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The Quantum Many-Body Problem: NQS
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The Quantum Many-Body Problem: NQS

• NQS Ansatz: 𝜓NQS 𝒑𝟏, 𝒑𝟐, … , 𝒑𝑨; 𝜽

• How? Rayleigh-Ritz variational principle

⟨𝜓𝜃| 𝐻|𝜓𝜃⟩
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≥ 𝐸GS

• Goal: Solve for the wave function of an atomic nucleus, 𝜓

𝜓𝜃 = ∫ 𝑝 𝜓𝜃 𝒑𝟏, 𝒑𝟐, … , 𝒑𝑵 d3Np

𝑾 𝟏 , 𝑩 𝟏

𝜓NQS(𝒑; 𝜽)

𝑾 𝟐 , 𝑩 𝟐
𝒑𝟏

𝒑𝟐

𝒑𝑨

⋮

𝜽 = 𝑾 𝑖 , 𝑩 𝑖
𝑖=1

L

|𝜓⟩



Why Neural Networks?

[2] G. Cybenko, Approximation by superpositions of a sigmoidal function, 1989
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• NNs have “∞ power”: a neural network can approximate any continuous 
function [2], [3].



Why Neural Networks?

• Space complexity: polynomial scaling of memory resources… possibly!
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video

https://drive.google.com/file/d/1dp7mmc6PqRmM3xKPWRMJ8oGrtnPDFcRU/view?usp=drive_link
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𝜓 𝑥1, 𝑥2, … , 𝑥𝑁 = ±𝜓 𝑥2, 𝑥1, … , 𝑥𝑁

• Particle exchange symmetry

𝜓( Ԧ𝑥) = 𝜓 𝑅 Ԧ𝑥

• Spherical symmetry

𝜓( Ԧ𝑥, 𝜎) = 𝜓 𝑇( Ԧ𝑥, 𝜎)

• Time-reversal symmetry
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𝐻 =
1

2
𝛻2 +

1

2
𝑚𝑤2𝑥2

• 1D Harmonic Oscillator

⇒ 𝐻, 𝑃 = 0, 𝑃 parity

𝐻 = −
ℏ2

2𝜇
𝛻2 −

𝑍𝑒2

𝑟

• Hydrogen Atom (Coulomb)

⇒ 𝐻, 𝐿2 = 𝐻,𝐿𝑧 = 0

𝜓100 𝑟, 𝜃, 𝜙 =
𝑍

𝑎0

3
2

2𝑟exp −𝑍𝑟/𝑎0 ×
1

4𝜋

𝜓110 𝑟, 𝜃, 𝜙 =
𝑍

𝑎0

3
2

2𝑟exp −𝑍𝑟/𝑎0 ×
3

4𝜋
cos 𝜃

𝜓𝑛𝑙𝑚



Group theory (in a nutshell)
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• Schur’s Lemma

𝑑1 𝑔 irrep, 𝐻 operator, 𝑑1(𝑔)𝐻 = 𝐻𝑑1(𝑔)

⇒ 𝐻 = 𝐸I, 𝐸 number 𝐻 =
𝐸1𝐼 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝐸𝑛𝐼
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𝜓 is equivariant / covariant under 𝐺 if: 𝜓 ∗ 𝜒 𝑔 = 

𝑢∈𝐺
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𝐺-Conv 𝐺-Conv 𝐺-Conv
⋮

… 𝜓

𝑥1

𝑥2

𝑥𝐴



Re-thinking previous work...
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Irreps of ℤ/𝟐ℤ :

𝐷𝑡 𝑒 = 1 , 𝐷𝑡 𝑎 = 1 (Trivial rep)

𝐷𝑠 𝑒 = 1 , 𝐷𝑠 𝑎 = −1 (Sign rep)

ቐ
𝜓+ 𝑥 ≔ 𝜓 𝑥 + 𝜓(−𝑥)

𝜓− 𝑥 ≔ 𝜓 𝑥 − 𝜓(−𝑥)

• Group convolution

𝜓NQS 𝑥 ≔ 𝜓NN 𝑥 ± 𝜓NN(−𝑥)

Parity, ℤ/𝟐ℤ = {𝒆, 𝒂}

• Intuition

Fermionic particle exchange, 𝑺𝑵

• Intuition

𝜓NQS 𝑥1, 𝑥2, 𝑥3 =

𝜓1(𝑥1) 𝜓2(𝑥1) 𝜓3(𝑥1)
𝜓1(𝑥2) 𝜓2(𝑥2) 𝜓3(𝑥2)
𝜓1(𝑥3) 𝜓2(𝑥3) 𝜓3(𝑥3)

𝜓NQS 𝑥1, 𝑥2, 𝑥3 = 

𝜎∈𝑆𝑁

−1 𝜋 𝜎 𝜎(𝜓1 𝑥1 𝜓2 𝑥2 𝜓3(𝑥3))

• Group convolution

𝜎 → “Alternating representation of 𝑆𝑁”



Toy exemple: G = SN

• 𝑘 = 25 channels
• G = 2
• 𝐿 = 1 layer

𝑁 = 2 fermions, 1D HO  



𝜎∈SN

−1 𝜋 𝜎 𝑊(𝜎)𝐷 𝜎−1
𝑥1
𝑥2

𝜓NQS(𝑥1, 𝑥2)
𝑥1

SN-Conv

Neural network

𝑥2



Conclusions and future outlook

• What about continuous groups (SU(2))?

• What is the computational cost?

• Compute whole nuclear spectrum “at once”



Thank you


