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CONFIGURATION-INTERACTION METHODS
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Quantum states of physical interest have distinctive features and intrinsic structures

Credit: G. Carleo
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NEURAL-NETWORK QUANTUM STATES
NQS are now widely and successfully applied to study condensed-matter systems
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WAVE FUNCTION OPTIMIZATION
ANN trained by performing an imaginary-time evolution in the variational manifold
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The parameters are updated as

S. Sorella, Phys. Rev. B 64, 024512 (2001)
J. Stokes, at al.,  Quantum 4, 269 (2020).
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Nucleons are fermions 

;
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Slater-Jastrow ansatz 
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NEURAL-NETWORK QUANTUM STATES
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The nodal structure is improved with neural back-flow transformations <latexit sha1_base64="G1beph7PBF36GRZq8Bk4B5KdhNI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1lw47KCrYWmlMn0ph06mYSZiVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU37vF+tuXV3BrJMvILUoECzX/3yBzFLI5SGCap113MT08uoMpwJnFb8VGNC2ZgOsWuppBHqXjbLPCUnVhmQMFb2SUNm6u+NjEZaT6LATuYZ9aKXi/953dSE172MyyQ1KNn8UJgKYmKSF0AGXCEzYmIJZYrbrISNqKLM2JoqtgRv8cvLpH1W9y7rF3fntYZb1FGGIziGU/DgChpwC01oAYMEnuEV3pzUeXHenY/5aMkpdg7hD5zPH30WkfA=</latexit>xi

<latexit sha1_base64="cCV+xE9bYJ98Z0xtcmkQiOQmmBs=">AAACEHicbVC7TsMwFHXKq5RXgJHFokKUpUoQL4mlEgtjkehDaqLIcZ3W1HGC7SCqKJ/Awq+wMIAQKyMbf4PTdigtR7J0fM69uvceP2ZUKsv6MQoLi0vLK8XV0tr6xuaWub3TlFEiMGngiEWi7SNJGOWkoahipB0LgkKfkZY/uMr91gMRkkb8Vg1j4oaox2lAMVJa8sxDJ+7TihMi1feD9DHz6OXUJ71zOLmHNDvyzLJVtUaA88SekDKYoO6Z3043wklIuMIMSdmxrVi5KRKKYkaykpNIEiM8QD3S0ZSjkEg3HR2UwQOtdGEQCf24giN1uiNFoZTD0NeV+bJy1svF/7xOooILN6U8ThTheDwoSBhUEczTgV0qCFZsqAnCgupdIe4jgbDSGZZ0CPbsyfOkeVy1z6qnNyflmjWJowj2wD6oABucgxq4BnXQABg8gRfwBt6NZ+PV+DA+x6UFY9KzC/7A+PoFjwadgA==</latexit>

�(xi;xj 6=i)

NEURAL BACKFLOW CORRELATIONS
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HOMOGENOUS ELECTRON GAS
We develop translation invariant NQS to study the Homogeneous Electron Gas. 
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HOMOGENOUS ELECTRON GAS
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III. RESULTS AND DISCUSSION

We test our variational Ansatz for the fully spin-
polarized and unpolarized electron gas, in di↵erent den-
sity regimes rs 2 [1, 100], and up to system sizes of
N = 128 electrons. We benchmark our ground-state
energies against a variety of methods. For large densi-
ties the reference results are obtained using transcorre-
lation augmented full configuration interaction method
(FCI) and distinguishable clusters with doubles (DCD)
method [34], both commonly used in quantum chem-
istry. At low densities, state-of-the art results are ob-
tained using Di↵usion Monte Carlo (DMC) with back-
flow (BF-DMC) [50, 51]. As mentioned above, compet-
itive results from currently available NQS architectures
– FermiNet [23] and WAPNet [22] (which uses modified
FermiNet-layers) – are available only for small system
sizes N 2 {14, 19}. For N = 128 electrons, we investi-
gate the low-density regime at rs = 110, 200, and com-
pare to fixed-node DMC (FN-DMC) results, obtained as
described in Appendix D.

FN-DMC is also used to assess the e↵ect of our back-
flow transformation on the nodal surface (dictated by the
choice of orbitals) for N 2 {27, 54} particles. We use an
energy of 1 mHa per particle (chemical accuracy) to judge
the significance of energy di↵erences between the di↵er-
ent methods. A full overview of our results, as well as all
benchmarks for the di↵erent system sizes and densities,
is provided in Tables I, II, III for the spin-unpolarized
case, and Tables IV, V for the spin-polarized case (see
Appendix E).

A. Small systems

The results for small system sizes N 2 {14, 19} are
depicted in the top panel of Figure 2. For N = 14
FCI can be used up to densities of rs = 5 and delivers
the lowest available ground-state energy for the HEG.
The energy di↵erence between our Ansatz and the FCI
results is lower than 1 mHa per particle, though the
computational cost of the FCI method scales exponen-
tially with system size. Other NQS architectures perform
comparably to the MP-NQS. The unrestricted version
of FermiNet performs slightly better (O

�
10�5

�
Ha/N)

than both the MP-NQS and WAPNet for rs  2, while
the MP-NQS and WAPNet improve over FermiNet for
rs = 5. The restricted version of FermiNet yields worse
ground-state energies than the MP-NQS over all probed
densities [23]. For rs � 5, where FCI is intractable, we
compare our results to the ones obtained with WAP-
Net and DCD. We find that our architecture slightly
outperforms WAPNet for all of the reported densities.
Furthermore, both neural-network-based methods out-
perform the DCD method. Nevertheless, all results lie
within a range of 1 mHa per particle. A similar pattern
is visible for the slightly larger, polarized case of N = 19
particles: the MP-NQS obtains slightly higher energies

than WAPNet for large densities (rs  5) and slightly
lower ones at smaller densities (rs � 5). The di↵erences
are lower than 1 mHa per particle in all cases and can be
considered negligible.
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Figure 2. Energy di↵erences between ground-state energies
obtained with other methods and with our model relative to
the corresponding Hartree Fock energy in the thermodynamic
limit for various densities, polarizations, and system sizes.
(Top panel) N = 14, 19, (Bottom panel): N = 54 particles.
Error bars are too small to be visible for most densities. The
corresponding numerical data can be found in Appendix E.

B. Large systems

For the larger system size of N = 54 particles, we can
only compare with FCI at high density rs = 1, where
our method achieves the same level of accuracy. As the
system size increases, the di↵erence between our results
and FCI decreases, with the two methods yielding statis-
tically indistinguishable results for N = 54.

We obtain significantly better ground-state energies
than BF-DMC, especially at high densities. This is in
stark contrast to the (FermiNet-based) architecture of
[27] (dubbed LiNet in the following), which does not
improve upon BF-DMC energies over the whole den-
sity regime (see Figure 2, bottom panel). Comparison
to DCD data shows that the MP-NQS can consistently
improve the ground-state energies for all examined den-
sities, with energy di↵erences exceeding 1 mHa per par-
ticle. This indicates that while the accuracy of DCD de-
creases with increasing system size, our method appears
to maintain its accuracy independent of system size. As
expected, we reach higher accuracy compared to FN-
DMC due to the optimization of the nodal surface. The
di↵erence is ⇠ 1 mHa per particle at the largest density
but decreases with decreasing density because the nodal
surface does not contribute as much to the ground-state
energy in this regime. Similar behavior is seen for the

6

BF-DMC results on the same system size as well as for
the FN-DMC results on N = 27 particles. The results
on the N = 54 unpolarized system exemplify the accu-
racy of our variational Ansatz, which does not depend
significantly on the system size or density.

C. Wigner Crystallization

A phase transition from liquid to crystalline phase is
expected for the HEG, as a function of the density n.
The dominating kinetic energy in Eq. (14) (⇠ 1/r2

s
) for

large n, leads to the well-known Fermi liquid behavior.
Contrary for small n, the potential energy (⇠ 1/rs) domi-
nates and enforces a crystalline structure among the elec-
trons known as the Wigner crystal. The Wigner crystal,
expected to be of BCC type [52], is translation invariant,
and the resulting crystal structure is therefore called a
floating crystal. The latter is characterized by a homo-
geneous single-particle density distribution and a crys-
talline two-body radial distribution function.

In previous QMC simulations of the Wigner crystal
phase (e.g. in the works of Refs. [23, 35, 53]), the tran-
sition is investigated using a variational Ansatz that ex-
plicitly breaks translation symmetry. As a result, these
works find a pinned BCC lattice rather than the trans-
lation invariant version. The pinned crystal is addition-
ally induced by using Gaussian orbitals centered around
BCC lattice sites, a primitive BCC simulation cell, or
both. Detection of the translation invariant transition,
without any biasing towards a BCC structure, has not
been realized up to now, to the best of our knowledge.

We use here the MP-NQS as an unbiased, translation
invariant variational Ansatz to investigate the transition
in a conventional BCC cell i.e. a simple cubic simulation
cell. We study system sizes of N = 54, 128 particles at
rs = 5, 110, 200. The resulting radial distribution func-
tions for N = 54, 128 particles are displayed in Figure 3,
4, respectively. At high densities (rs = 5), we obtain typ-
ical Fermi liquid behavior. Interactions cause the g2(r)
exchange hole to drop from 0.5 predicted by Hartree-
Fock, to below 0.1. No correlations are found between
particles at large distances (indicated by g2(r) = 1).
With decreasing density (rs = 110), the finite g2(0) van-
ishes, as the potential energy forces particles apart. For
rs = 110 and N = 54 particles, we observe a slight de-
parture of the radial distribution w.r.t. an unpolarized
fluid in the first maximum [53]. For larger distances, we
again reproduce the fluid benchmark. While this could
be seen as the formation of a crystalline structure, scaling
to a larger system size of N = 128 particles reveals a fi-
nite size e↵ect as putative long-range correlations decay
rapidly for increasing distances. The FN-DMC results
also support this finding. We therefore conclude that we
do not observe the translation invariant Wigner crystal
phase at rs = 110. For even lower densities (rs = 200)
we observe increasing oscillations up to larger distances.
Compared to radial distribution functions obtained using

(translation invariance breaking) Gaussian orbitals, the
oscillations that we observe decay slightly faster.
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Figure 3. Spin-averaged radial distribution function for the
HEG system with N = 54 particles at low densities (rs =
5, 110, 200). The error bars are smaller than the symbols.
The unpolarized fluid is obtained from [53] for rs = 110.
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Figure 4. Spin-averaged radial distribution function for the
HEG system with N = 128 particles at low densities (rs =
110, 200). The error bars are smaller than the symbols. The
unpolarized fluid is obtained from [53] for rs = 110.

IV. CONCLUSIONS

We have introduced a novel NQS architecture that uses
message-passing neural networks to build highly corre-
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We model the 3D unpolarized gas of fermions with the Hamiltonian

• Modified Pöschl-Teller potential between 
opposite-spin particles
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We introduce a Pfaffian-Jastrow ansatz

In order for the above matrix to be skew-symmetric, the neural pairing orbitals are taken to be
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Figure 3. Ground-state energies per particle for unpolarized
systems as a function of the number of particles, at unitarity
1/akF = 0. The effective range is fixed at kF re = 0.2.

One of the most appealing aspects of our PJ-BF ansatz is
that it does not depend on the particle number N. In light of
this, we can apply the transfer learning procedure again to
accelerate the training of the larger N cases by starting with
the parameters obtained from the smaller N cases. We use this
process to investigate the ground-state energies at unitarity
as a function of N, as shown in Figure 3. Our PJ-BF ansatz
gives energies about 0.007�0.008EFG lower than DMC for
all values of N tested, with the largest discrepancy at N = 38.
Further investigations will be required to make conclusions
about the thermodynamic limit.

As an initial comparison with existing AFQMC results,
we consider the case of N = 38 and kF re = 0.2. Our PJ-BF
ansatz yields ground-state energies 0.0061(5)EFG higher than
the AFQMC value of 0.3897(4)EFG that we extracted from
Fig. 2 of Ref.8. A portion of this discrepancy is likely due to
using different finite effective-range potentials52; discretiza-
tion effects present in AFQMC also contribute. In addition,
refinement of our network through hyperparameter tuning
could mitigate some of these discrepancies. In future work

N DMC-BCS PJ-BF Diff.
14 0.428(1) 0.4208(3) -0.007(1)
16 0.4240(2) 0.4173(4) -0.0067(4)
18 0.4206(2) 0.4139(3) -0.0067(4)
22 0.4150(2) 0.4084(3) -0.0066(4)
26 0.4109(3) 0.4038(3) -0.0071(4)
32 0.4067(3) 0.3989(3) -0.0078(4)
38 0.404(1) 0.3958(3) -0.008(1)

Table 2. Energies per particle for unpolarized systems with
different numbers of particles at kF re = 0.2.

Figure 4. Upper panel: Energy per particle in the BCS-BEC
crossover region as a function of the scattering length a for a
fixed effective range kF re = 0.2. Lower panel: Difference
between Pfaffian-Jastrow with backflow (PJ-BF) and
DMC-BCS benchmark energies. See Table 3 for the
corresponding values of v0 and µ .

we plan to carry out detailed benchmarks with the AFQMC.
To this aim, we will carefully extrapolate to the zero effective
range using the transfer learning technique outlined here, so
as to enable comparison with the AFQMC zero lattice spacing
limit.

Finally, we explore the BCS-BEC crossover region for a
fixed effective range kF re = 0.2 in Fig. 4. See Table 3 for the
values of the interaction parameters v0 and µ , as well as the
corresponding DMC-BCS benchmarks and the PJ-BF results.
Once again, we employ transfer learning, wherein we use
cases closer to unitarity to pretrain the cases that are further
away. In the BCS regime, our PJ-BF ansatz consistently yields
energies ⇠ 0.01EFG lower than those obtained from DMC-
BCS, albeit with slightly inferior performance in the BEC
regime. We attribute the minor difference in performance
of our PJ-BF ansatz between the BCS and BEC phases to
the requirement for greater flexibility in capturing the short-
range behavior of pairs in the BEC regime. We anticipate that
enlarging the size of the FNN that defines the pairing orbital
would help alleviate the small discrepancies in performance
observed between the BCS and BEC phases.

2.4 Pair distribution functions

The spin-dependent two-body radial distribution functions
capture the probability density of finding two particles with
specific spin orientations at a given separation distance.
Hence, they provide a quantitative description of the spatial
correlations and pairing phenomena between fermionic parti-
cles. Note that NQS offer a significant advantage over DMC
methods when computing expectation values of quantum me-
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Incorporating backflow correlations into the Slater-Jastrow
ansatz (SJ-BF) significantly improves results compared to the
fixed-node approach with plane waves, but more than half
of the discrepancy between the two DMC energies remains.
Our SJ-BF ansatz presents a weak dependence on the MPNN
depth T in Fig. 1, suggesting it is unlikely that further increas-
ing T would yield substantial improvements in energy. Other
changes in the structure, such as increasing the number of
nodes in a given hidden layer or increasing the depth of the
individual FNNs comprising the MPNN, could theoretically
provide more flexibility to the SJ-BF ansatz. However, it
is commonly observed that achieving high accuracy using a
generalized Slater determinant often requires the use of multi-
ple Slater determinants17 or hidden degrees of freedom25, 30.
In extreme cases, an entirely different ansatz may become
necessary, like the generalized Pfaffian we study here.

Therefore, we turn our attention to our Pfaffian-Jastrow-
Backflow (PJ-BF) ansatz. Even with a single MPNN layer, the
PJ-BF ansatz easily outperforms DMC-BCS while also pos-
sessing fewer parameters than the single-layer SJ-BF ansatz
(⇠5600 v.s. ⇠6200). For reference, the analytical expres-
sions for the number of parameters in each NQS are listed
in Table 6, along with the specific numbers of parameters
involved in this work. The overall dependence on the MPNN
depth is weak, with T = 2 giving a slightly lower energy and
variance than T = 5. For the remainder of our analysis, we
will use the PJ-BF ansatz with T = 2, which contains about
8500 variational parameters. In this initial investigation, we
have employed the same Jastrow correlator in all of our NQS
to ensure a fair comparison between the different architec-
tures. Our future research will explore whether the Jastrow
component is essential or if we can exclusively rely on the
generalized Pfaffian.

Given that the unitary limit is characterized by a vanishing
effective range, we examine how the ground-state energy
varies with re in Fig. 2. To expedite and stabilize the training
process for smaller values of re, we employ a technique called
transfer learning. Initially, we train the PJ-BF ansatz with
T = 2 using random initial parameters for kF re = 0.4, which
corresponds to approximately 21% of the average interparticle
distance. We then fine-tune this model as we progressively
reduce kF re to 0.2, 0.1, and finally, 0.05. With each decrease,

µ kF re DMC-BCS PJ-BF Diff.
5 0.4 0.446(1) 0.4366(3) -0.009(1)
10 0.2 0.428(1) 0.4208(3) -0.007(1)
20 0.1 0.418(1) 0.4131(8) -0.005(1)
40 0.05 0.412(1) 0.408(1) -0.004(1)
• 0.0 0.406(2)⇤ 0.404(1)⇤ -0.002(2)

Table 1. Energies per particle and their differences, in units
of EFG, for various values of µ and the corresponding values
of re. The values with asterisks (⇤) are extrapolations from the
quadratic fits shown in Fig. 2. The parameter v0 = 1 is fixed.

Figure 2. Ground-state energies per particle as a function of
the effective range. The DMC-BCS benchmark energies
(blue circles) and the Pfaffian-Jastrow with backflow (PJ-BF)
energies (orange triangles) are extrapolated to zero effective
range using quadratic fits (dashed lines). The shaded regions
are the error bands for the DMC-BCS and PJ-BF energies.

the wave function becomes increasingly more challenging to
learn.

The PJ-BF ansatz gives energies approximately
0.004EFG � 0.009EFG lower than DMC-BCS, with the
largest differences occurring for the largest values of kF re.
This behavior is somewhat expected, as the DMC calculations
rely on the nodes of the geminal wave function, which
only considers contributions from the singlet channel. For
small values of kF re, this is a reasonable assumption to
make, but the effects of the approximation are more apparent
for larger values. Extrapolating to zero effective range
using quadratic fits (see Table 1) suggests that PJ-BF and
DMC-BCS energies might eventually converge or at least
approach each other, mainly due to the dominance of s-wave
contributions. However, in our Pfaffian ansatz, we do not
make any assumptions about the character of the pairs. The
Pfaffian is a strict generalization of the geminal, and when
it is coupled with a fully-trainable pairing orbital, it is able
to capture both singlet and triplet contributions without
guidance. The true flexibility of our method originates
from the ability to include completely generalized backflow
correlations while remaining sign-problem free. Even if
backflow correlations are included in the starting variational
wave function for the DMC calculations, the fixed-node
approximation and the underlying biases inherent to the
variational ansatz would limit the final converged energy.
As a result, we anticipate that our ansatz will outperform
DMC at even smaller effective ranges than those explored in
this work, although it will likely require fine-tuning of the
network structure.
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Figure 1: ANN architecture used in this work. The input is a single
value of momentum, q, and the wavefunctions are modelled in terms
of a minimal single-layer network. In the example above, the number
of hidden nodes is Nhid = 4. The ANN has two outputs, one for the
S and one for the D state.

2. Methods

Our solution for the deuteron is variational. We set
up a minimal trial wavefunction. Our ANN has a single
input node: a value of relative momentum, q, between the
neutron and the proton in the deuteron. The ANN has
two output nodes, one for the L = 0 (S) and one for the
L = 2 (D) state. In between, we set up a single layer
with Nhid hidden nodes. The architecture of the network
is shown in Fig. 1, which translates mathematically into a
wavefunction ansatz

 
L
ANN(q) =

NhidX

i=1

W(2)
i,L �

⇣
W(1)

i q + bi

⌘
, (1)

where �(x) represents a non-linear activation function.
The weights W(1) connect the input relative momentum,
q, to a hidden layer, whereas W(2) connects the hidden
layer to the two outputs. We also use a bias between the
input and the hidden layer, b. We use bold notation W(1)

to denote the full weight (or bias) vectors, as opposed to

the vector components W(1)
i . The concatenation of all

weights and biases is denoted by W =
�
b,W(1)

,W(2)
 
.

For a given number of hidden layer nodes Nhid, there are a
total of 4Nhid parameters in the trial ANN wavefunction.

We use both a sigmoid and a softplus activation func-
tion �(x) in our ansatz. The two functions are continu-
ous and di↵erentiable, and softplus is less prone to be af-
fected by the vanishing gradient problem [26]. The output
layer is a weighted linear sum of the values of the hidden
nodes, and provides arbitrary admixtures of the S� and
D� states,  L=0,2

ANN . Dedicating a single layer to each of
the two states would result in an increase of the number
of parameters, departing from the minimal spirit of our
approach.

The parameters W are used as variational parameters
in a minimisation problem for the energy,

E
W =

⌦
 W

ANN
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ANN
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 W

ANN

��  W
ANN
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We solve the problem explicitly in momentum space [27,
28, 29]. This is unlike previous VANN applications [19,
20, 21, 22], but helpful for three practical reasons. First,
in momentum space the kinetic term in the Hamiltonian
of Eq. (2) is a continuous function. In contrast, in real
space, the kinetic term would involve numerically costly
derivatives on the ANN wavefunctions. Second, for the
deuteron, the separation between centre-of-mass and rel-
ative motion can be implemented straightforwardly. The
centre-of-mass coordinate can be ignored and the problem
is solved as an e↵ective one-body Schrödinger equation
in relative momentum, q. Third, a momentum space ap-
proach allows us to employ directly the numerical routines
associated to the N3LO Entem-Machleidt nucleon-nucleon
force, our interaction of choice [30]. We have tested the
method with other momentum-space potentials, and have
found similar levels of agreement with the corresponding
benchmarks.

We use the same momentum quadrature in all our in-
tegrals. In the many-body case, these integrals may be
more e�ciently performed using Monte Carlo techniques
[19]. For the one-dimensional integrals associated to the
deuteron, we estimate that a large number of Monte Carlo
samples of order > 105 is needed to get an accurate pre-
diction for the binding energy. We instead use Nk = 64
points in a Gauss-Legendre quadrature, and use a tangen-
tial change of variables to extend the integration range
from 0 to kmax = 500 fm�1. This approach provides a
dense mesh at low momenta, while sparsely covering the
high-momentum region (only 7 mesh points lie beyond
k = 5 fm�1). We use the same quadrature to solve the
exact ground state eigenvalue problem, to set a bench-
mark for the VANN solution and find an “exact” ground
state energy, EGS = �2.2267 MeV.

The choice of a continuous momentum basis, as op-
posed to a discrete basis, is further motivated by an im-
portant result on ANNs. The Universal Approximation
Theorem guarantees that a network with a single layer
provides a faithful representation of any continuous func-
tion within a given domain, provided Nhid is large enough
[31, 32]. In this sense, working in continuous momentum
space, rather than in a discrete basis, may be advanta-
geous. One naively expects that ANNs should mimic the
shape of any wavefunction, if given enough hidden nodes to
do so. We note that perfect agreement between input and
output is likely to require a local cost function, to penalise
di↵erences throughout momentum space. This is not nec-
essarily the case here, where we use a global (integrated)
energy cost function.

We solve the variational problem in three di↵erent steps,
implemented using the ready-made PyTorch framework
[33]. First, we initialise the network using random weight
values. We sample from uniform distributions withW(1) 2
[�1, 0), b 2 [�1, 1) and W(2) 2 [0, 1). This di↵ers from
the traditional Xavier initialisation scheme, which has a
poor performance in this problem [34]. After this random
initialisation, the wavefunctions are featureless and have

2

Figure 2: Deuteron binding energy as a function of iteration number
for a network with Nhid = 10 and a softplus activation function. The
energy cost function is minimised using RMSprop (see Appendix A
for details).

no bearing to physical ones. In a second step, we therefore
follow Ref. [19] and train the ANN to reproduce physically
inspired, but arbitrary, target wavefunctions for each of the

two states. We use a functional form  
L
targ(q) / q

L
e
� ⇠2q2

2

with ⇠ = 1.5 fm, which provides target wavefunctions with
momentum space widths which are similar to the exact so-
lutions.

We train the ANN wavefunction to match the target
wavefunction in a supervised manner. The cost function,
C = CS + CD, is the sum of the individual contributions
for each state, CL = (KL � 1)2, where we introduce the
overlap
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The RMSprop scheme is used to minimise C for 105 itera-
tions [14, 35]. We provide more details about this scheme
in Appendix A, and list here only the relevant hyperpa-
rameters: ↵ = 10�2, � = 0.9 and ✏ = 10�8. The network
calculates an unnormalised wavefunction for each partial
wave. In the minimisation algorithm, the wavefunction
normalization constants divide the learning rates. Be-
cause these normalization constants are typically larger
than one, unnormalized wavefunctions e↵ectively reduce
the learning rate during the minimisation process, allow-
ing for a relatively large value of ↵. After this initial train-
ing step, the resulting overlap is within 1� 5% of the de-
sired value of KL = 1. The admixture of the S� and the
D�states is deliberately chosen to have an unphysically
large value of 50%.

The third and final step is the actual variational en-
ergy minimisation. We let the network evolve to readjust
the wavefunctions while minimising the energy. The initial
large admixture between the two states does not hinder the
convergence of the VANN. We use RMSprop again to min-
imise the energy cost function in Eq. (2), with the same hy-
perparameter set discussed above. A typical energy min-

Figure 3: Binding energy of the deuteron (top panel), fidelities
FL (central) and D�state probability (bottom) as a function of the
number of hidden layer nodes, Nhid. Lines (bands) are obtained
from the average (standard deviation) of 50 independent VANN runs.
Horizontal (dashed) lines show the benchmark result.

imisation curve for the case with Nhid = 10 and a softplus
activation function is shown in Fig. 2. Within the first few
thousands of iterations (not shown in the Figure for clar-
ity), the descent is fast and smooth and the network is able
to bind the deuteron. After about 10, 000 iterations, fluc-
tuations appear. This allows for the energy to be overshot
at times, but the minimisation algorithm eventually cor-
rects for that. At 50, 000 iterations, the binding energy is
already within 10% of the benchmark value (dashed line).
We stop our runs at 250, 000 iterations, where the binding
energy is converged within fluctuations of the order of 2�3
keV.

3. Results

We explore the bias and variance of our minimal VANN
model, particularly the out-of-sample error, in two di↵er-
ent ways. First, we change the number of hidden layer
nodes from Nhid = 2 to 20, in steps of 2. An extended dis-
cussion up to Nhid = 100 is presented in Appendix B. This
provides an idea of how model predictions change with an
increase in the number of variational parameters. Second,
we initialise the model, train it to target wavefunctions
and minimise the energy with 50 di↵erent random seed
configurations. The results shown here are obtained as
the means and standard deviations of these 50 individual
runs. This helps identify weight initialisation e↵ects.
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Figure 1: ANN architecture used in this work. The input is a single
value of momentum, q, and the wavefunctions are modelled in terms
of a minimal single-layer network. In the example above, the number
of hidden nodes is Nhid = 4. The ANN has two outputs, one for the
S and one for the D state.

2. Methods

Our solution for the deuteron is variational. We set
up a minimal trial wavefunction. Our ANN has a single
input node: a value of relative momentum, q, between the
neutron and the proton in the deuteron. The ANN has
two output nodes, one for the L = 0 (S) and one for the
L = 2 (D) state. In between, we set up a single layer
with Nhid hidden nodes. The architecture of the network
is shown in Fig. 1, which translates mathematically into a
wavefunction ansatz

 
L
ANN(q) =

NhidX

i=1

W(2)
i,L �

⇣
W(1)

i q + bi

⌘
, (1)

where �(x) represents a non-linear activation function.
The weights W(1) connect the input relative momentum,
q, to a hidden layer, whereas W(2) connects the hidden
layer to the two outputs. We also use a bias between the
input and the hidden layer, b. We use bold notation W(1)

to denote the full weight (or bias) vectors, as opposed to

the vector components W(1)
i . The concatenation of all

weights and biases is denoted by W =
�
b,W(1)

,W(2)
 
.

For a given number of hidden layer nodes Nhid, there are a
total of 4Nhid parameters in the trial ANN wavefunction.

We use both a sigmoid and a softplus activation func-
tion �(x) in our ansatz. The two functions are continu-
ous and di↵erentiable, and softplus is less prone to be af-
fected by the vanishing gradient problem [26]. The output
layer is a weighted linear sum of the values of the hidden
nodes, and provides arbitrary admixtures of the S� and
D� states,  L=0,2

ANN . Dedicating a single layer to each of
the two states would result in an increase of the number
of parameters, departing from the minimal spirit of our
approach.

The parameters W are used as variational parameters
in a minimisation problem for the energy,

E
W =

⌦
 W

ANN

�� Ĥ
�� W

ANN

↵
⌦
 W

ANN

��  W
ANN

↵ . (2)

We solve the problem explicitly in momentum space [27,
28, 29]. This is unlike previous VANN applications [19,
20, 21, 22], but helpful for three practical reasons. First,
in momentum space the kinetic term in the Hamiltonian
of Eq. (2) is a continuous function. In contrast, in real
space, the kinetic term would involve numerically costly
derivatives on the ANN wavefunctions. Second, for the
deuteron, the separation between centre-of-mass and rel-
ative motion can be implemented straightforwardly. The
centre-of-mass coordinate can be ignored and the problem
is solved as an e↵ective one-body Schrödinger equation
in relative momentum, q. Third, a momentum space ap-
proach allows us to employ directly the numerical routines
associated to the N3LO Entem-Machleidt nucleon-nucleon
force, our interaction of choice [30]. We have tested the
method with other momentum-space potentials, and have
found similar levels of agreement with the corresponding
benchmarks.

We use the same momentum quadrature in all our in-
tegrals. In the many-body case, these integrals may be
more e�ciently performed using Monte Carlo techniques
[19]. For the one-dimensional integrals associated to the
deuteron, we estimate that a large number of Monte Carlo
samples of order > 105 is needed to get an accurate pre-
diction for the binding energy. We instead use Nk = 64
points in a Gauss-Legendre quadrature, and use a tangen-
tial change of variables to extend the integration range
from 0 to kmax = 500 fm�1. This approach provides a
dense mesh at low momenta, while sparsely covering the
high-momentum region (only 7 mesh points lie beyond
k = 5 fm�1). We use the same quadrature to solve the
exact ground state eigenvalue problem, to set a bench-
mark for the VANN solution and find an “exact” ground
state energy, EGS = �2.2267 MeV.

The choice of a continuous momentum basis, as op-
posed to a discrete basis, is further motivated by an im-
portant result on ANNs. The Universal Approximation
Theorem guarantees that a network with a single layer
provides a faithful representation of any continuous func-
tion within a given domain, provided Nhid is large enough
[31, 32]. In this sense, working in continuous momentum
space, rather than in a discrete basis, may be advanta-
geous. One naively expects that ANNs should mimic the
shape of any wavefunction, if given enough hidden nodes to
do so. We note that perfect agreement between input and
output is likely to require a local cost function, to penalise
di↵erences throughout momentum space. This is not nec-
essarily the case here, where we use a global (integrated)
energy cost function.

We solve the variational problem in three di↵erent steps,
implemented using the ready-made PyTorch framework
[33]. First, we initialise the network using random weight
values. We sample from uniform distributions withW(1) 2
[�1, 0), b 2 [�1, 1) and W(2) 2 [0, 1). This di↵ers from
the traditional Xavier initialisation scheme, which has a
poor performance in this problem [34]. After this random
initialisation, the wavefunctions are featureless and have
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Input: Hamiltonian inspired by a LO pionless-EFT expansion 

• NN potential fit to s-wave np scattering lengths 
and effective ranges

<latexit sha1_base64="XF6JYKFCvf4nPuGelZ4trxuA7E0="></latexit>

HLO = �
X

i

~r2
i

2mN

+
X

i<j

vij +
X

i<j<k

Vijk

<latexit sha1_base64="EP4nzi5itThDhdF3lB9wOXPIgA8="></latexit>

v
CI
ij =

4X

p=1

v
p(rij)O

p
ij ,

<latexit sha1_base64="dapbZ8cagwIpAqTmb3y/314QPUo="></latexit>

O
p=1,4
ij = (1, ⌧ij ,�ij ,�ij⌧ij)

0.0 2.5 5.0 7.5 10.0
Tlab [MeV]

100

120

140

160

±
[d

eg
]

3S1(np)

LO Pionless EFT

PWA93

R. Schiavilla, AL, PRC 103, 054003 (2021)



21

<latexit sha1_base64="XF6JYKFCvf4nPuGelZ4trxuA7E0="></latexit>

HLO = �
X

i

~r2
i

2mN

+
X

i<j

vij +
X

i<j<k

Vijk

• 3NF adjusted to reproduce the energy of 3H.
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Input: Hamiltonian inspired by a LO pionless-EFT expansion 
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Our “essential” Hamiltonian reproduces well the spectrum of different nuclei 

A. Gnech, AL, et al., 2308.16266
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DILUTE NUCLEONIC MATTER

28Si

B. Fore, AL, et al. in preparation
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DILUTE NUCLEONIC MATTER

B. Fore, AL, et al. in preparation
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DILUTE NUCLEONIC MATTER
14 Neutrons, 14 Protons @ ρ=0.01 fm-3

B. Fore, AL, et al. in preparation
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DILUTE NUCLEONIC MATTER
14 Neutrons, 14 Protons @ ρ=0.01 fm-3

B. Fore, AL, et al. in preparation
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24 Neutrons, 4 Protons @ ρ=0.01 fm-3

DILUTE NUCLEONIC MATTER



28

24 Neutrons, 4 Protons @ ρ=0.01 fm-3

DILUTE NUCLEONIC MATTER
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Input: Hamiltonian inspired by a LO pionless-EFT expansion 
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Parameters are determined by fitting proton-Λ scattering length and effective range 

➡ T=1/2, S=0

➡ T=1/2, S=1
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Input: Hamiltonian inspired by a LO pionless-EFT expansion 
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Parameters are determined by fitting , , , and . 3
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No terms in the Hamiltonian mix lambda and nucleons: distinguishable
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 (x⇤, x1, . . . , xA) = U(x⇤;x1, . . . , xA)⇥ HN (x1, . . . , xA)

Andrea Di Donna proposed the following ansatz
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CONCLUSIONS
NQS successfully applied to study:

➡ Ultra-cold Fermi gases, outperforming state-of-the-art continuum DMC;

➡ Dilute nucleonic matter, including the self-emergence of nuclei;  

Ongoing efforts:

➡ Medium-mass nuclei

➡ Chiral-EFT potentials

➡ Real-time dynamics

➡ Essential Elements of nuclear binding

➡ Excited states

40Ca



THANK YOU


