistic Shell-Model

Shell model: A well-established approach to obtain a microscopic description of both collective and
single-particle properties of nuclei

The degrees of freedom of the core nucleons and the
excitations of the valence ones above the model space are
not considered explicitly.

Vun (+Vywn)
J

MANY BODY PERTURBATION THEORY
)

Hegy

Realistic shell-model calculations starting from a nuclear
Hamiltonian and decay operators derived consistently



Realistic Shell-Model

H = Hepy

Hll/)v> — Evll/)v> — Heff|§0a> - Evl(pa>

lp,) = eigenvectors obtained diagonalizing Herr in the reducedmodel space |¢,) =P [y,)



Realistic Shell-Model

H = Hepy

Hll/)v> — Evll/)v> — Heff|§0a> - Evl(pa>

lp,) = eigenvectors obtained diagonalizing Herr in the reducedmodel space |¢,) =P [y,)

<§0v|®|§0/1> + (val@lqj/l)



Realistic Shell-Model

H = Hepy

Hll/)v> — Evll/)v> — Heff|§0a> - Evl(pa>

lp,) = eigenvectors obtained diagonalizing Herr in the reducedmodel space |¢,) =P [y,)

<§0v|®|§0/1> + (val@lqj/l)

We then require an effective operator 0, defined as follows

Ocrr = ) |0y} (W, 101%) (93] (04]@esrl2) = (¥ 101%;)
vA
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Details of the Calculations

Calculations for nuclei in the neighborhood of Ovpp candidates above 78Ni core:
« Second forbidden non-unique gs to gs B-decay of ““Nb and ""Tc

* Fourth forbidden non-unique gs to gs B-decay of ''3Cd and ">In

Interaction

Vigw.x 0f CD-Bonn with A=2.6 fm-1 +
One major proton and Coulomb force for protons

neutron shell above
78N]j
TBME +SP energies of H 4 & Oqf @ third
order +3-body correlations



ft= % flwo PeWe(Wo — We)*F (Z, W) dw,

_____|Bare ME-

9%Nb  11.30 11.58
99Tc 11.580 11.876
113Cd  21.902 22.493

sy 21.22 21.64

11.95 (7
12.325 (12)
23.127 (14)
22.53 (3)




RSM B decay spectra
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RSM B decay spectra
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RSM B decay spectra
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Intensity (arb. units)

RSM B decay spectra
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RSM 3 decay spectra
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RSM 3 decay spectra
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Conclusions and Perspectives

Conclusions

« The theoretical logft moves towards experiment by employing the theoretical effective operators.

« The shape of the calculated energy specira is rather insensitive to the choice of the B-decay operator, bare or
effective, and in both cases the reproduction of the observed normalized energy spectra is more than
satisfactory.

« Using the bare operator, but introducing a quenching factor of the axial constant to improve the reproduction

of the experimental logfts there is a distortion of the shape of the energy specira that affects the agreement
with the observed ones.

Perspectives

« Study of forbidden 3 decays in other mass regions, close to nuclei that are candidates for detecting the Ov33 decay

« Tackle the forbidden B-decay problem starting from the derivation of electroweak currents by way of the chiral
Perturbation theory
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Details of the Calculations

* Nuclear Hamiltonian: Entem-Machleidt N3LO two-body potential plus N2LO three-body potential
( A=500 MeV)

* Axial current J, calculated at N3LO in ChPT

» Heff obtained calculating the Q-box up to the 3rd order in V (up to 2p-2h core excitations) and
up to the 1st order in Vyuy

« Effective operators are consistently derived by way of the MBPT

« fp-shell nuclei: four proton and neutron orbitals outside 4°Ca: 0f7/2, 0t5/2, 1p3/2, 1p1/2

« fpg-shell nuclei: four proton and neutron orbitals outside >°Ni: 0f5/2, 1p3/2, 1p1/2, 0g9/2

RSM calculations, starting from ChPT two- and three-body potentials and two-body meson-exchange
currents for spectroscopic and spin-isospin dependent observables of 48Ca, 7°Ge, 82Se



Quenching of or matrix elements: meson exchange

currents

Nowadays, EFT provides a powerful approach where both nuclear potentials
and two electroweak currents may be consistently constructed, the latter appearing
as subleading corrections to the one-body GT operator or*

Nuclear potential Electroweak axial currents
2N Force 3N Force 4N Force A
QI;(\) >< a) “JWV\* LO
o XK
" BN o
BVWWK N LO

wo gy [T

(Q/A))?

|
= XX |
—_— ><+C:ﬁiH}ij T e ¢) |- - ek d)><MA N*LO
= M 1




The axial current J,

The matrix elements of the axial current J, are derived through a

chiral expansion up to N3LO, and employing the same LECs as in & Lo
2NF and 3NF
i = _gAz 0iTi+ b N’LO

l

N2Lo _ YA
A =07 ZZKiX(UiXKi) Ti 4
my &
L c) F-- d) N°LO

AvsLo(lpE; k) =Zi<j57‘:‘%{4c3 Tjk + (Ti XTj)iX
l(cél--l'ﬁO'iXk —ﬁKl)]}U]kwilzc

A. Baroni, L. Girlanda, S. Pastore, R.

N3LO (T ) = ZZO (7 % 1), (0 X0) Schiavilla, and M. Viviani,
i<j N Phys. Rev. C 93, 015501 (2016)
_ 0a [mw 1
Zy = anzmlzv [4gAAX Cp + 3 (C3 + 2C4) + 6]
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Effective Shell-Model Hamiltonian

H|LIJV> = E, |va>

H = H0+Hl—zT + U; +Z(Vu U;)

i<j

In the shell model, the nucleus is represented as an inert core, plus n valence nucleons moving in a
limited number of SP orbits above the closed core and interacting through a model-space effective
interaction. The valence or model space is defined in terms of the eigenvectors of Hj

|pi) = [a1a2a3 n] Ic) i=1,2,...d

BORAE Hw)=E |¥) = HyP|¥,)=EP¥)
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Effective Shell-Model Hamiltonian

We are looking for a new hamiltonian H that has the same eigenvalues of the A-nucleon system
hamiltonian H, and satisfies the decoupling equation between
the model space P and its complement Q:

QHP = 0 so that H.g= PHP

H=QTHQ

(PHP PHQ)_> (P}[P P}[Q)

QHP QHQ 0 QHCQ
0 0
Suzuki-Lee Q=e® w = (pr O)
_ 1 1 eff
Hepp(@) = PHyP + PH1Q ——-Q Hi P — PH1Q oo QHY ()



Effective Shell-Model Hamiltonian

1

Q(e) = PH,P + PH1Q —

Q H,P



Effective Shell-Model Hamiltonian

Q(E) _PH1P+PH1

Exact calculation of the Q — box is computatlonally prohibitive (for manybody
system ) we perform a perturbative expansion

1\ @H"
€= QHQ ~ Li(e—QH Q™"

H Rl o] o)
H mm

Second order diagrams




Effective Shell-Model Operators

Consistently with the derivation of the effective Hamiltonian we have to derive effective transition
operators, by way of the many-body perturbation theory

|(pv> = qujv>

Obviously, for any decay-operator © (0,10]p,) = (¥, |0|¥,)



Effective Shell-Model Operators

Consistently with the derivation of the effective Hamiltonian we have to derive effective transition
operators, by way of the many-body perturbation theory

|(pv> = qujv>
Obviously, for any decay-operator © (0,10]p,) = (¥, |0|¥,)

We then require an effective operator 0, defined as follows

Ocsr = ¥ lo)BI01¥ (oal  (0]0crrla) = (W ]019)
vA
a a a a
Second order one body diagrams |

for a one-body operator “ —X ¥

%lé + o= oD + .
P LR R

b b b b

K. Suzuki and R. Okamoto, Prog. Theor. Phys. 93, 905 (1995)






Forbidden 3-decay ME

dg.(r) x+1
. (anjm(T)> gdf ), —& ()= (E+m—V(r)f(r)=0
nlygm —
Fn ™m K _
jm (7) dfi(r) el 1fK(r) +(E—m—V(r))g.(r)=0
dr 4
1
V/AM(N) (keamanap) — o V/Am(N) m,V keam7n7p x OBTD(W 7\Iji77T7V7K
KLS 7 KLS i

)L-|—2N

N ¥
VmieDs ke, mn,p) = (beo | () Zlhesm,mo por) ks || S,

A (N) r \ L+2N
micLs(kesm,n,p) = Gan || (5)  Zlhkesmin, p,1)35TkcLs || )

M YL MOKL S =0
KLS (—1)L_K+1’)/5[YL ® U]KM fe: 1



Non-relativistic ME
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niym Fnlen(T) de(l”) B K

2D S () (E—m—V())g(r) =0
r F

V) (7, 1) (keymym, p) = V2v [GKKom,mﬁ" g (1, 5p) ()TN ke, mym, p,7) g, (7, k) r2dr

+Grko(—FKr, —ky) [y [r(r,Kr) (%)KHNZ(ke,m,n, 0,7) f (7, Ii,,)T’Qd?“] (27)

L+2N

Am%VL)1(7Ta V)(kev m,n, :0) = SlgH(K T L + %)\/igz‘l [GKKO(K”U HV) f()oo g7T<r7 Iiﬂ') (%) I(kea m,n,p, r)gy(r, HV)TQdT

L+2N

+GrKo(—FKr, —Kv) fooo f?lp(ra Kip) (%) I(ke,m,n, p,7) fu(r, RV)Ter] . (28)



Relativistic ME

¢l.::(emw4m> 16D K31 ()= (B +m VS () =0
niym Fnlen(T) de(l”) B K

2D () + (B = m—V()g,(r) =0
r F

L+2N I(

Vm$egy (1, v) (ke,m,n, p) = sign(K — L + 1)v2gv [GKLl('fm —kv) Jo 9x(r, kx) (R) Jo o 5 Tl O ) i B U

—Grro(—Fm, ki) [ Fr(rykn) (572N T(ke, m,m, p,7)g, (, merr] (29)

K+2N
3

A o (1, 1) (key my m, p) = V294 [GKKOW —kw) [° g (r Kim) (%) (keym,n, p,7) £ (r, K )r2dr

_GKKO(_Rwa K/U) fOOO f'/r (’f’, Kfﬂ') (%)K+2N I(kea m,n,p, T)gv(ra KIV)TQdT] . (30)



Treatment of relativistic ME within a non-relativistic framework

1) In then non-relativistic limit the small and large component are connected

dg,. 1
g(?‘)+'€+

ge(r)— (E+M —V(r))f.(r) =0,

dr r
df . (r k—1
) B )+ (B~ M = V(r))ax(r) = 0
T(E-M) << 2M and V(r) << 2M
. 1 d K+ 1 d2 2 d it i
fK(r) = 2MN (dr + 7 )gK(r) (F -+ ;dr — K(Krz ) +2MN[T —V(I‘)]) gk‘(r) =20

H. Behrens and W. Bu'hring, Nucl. Phys. A 162, 111 (1971).



Treatment of relativistic ME within a non-relativistic framework

1) In then non-relativistic limit the small and large component are connected

dgn(r) + K+ lgn('r) — (E + M — V(T))fn(T) =0,

dr r
df . (r k—1
) B )+ (B~ M = V(r))ax(r) = 0
T(E-M) << 2M and V(r) << 2M
. 1 d K+ 1 d2 2 d it i
fur) =3 (dr +— )gK(r) (ﬁ et K(Krz ) +2MN[T—V(r)]) gx(r)=0.

2) Resort to CVC relations

(qR)? ‘l L+1
—VLQ2L+1)VF;, 11 + VE — WoR"F, ;o = RC;.
\/ ( ) LL—-11 2L+3 2L+1 LL+11 0 LLO L

V
Fou = —

H. Behrens and W. Bu'hring, Nucl. Phys. A 162, 111 (1971).

1 1
ﬁREA, Y Fys0, YFis1 = —EREA, Y F1a0



RME within CVC

TABLE III. *°Tc, '*3Cd, and '*°In B decay relativistic form
factors determined with and without recurring to the CVC;
relations, and the non-relativistic form factors connected with
the relativistic ones by CVC. The values are in adimensional

units.

PTe Bare Effective
VFon 0.000 0.008
VEGY® -0.030 -0.017
V Fago 0.286 0.161
13cd Bare Effective
i 0.0003 -0.008
Y © 0.032 0.015
V Faa0 -0.521 -0.237
e 1) Bare Effective
V Fya -0.0004 -0.009
VESY® 0.031 0.017
V Fa10 -0.473 -0.267
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