. - . ey
Institut de Ciéncies del Cosmos EXCELENCIA —Z o= U
MARIA + || B

EEEEEEEEEEEEEEEEEEEEEE DE MAEZTU "”+

Ab Initio Nuclear Structure
with Machine Learning

Javi Rozalén Sarmiento

NIVERSITAT o
ARCELONA



ADb Initio Nuclear Structure

N H N EEEES
54} : H N EEEEE B W
s :!():2() : En mmn W]
50F Z=50 -------- éll.lllllll..-ill!.l=-=-|-l-lul-i-i-|-l-l-i-n-n-
: ; mmoEEE :
46} : : H EEE N N
: P EEmEE =
42+ ] N EEEEN :
Z=40 -------- T T TR il.-l-l-[-lulul-l-l-I-"-"-"-"-"-i -----------------------
38 R '
! EEEEEEEEE W
 SESNERSNENS = 3 SuS.e
34+ NEEEEEEENEEEN EEE N :
ENEEEEEEEEEEE ||
. S HHHE T :
30} : llll:lllll=l====I : N=82
N =28 ---cennennnn lll-====. EanEn = llllll..lllllilllllll. B-§-N--N-E-E-8
L rrrrrrrrrrrrrerrrrrrrrrrrrrrrd
26} E EEEE lllllllllllllllllll:lllllllll. o
e e e
. auEESSERSSSRSRSRSSSSSRRRGRRRRRRR
22} . EEEEEENENEEENENE NN EEEEEEEEES B N N E N E N
7200 -... O O T T T '
D T EE AT L LT E T
18} ' EEEEEEEEEENENEEEE NN : 02010
.llIlllIIIIIIIIIIIIIIIIIIIIIIIIIllll ;
o aiESSEERESESSmRSRSSSMSRRREEEENTL  n-so 02012
[ ESERRSSSERRRRRRRRSSSSSSSE,
- III=llIIIIIIIIIIIIIIIIIIIIIIIII = 2014
EEEpEEENEEEEEEEN NN NN
10} IIIIIIIIIIIIIIIIIIIIIIII-II = 2016
WD e e
Il====l.lllllllllll' N=28
6F IIIII==i=I=I=I===..* 2018
Jf Siees SCHERE o0 | 2020
el [1]

2 6 10 14 18 22 26 30 34 38 42 4 50 54 58 62 66 70 74 78 82 86 90 94
N

[1] H. Hergert, A Guided Tour of ab initio Nuclear Many-Body Theory, 2020



ADb Initio Nuclear Structure

C H N EEEES
54} : H N EEEEE N l
- :!():2() : En mmn W]
50F Z=50 -------- SE I - EEEE - illIIl=-=-|-l-lul-1-i-|-l-l-i-n-n-
- : : I | ..= |
IT‘NCSM 46} N EEE E N
- : P EEmEE =
42+ : N EEEEE :
Z=40 -------- l====== ------------ il=-l-l-.-lulul-l-l-l-"-"-"-"-"-i -----------------------
38} : NN H EEN
| sEEEEEEEEEE = = EEE B
34}t SEEEEEEEEEEEN EEE B :
NENEEEEEEEE R
. (T T .
30k : llll:lllll======I : N=82
N s £=28 --cvniennnnann - =====Illlll=lnnllnlilllllll.-l-I—-l--l--I-i-l--
26| g
. R EEEENSAEEERIRRSSRSRNEEEE,
' rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr
22r : ======-===============--===='===='“" — il
P 2720 R ARRNEESEsaEaEEEASEmagaasaEE T
18] g EEEEEEEE NSNS NN AN : 02010
[ ENEENE SN EEEEESEEEEEEENEEEEEEEE M40 N=50 02012
14r EENANEAEENEEEAENEEAEESEEENEERES
. I==============IIIIIIIIIIIIIIII = 2014
! EEEpEEEEEEEEEEENEE NN
10 IIII:IIIIIIIIIIIIIIIIIII-II = 2016
B R
of s, - a 2018
2_ R Tl====... N=20 = 2020

2 6 10 14 18 22 26 30 34 38 42 4 50 54 58 62 66 70 74 78 82 86 90 94
N

[1] H. Hergert, A Guided Tour of ab initio Nuclear Many-Body Theory, 2020



ADb Initio Nuclear Structure

N H N EEEES
54} 2020 II=IIIII.
- N N EEE LR
50F Z=50 -------- I-IIIIIIIIIIII -II-IIIII-I--I--I--I--I--'--I--I-l-l--l--l--l--
i . H N EEE N
IT‘NCSM 46+ : N oEEE R
- : N EEEEE =
42+ N EEEEN :
3 Z=40 -------- T T TR =.I=-l-l-l--l--l--l--l--l--l----------------i -----------------------
38 ; oSEEEHARES. o NAS
_ - , EIENEEEEEEEY N N EEN B
{ MR IMSRG ] 34+ MEEEEEEEEEEEN WuE &
- aEEEEEEEEEEENE.S : .
ANEEEEEEEEEEEEN .
30} : llll:lllll=l====I : N=82
N - =28 ---cennennnn lll-====. EanEn = llllll..lllllilllllll. B -§--N--H-E-E-8
26| g
- . R EEEENSAEEERIRRSSRSRNEEEE,
' rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr
eer : ======-===============--===='===='“" e | wuRH
DR | | — | e P L]
181 A EEEE NS EENE NN AN AR : 2010
I NN EEEEEEEEEESEEEEEEEEEEEEEEE N=40 N=50 02012
14} IllllIIIIIIIIIIIIIIIIIIIIIIII
e = 2014
o | aREEEEEEEEEEEEERRRRREEEELE 52016
WO
[ REARSEmEmRREARRE, M-8 m 2018
| EEEEEEEEEEEEEEEEE 250
5 R CmmmEE m 2020
FEEEm- R - -
5 6 10 14 18 22 26 30 34 38 42 46 50 54 58 62 66 70 74 78 82 86 90 94

N

[1] H. Hergert, A Guided Tour of ab initio Nuclear Many-Body Theory, 2020

[1]



ADb Initio Nuclear Structure

C N EEEES
54} : H N EEEEE N l
i 2020 ; | = =l= [ '
50F Z=50 -------- I-IIIIIIIIIIII -II-IIIII-I--I--I--I--I--'--I--I-l-l--l--l--l--
i . =l= |
IT-NCSM 46} : : N oEEE N W
- : : N EEEEE =
42+ : N EEEEE :
Z=40 -------- I-Illlll- ------------ I'n-l-l-l--l--l--l--.-l-.----------------: -----------------------
EEEEEEN :
38} : Illlllll H EEN
MR-IMSRG ' : -========== m wEE g
- 34t NEEEEEEEEEEE ll= -
ENEEEEEEEEEEE
. -==-============" :
30k : HEEH R : N=82
N s £=28 --cvniennnnann - ============lnnllnlinlllll.-l-I—-l--l--I-i-l--
26| A
- . SEESEEERERESSMESSRRBRgERRER.
VS-IMSRG 22l {  uESEERSEEENEEESESEEESEEEESEESsESM=ES m m m § o m
7200 -... CEAER R A LT
Ze20 e naaEESisaaaEa TR -
18} ! EEEEEEEEEE NN : 02010
! i============n----= A O : 02012
14} NEA AN AN EEENEE RN NN NS EEEEEEEE =40 N=30
AN SN EEEEEEESEEEEEEEEEEEEEEEEN
- III=lIIIIIIIIIIIIIIIIIIIIIIIIII = 2014
! EEEgEEENEEEEEEENEEEEEEEEN
10F ! IIIIIIIIIIIIIIIIIIIIIIII-II
LN NN NN EEEEEE = 2016
6"ll====l-.l===.l-;l-i====“.. N=28 m 2018
I I=III==i=l=I=l===.._-20
2_ EEmm  mmmmm o T = 2020
E R 1]
5 6 10 14 18 22 26 30 34 38 42 46 50 54 58 62 66 70 74 78 82 86 90 04
N

[1] H. Hergert, A Guided Tour of ab initio Nuclear Many-Body Theory, 2020



ADb Initio Nuclear Structure

C H N EEEES
54} : H N EEEEE N l
[ 2020 ; | = =l= [ '
50F Z=50 -------- SE I - EEEE - -II-IIIII-I--I--I--I--I--'--I--I-l-l--l--l--l--
- : : H N EEE N
IT‘NCSM 46} N EEE E N
- P EEmEE =
42+ : N EEEEE :
Z=40 -------- T TT TR I'I.-l-l-l--l--l--l--I-l-.----------------: -----------------------
38 ; oSEEEHARES. o NAS '
- , EIENEEEEEEEY N N EEN B
{ MR_IMSRG ] 34}t -lll====llll= ll= H :
ENEEEEEEEEEEE
: -===============" :
30f : EEEENEE NN : N=82
N - Z=28 ---ccennnn-- . H ============lnnllnlinlllll.-l-.—-l--l--.-i-.--
26| N EnEESEEEEEEENSENSEEEEEENSEEEEEEEEEE =
! . AN NN EEENEENEEEEEEEESEEEEEEN
VS-IMSRG | of | o e s 1 o w e n s
P 2720 R ARRNEESEsaEaEEEASEmagaasaEE T
18} e e e e A P ' 02010
- SIEEEEEEIESRSEMEERRERRERRRmmILneae
Illllllllllll:llllllllll _40 N=50 02012
14} IIlllIlIIIIIIIIIIIIIIIIIIIIIIII
R R Natte = 2014
ADC ! EEEpEEEEEEEEEEENEE NN
10 llll:lllllIIIIIIIIIIIIII.II = 2016
WO
f “fEeeRERRSRSRAASRE,™CC N-28 = 2018
B+ W
ol ghimn_  CmEmEE - = 2020
il [1]
2 6 10 14 18 22 26 30 34 38 42 46 50 54 58 62 66 70 74 78 82 86 90 94

N

[1] H. Hergert, A Guided Tour of ab initio Nuclear Many-Body Theory, 2020



ADb Initio Nuclear Structure

L H N II.I.
54- : H n IIII= |
- 2020 : s ll= n :
50F Z=50 -------- I-llllllllllll -II-IIIII-I--I--I--I--I--'--I--I-l-l--l--l--l--
[IT-NCSM | 4 P | Lattice EFT |
- : : H EENEE N :
42} : " EEEEE :
Z=40 -------- l======- ------------ III-l-l-l--l--l--l--l--l--l----------------i -----------------------
38}  JEEEEESEEE  m ges
| MR-IMSRG | | T
Nz e B el ™~ = = ==
260 e
| VSIMSRG | of i ofEEHEHEEE. ...,
DR | | — | e P L]
ey A e 2010
o iGN, 2012
| = 2014
__Apc | o JERHEEEEEERE = 2016
of i N = 2018
e 0 = 2020
L [1]
2 6 10 14 18 22 26 30 34 38 42 46 50 54 58 62 66 70 74 78 82 86 90 94

N

[1] H. Hergert, A Guided Tour of ab initio Nuclear Many-Body Theory, 2020



ADb Initio Nuclear Structure

. 2020 é L
50F Z=50 -------- I-llllllllllll -II-IIIII-I--I--I--I--I--'--I--I-l-l--l--l--l--
[IT-NCSM |« P | Lattice EFT |
42 5 4ESRRRSr f
Z=40 -------- l======- ------------ I'II-l-l-l--l--l--l--I-l-i----------------i -----------------------
3| . oSEEEEEERE: SR :
| MRIMSRG | . il I _ ccsp |
S e L R R
261 - - -
- 2=20 '":""a==:::::.=.====='.";.';.';.'.".i..u...::H"““
L 02010
[ -============I=======-'"==='“ =40 N=50 02012
o .EEEEEEEEEEEEEE!EEEEEEEEEEEEEEE" m 2014
| ADC | tof | gt e = 2016
o SRR o = 2018
[ mEmm CmmmmET =20 = 2020
2==TI‘:-II- [1]
5 6 10 14 18 22 26 30 34 38 42 46 50 54 58 62 66 70 74 78 82 86 90 04
N

[1] H. Hergert, A Guided Tour of ab initio Nuclear Many-Body Theory, 2020



ADb Initio Nuclear Structure

" 2020 P i
[IT-NCSM |« o | Lattice EFT |
1 o i ,.. .......................

30k HEEHARERE AR N=82
N - Z=28 --cveenanannnn - ..==========l“lllnlillllllll-|-I—-l--l--.-|-|--
26} g --== AN EEEEEpEEEEEEEEEEE =========. n

A T e llIIllllIIlillIIll
18} ' EEEEEEEEEENEEEEEEENEEEEENEEEEE NN : 02010
! SlNEEEEEEENENRREEEEEEEERmmEREARMNNN - 2012
taf ~ phEaEEEEaaEsassaaaaasazzzamssm -0 N=50
ADC NEEAEEENNNEEEEESEENEEEEAEEREREE = 2014
10} | sEEEASEEEEEESSESSESEESEENEN
. IIIIIHIIIIIIIIII.IIIIIII: o 201 6
[ mEEEESEEEEEREEEEER "
[ EE." TammEEAR =20 = 2020
2tEmE- - -m-- - - EE

'--E alk IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII [1]

2 6 10 14 18 22 26 30 34 38 42 4 50 54 58 62 66 70 74 78 82 86 90 94
N

[1] H. Hergert, A Guided Tour of ab initio Nuclear Many-Body Theory, 2020



ADb Initio Nuclear Structure

" 2020 P i
[IT-NCSM |« o | Lattice EFT |
1 o i ,.. .......................

30k HEEHARERE AR N=82
N - Z=28 --cveenanannnn - ..==========l“lllnlillllllll-|-I—-l--l--.-|-|--
26} g --== AN EEEEEpEEEEEEEEEEE =========. n

: IIIIIIIIIIIIIIIII IIIIIIIIIII*IIIIII
18} ' EEEEEEEEEESEEEEEEENEEEN NN . 02010
, INEEEEEEEENEEEEEEEE SNNEEEEEEEEEEEE :
ol uiiisesssmesuSsEsssesssesssmEs N-40  N=50 02012
Besaissssseasssssssssssssssssss 82014
ADC o |  SEEsmEESSsEasSsemssmESE "
PR 52016 NQS
| wimagimssmsasssEay,
- mN§ O mmmmmmEs N=20 = 2020
olule e

'--E alk IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII [1]

2 6 10 14 18 22 26 30 34 38 42 4 50 54 58 62 66 70 74 78 82 86 90 94
N

[1] H. Hergert, A Guided Tour of ab initio Nuclear Many-Body Theory, 2020



The Quantum Many-Body Problem: NQS

« Goal: Solve for the wave function of an atomic nucleus, y

&




The Quantum Many-Body Problem: NQS

« Goal: Solve for the wave function of an atomic nucleus, y

&

« How? Rayleigh-Ritz variational principle

(WolH|g) -
(Wolg)

EGS |l/)9> — f |p) lp@(pl' D2, "')pN)dSNp




The Quantum Many-Body Problem: NQS

« Goal: Solve for the wave function of an atomic nucleus, y

&

« How? Rayleigh-Ritz variational principle

H
<lfl/9J|g|l/|Jl§>9> > EGS |l/)9> — f |p) lp@(pl' D2, - )pN)dSN

W(l), B

P+ w@ B2

° NQS Ansatz: l/)NQS(pl' P2, .-, DPa; 0) P2 Ynos(p; 0)

Pa 0= {w®, B(i)}ijzl



Why Neural Networks?

 NNs have “co power”: a neural network can approximate any continuous
function [2], [3].

[2] G. Cybenko, Approximation by superpositions of a sigmoidal function, 1989
[3] K. Hornik M. Stinchcombe, H. White, Multilayer feedforward networks are universal approximators, 1989



Why Neural Networks?

 NNs have “co power”: a neural network can approximate any continuous
function [2], [3].

« Space complexity: polynomial scaling of memory resources... possibly!

om? / o)

O(Vn)

O(log n)

Input (number)

[2] G. Cybenko, Approximation by superpositions of a sigmoidal function, 1989
[3] K. Hornik M. Stinchcombe, H. White, Multilayer feedforward networks are universal approximators, 1989



Live Neural-Network Training

“ N3LO interaction

Deuteron

‘ [¥rgs ()
‘ [¥gs(@))

\

Npiq = 20 neurons

J. Keeble & A. Rios, Machine Learning the Deuteron, 2020
J. Keeble & A. Rios & J. Rozalén Sarmiento, 2024



Live Neural-Network Training
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https://drive.google.com/file/d/1dp7mmc6PqRmM3xKPWRMJ8oGrtnPDFcRU/view?usp=drive_link
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Physical properties in NNs

« Particle exchange symmetry

l/J(Xl,XZ, ""xN) = il/)(XZJle ...,XN)

« Spherical symmetry

(X)) = P(RX)

 Time-reversal symmetry

Y(x,0) = Y(T(%,0))
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« 1D Harmonic Oscillator = | _— AT
1 1
H= 5\72 + Emwzx2
= [A,P] = 0, P parity o2, g ' -



Symmetries in Quantum Mechanics

« 1D Harmonic Oscillator a5 oy
ﬁ:_72+_ 2.2 {
2 2 WX . Y gy~ <=mn )
‘;(‘0\,..~ .__,.,/ -
= |H,P| =0, P parity o2 ~ - | X
e ————— .
[« Hydrogen Atom (Coulomb) - 3 \
YAAY: 1 -
g _h_z o2 _ Z_ez Y100, 6, 9) = <a_0> 2rexp(—Zr/ay) X ’E
2u r Ynim < 3
Z \? 3
= []:]\,L ] = [ﬁ, f;] =0 . Y110(r, 0, ) = (a_o> 2rexp(—Zr/ag) X /ECOSQ
N S
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Group theory (in a nutshell)

Group
G={9191,9.€G=>g, -9, =93 E G}

2NN

Linear Representation

r € S0(2) - D(ry) = ( sin@ cos 9)

—sin@ cos@

Tg © Ty =Tt = D(TQ)D(T(p) = D(r9+¢)

[

Irreducible Representation (irrep) \
D(g) = d,(g) D d,(g9) D - D dn(9)
0 du9)
_(sin@ cosf) _ e® 0
D(re) = (—sin@ cos 9) ( 0 e‘ifp) /'

.
- —



Group theory (in a nutshell)

(

’ L]
*

Group
G={9191,9.€G=>g, -9, =93 E G}

2NN

Linear Representation

r € S0(2) - D(ry) = ( sin@ cos 9)

—sin@ cos@

Tg © Ty =Tt = D(TQ)D(T(p) = D(r9+(p)

.\.

« Irreducible Representation (irrep)

D(g) =d,(g) ® d,(g) b - D d,(9)

0 )
d,(9)

). ] <68¢ . )

d1§g)
o

__( sinf@ cos@
D(re)_(—sine cos 6

.
- —

« Schur’s Lemma

d,(g) irrep, H operator,

di(g)H = Hd,(g)

EJd o 0
= H = E[LEnumber g _|[ : -

0 - E,l
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Convolution is all you need

, — S —
|
|
|

* Group Equivariance « Group convolution

)
I

Y IS equivariant / covariant under G if: | - W * x)(g) = z YD Hg)x(w)
]

W(D(g)x) = D'(9)p(x) | & |




Convolution is all you need

— / N

( * Group Equivariance \ « Group convolution

| |

i Y IS equivariant / covariant under G if: | [g] - W * 1)(g) = z WD) g)y(w)

'\ P(D(g)x) = D'(gp(x) J - uee .
i \ . ./

[4] T S Cohen and M Welling, Group Equivariant Convolutional Networks (2016)
[5] T S Cohen and M Welling, Steerable CNNs (2016)

[6] R Kondor and S Trivedi, On the Generalization of Equivariance and Convolution in Neural Networks to the Action of Compact Groups (2018)



Convolution is all you need

— /\
.( * Group Equivariance \ « Group convolution
I | '
i Y IS equivariant / covariant under G if: | [i] - (w*X)(g)=zl/J(D(u_1)g)X(u)
'\ P(D(g)x) = D'(gp(x) J - uee .
AT AT AT
&—
: G-Conv » (G-Conv --- | G-Conv —»@

[4] T S Cohen and M Welling, Group Equivariant Convolutional Networks (2016)
[5] T S Cohen and M Welling, Steerable CNNs (2016)

[6] R Kondor and S Trivedi, On the Generalization of Equivariance and Convolution in Neural Networks to the Action of Compact Groups (2018)



Re-thinking previous work...

Intuition * Intuition
¢NQs(x) = PN (x) £ Yn(—x) Yi(x1) Yo(x1) Y3(xq1)
. Ungs(x1, X2, x3) = |P1(x2)  Ya(xz) Ps(xz)
Group convolution P1(x3) Pa(x3) Ps(x3)
Irreps of /22 . Group convolution
Dt(e) = (1), D'(a) =) (Trivial rep) : ) Z e 2 Y (20)
X, — —1)n(o
D3(e) =(1), D%(a)=(-1) (Sign rep) Viigsi, %2, %3 OESN Pttt pale)

Yo (x) =) + P(—x) o — “Alternating representation of Sy”
{1/)— () = P(x) = P(=x)

10



Toy exemple: G = Sy

[ N = 2 fermions, 1D HO ]

e k = 25 channels

Neural network

n=3
n=2
n=1

n=0

. |G| =2

« L =1layer

\ / X1
\ / 1/JNQS(XL?CZ)
®
\ o/ *2
® () ~1y (%1
> CUTOW@DE™ (1)
OESN
Loss evolution
ok \ —— Loss
---- Exact
8-
7-
Qor
3.
st
4l + Exact
o Ungs
3t K
2-_I_ _____ 1 1 1 1 1 -
0 2000 4000 G000 2000 10000

Epochs



Conclusions and future outlook

« What about continuous groups (SU(2))?

EXPSPACE
7

EXPTIME
?

PSPACE

« Compute whole nuclear spectrum “at once” Energy

« What is the computational cost?

Excited states

- Ground state
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