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Crust of neutron stars

Chamel and Haensel, Living Rev. Relativity 11, 10 (2008)



Inner crust

Nuclei beyond the neutron drip line
+ low-density neutrons gas
+ electrons gas

(ρ0=3×1014 g cm-3 )

William G. Newton (2013)

Neutron drip line
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Phenomena associated with crust

• Crustal oscillation
Low frequency oscillation  

• Cooling process
Direct URCA process
Low thermal conductivity

• Pulsar glitch
Entrainment for conduction neutrons

Static crust structure
Dynamic transport properties

Sotani et al.: Phys. Rev. Lett 108 (2012) 201101.

Horowitz et al.: Phys. Rev. Lett. 114 (2015) 031102.

B. Carter et al.: Int. J. Mod. Phys. D 15(2006) 777.

Gusakov et al.: A&A 421 (2004) 1143.



Energy density functional method
• Energy density functional ! ", $

• !: One-body density
• ": Pair density (abnormal density)

• Potentials
• # = %&/%!:  One-body (Kohn-Sham) potential
• Δ = %&/%"∗:  One-body (Kohn-Sham

• Kohn-Sham-Bogoliubov equation
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• Diagonalization produces ! = #∗##, " = #∗,#
• Diagonalization requires cost of computation ∝ &!





• Fermi-Dirac distribution function

• Fermi-Dirac distribution operator

• One-body density

Density operator at finite T
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Chebyshev expansion of !! "
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Code
• Test Fortran code with MPI+OpenMP
• Energy density functional w/o pairing
• Rectangular box with periodic boundary condition
• FFT to construct the Coulomb potential
• Kinetic energy computed with the finite difference
• 3D square lattice
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Shape phase transition: 24Mg
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Inhomogeneous symmetric nuclear matter

! = 2 MeV! = 5 MeV

Box:	 23 fm $

.% = 2.63×10&$ fm&$

From Bcc to simple cubic



• Iterative computation of 29 * 5

• Calculation of +. 4⃗, 4⃗= requires only a region around 4⃗=
• Truncation for *8 4⃗ , setting 7> = 0 for 9⃗ > 9;

Order-N

* 4⃗ =,
>
7>|4⃗ + 9⃗⟩

*8 4⃗ = ,
>
7>|4⃗ + 9⃗⟩

Order-N
Wu, Jayanthi, Phys. Rep. 358 (2002) 1 



Off-diagonal elements of #(0, (⃗)
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Pulsar glitch



Most promising glitch mechanisms
• Vortex pinning-unpinning (Anderson-

Itoh 1975; Alper et al. 1981, 1993, 1996)
• Glitch origin: Inner crust

The Astrophysical Journal, 789:141 (18pp), 2014 July 10 Link

vortex

p

ẑ

Ωs

pinning nucleus

l

Figure 2. Pinning of a vortex to nuclei. The vortex generally follows the rotation
axis, but because it has finite rigidity, it cannot bend to intersect every nucleus;
rather, the vortex will pin to the shaded “pinning nuclei,” generally missing the
unshaded nuclei. The relative importance of the pinning force and the tension
force determines the pinning length lp. The pinning situation is illustrated here
for an amorphous lattice, but these considerations are essentially unaltered for
pinning in a regular lattice, since the crystal planes will not generally be aligned
with the rotation vector of the superfluid.

where ρs is the density of free superfluid neutrons. A lower
cut-off at the vortex core radius and an upper cutoff at the inter-
vortex separation lv have been introduced; the logarithmic factor
Λ is typically ≃3, as assumed henceforth. Because the vortex is
stiff, it cannot bend to intersect every nucleus, but bends over a
length scale lp > a, as shown in Figure 2.

Throughout much of the inner crust, most of the neutron
superfluid is nondissipatively entrained by the nuclei and does
not participate in the superfluid flow. Chamel (2005, 2012) finds
that ∼90% of the neutron mass is entrained in the denser regions
of the inner crust. The effects of entrainment can be treated by
taking

ρs = fcρn (27)

where ρn is the total mass density in neutrons, both bound to
nuclei and unbound, ρs is the density of superfluid conduction
neutrons that are not entrained by nuclei, and fc ∼ 0.1 is the
fraction of the neutron fluid comprising superfluid conduction
neutrons. Accounting for nuclear entrainment, the typical vortex
self energy is

Tv ≃ 0.6 fc ρn,14 MeV fm−1, (28)

where ρn,14 is the total superfluid mass density in units of
1014 g cm−3. Tension makes the vortex difficult to bend over the
typical nuclear spacing a ≃ 50 fm of the inner crust.

Dynamical simulations of a vortex in a random potential at
zero temperature by Link (2009), accounting for vortex tension,
show that pinning is inevitable below a critical value of the
superfluid flow speed with respect to the lattice, but that the
pinning force per unit length fp is reduced by a factor a/lp,
where lp is the characteristic bending length of a vortex, typically
10–30a (if nuclear entrainment is neglected). A variational

estimate (Link 2012b; see also Link & Cutler 2002) gives for
the pinning force per unit length

fp = Fp

lp
≃ Ep

aξn

(
2Ep

3aTv

)1/2

where
lp

a
=

(
3aTv

2Ep

)1/2

,

(29)
typically of the order of 1016 dyn cm−1. A similar number was
obtained by Grill & Pizzochero (2012).

The critical velocity difference vs in the rest frame of the solid
above which pinning becomes unstable follows by equating the
Magnus force per unit length to the pinning force per unit length.
In terms of the critical lag ωcrit = vs,crit/r at polar radius r,
accounting for entrainment by nuclei, the Magnus force is

fcρnκrωcrit = fp. (30)

Combining with Equations (28) and (29) gives

ωcrit = Ep

rfcρsκξnlp
∼ 4 ρ

−3/2
n,14 Ep(MeV)3/2

(
fc

0.1

)−3/2

×
(

ξn

10 fm

)−1 ( r

10 km

)−1
rad s−1. (31)

Note that entrainment of the neutron superfluid by nuclei
increases ωcrit by reducing both the tension and the Magnus
force.

For small Ep, thermal motion of the vortex precludes pinning.
As shown in Appendix A, pinning disappears for

Ep < 0.04 MeV
(

kT

10 keV

)3/2 ( a

50 fm

) (ρn,14

0.5

)1/3
(

fc

0.1

)1/3

.

(32)
Without entrainment, pinning vanishes for Ep ! 0.1 MeV.

As discussed in Appendix C, pinning to nuclei is likely to
disappear above a baryon density of ρb ≃ 6 × 1013. Above this
density, the coherence length ξn quickly begins to exceed the
size of the Wigner–Seitz cell (Schwenk et al. 2003; Cao et al.
2006), and vortices interact primarily with spatial variations
in the number density of nuclei. The effective pinning energy
becomes so low that thermal fluctuations preclude pinning
unless the interaction energy per nucleus Ep exceeds ≃0.4 MeV.
Recent pinning calculations show a sharp drop in Ep to nearly
zero above ρb ≃ 6 × 1013 g cm−3 (Donati & Pizzochero
2006; Avogadro et al. 2007). These effects appear to eliminate
“superweak pinning” proposed by AAPS to exist in this density
regime; typical values of Ep for “superweak pinning” used in
vortex creep theory are ≃0.3 MeV (e.g., Alpar et al. 1989). For
ρb " 6 × 1013 g cm−3 in the inner crust, pinning probably does
not occur at all, and vortex motion enters the drag regime.

4.2. Pinning of Vortices to Flux Tubes in the Outer Core

The protons of the outer core are predicted to form a type
II superconductor. As the protons condensed when the star was
young, the very high electrical conductivity of the relativistically
degenerate electrons prevented Meissner expulsion of the core’s
natal magnetic field (Baym et al. 1969), and the field formed a
dense tangle of magnetic flux tubes with which vortices interact.
This primarily magnetic interaction pins the vortices to the
magnetic tangle which is frozen to the superconducting fluid.
The flux tube tangle will be treated as completely immobile
under the stresses exerted by the vortex array.

6



Observation constraint
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Characteristic age of pulsar

the core superfluid must participate in glitches, which
raises a number of interesting questions.

Phenomenology and observations.—The discussion of
vortex mediated glitches is usually based on a ‘‘body’’
averaged model with two components. The first represents
the charged component (including the elastic crust) which
is spun down electromagnetically. Labeling this compo-
nent by an index p, we have

Ip _!p ¼ "a!3
p "N pin "N MF; (1)

where the first term on the right-hand side represents the
standard torque due to a magnetic dipole (the coefficient a
depends on the moment of inertia, the magnetic field
strength, and orientation; we assume that these parameters
do not evolve with time). We also have a superfluid
component, with index n, which evolves according to

In _!n ¼ N pin þN MF: (2)

On the right-hand sides of these equations we have added
terms representing torques associated with vortex pinning
(N pin) and dissipative mutual friction (N MF) associated
with scattering off of the vortices in the superfluid. We will
not need explicit forms for these in the following.

Glitches can be understood as a two-stage process. In the
first phase the superfluid vortices are pinned. This means
thatN pin is exactly such that _!n ¼ 0. That is, the pinning
force counteracts the friction which tries to bring the
fluids into corotation. The upshot is that the crust evolves
according to

Ip _!p ¼ "a!3
p ! 1

!2
p

" 1

!2
0

¼ 2a

Ip
ðt" t0Þ: (3)

Assuming that a system starts out at corotation (with spin
!0 at time t0), we can estimate how the spin lag, "! ¼
!n "!p, between the two components evolves with time.
As long as the spin lag is small we have "!=!p &
tglitch=2!c where tglitch is the interglitch time and !c ¼
"!p=2 _!p is the characteristic age of the pulsar.

At some point, this lag reaches a critical level where the
vortices unpin. The two components then relax to corota-
tion on the mutual friction time scale (which may be as fast
as a few hundred rotations of the system [11]). This trans-
fers angular momentum from the superfluid reservoir to the
crust, leading to the observed glitch. Assuming that angular
momentum is conserved in the process (such that the entire
spin lag "! drives the observed glitch jump "!p) we
have

"!p

!p
¼ In

I

tglitch
2!c

; (4)

where I ¼ In þ Ip is the total moment of inertia.
Let us compare this model to observations. To do this,

we assume that we see a number of glitches in a given
system during an observation campaign lasting tobs. Then
we can work out the accumulated change in the observed

spin due to glitches, and relate the result to the simple
two-component model. From Eq. (4) we have

In=I & 2!cA; where A ¼ 1

tobs

!X

i

"!i
p=!p

"
: (5)

For systems that have exhibited at least two glitches of
similar magnitude [1] we can estimate the average reversal
in spin down due to (large) glitches per day of observation,
A. This leads to the inferred moment of inertia fractions
listed in Table I. For some systems, like the Vela pulsar and
the x-ray pulsar J0537–6910, the estimate should be quite
reliable given the number of glitches exhibited and their
regularity (cf. Fig. 1). In other cases, the data are less
impressive, as is evident from Fig. 2. Nevertheless, the
message seems clear: glitches require the superfluid com-
ponent to be associated with at least 1–1.5% of the star’s
moment of inertia. This agrees with the conclusions of
Ref. [7]. In addition, the data seem consistent with the
idea of an angular momentum reservoir that is completely
exhausted in each event. If this is not the case then it is
difficult to explain why the recurring glitches have such
similar magnitude.
The role of entrainment.—Let us now ask what the

influence of a ‘‘heavy’’ superfluid may be. That is, let us
account for the entrainment coupling. At the level of the
averaged two-component model [12,13], the entrainment
can be expressed in terms of a coefficient "n. The two
equations of motion then take the form

ðIp""nInÞ _!pþ"nIn _!n¼"a!3
p"N pin"N MF; (6)

and

ð1" "nÞIn _!n þ "nIn _!p ¼ N pin þN MF; (7)

where we have used the angular momentum of the
superfluid neutrons [12,13]:

TABLE I. Inferred superfluid moment of inertia fraction for
glitching pulsars which have exhibited at least two (large) events
of similar magnitude. The data are taken from Ref. [1] (updated
to include a few more recent events [2]) (cf. Figs. 1 and 2). We
give each pulsar’s name, the characteristic age, !c, the average
rate of spin-reversal due to glitches, A, and the moment of
inertia ratio, In=I, obtained from Eq. (5).

PSR !c (kyr) A ('10"9=d) In=I (%)

J0537-6910 4.93 2.40 0.9

B0833-45 (Vela) 11.3 1.91 1.6

J0631+1036 43.6 0.48 1.5

B1338-62 12.1 1.31 1.2

B1737-30 20.6 0.79 1.2

B1757-24 15.5 1.35 1.5

B1758-23 58.4 0.24 1.0

B1800-21 15.8 1.57 1.8

B1823-13 21.5 0.78 1.2

B1930+22 38.8 0.95 2.7

J2229+6114 10.5 0.63 0.5

PRL 109, 241103 (2012) P HY S I CA L R EV I EW LE T T E R S
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Jn ¼ In!n þ "nInð!p $!nÞ: (8)

Noting that the left-hand side of Eq. (7) vanishes for
perfect pinning, we find that the crust now spins down
according to

~I _!p ¼ $a!3
p; where ~I ¼ Ip $

"n
1$ "n

In: (9)

Expressing the entrainment in terms of the (average)
effective neutron mass, we have

"n ¼ 1$ hm&
ni

mn
! ~I ¼ I $ mn

hm&
ni
In: (10)

The interpretation of this result is quite simple. The
entrainment encodes the mobility of the superfluid neu-
trons relative to the other component. If the effective mass
is large, then the two components are effectively locked.
Hence, the system spins down as one body (~I ! I) in the
limit where hm&

ni ' mn. Basically, the entrainment lowers
the ‘‘effective’’ moment of inertia associated with the
superfluid.

In terms of the observed spin down, the entrainment
only has the effect of altering the inferred magnetic field.

We can still introduce the characteristic age (obtained from
observables) to get the accumulated spin down of the crust.
The main difference now is that !n also changes (even
when vortices are pinned). Thus, we have

_!n ¼ $ "n
1$ "n

_!p ¼
!
1$ mn

hm&
ni

"
_!p: (11)

This has repercussions for the estimated glitch jumps
because the spin lag between the two components takes a
longer time to develop if the effective neutron mass is
large. Working out the accumulated spin lag and assuming
angular momentum conservation during the glitch, we
have

"!p

!p
¼ mn

hm&
ni

!
In
I

"
tglitch
2!c

: (12)

The observations then provide us with the constraint

In
I
( 2!cA

hm&
ni

mn
: (13)

In other words, if the (average) effective neutron mass is
large, then the constraint inferred from glitch observations
will be more severe than previously assumed (e.g., in
Ref. [7]). This argument may not be new [12], but the
effect has not previously been quantified.
Moments of inertia.—In order to compare the theory to

the glitch data, we need a relativistic model for the
involved moments of inertia [14]. The need for such a
model is emphasised by the recent results of Chamel
[9,10], which suggest that the effective mass for the super-
fluid neutrons that permeate the inner crust may, indeed, be
quite large. The phenomenological (body averaged)
entrainment model from the previous section illustrates
how a large effective mass affects the analysis, but we
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we assume that we see a number of glitches in a given
system during an observation campaign lasting tobs. Then
we can work out the accumulated change in the observed

spin due to glitches, and relate the result to the simple
two-component model. From Eq. (4) we have

In=I & 2!cA; where A ¼ 1

tobs

!X

i

"!i
p=!p

"
: (5)

For systems that have exhibited at least two glitches of
similar magnitude [1] we can estimate the average reversal
in spin down due to (large) glitches per day of observation,
A. This leads to the inferred moment of inertia fractions
listed in Table I. For some systems, like the Vela pulsar and
the x-ray pulsar J0537–6910, the estimate should be quite
reliable given the number of glitches exhibited and their
regularity (cf. Fig. 1). In other cases, the data are less
impressive, as is evident from Fig. 2. Nevertheless, the
message seems clear: glitches require the superfluid com-
ponent to be associated with at least 1–1.5% of the star’s
moment of inertia. This agrees with the conclusions of
Ref. [7]. In addition, the data seem consistent with the
idea of an angular momentum reservoir that is completely
exhausted in each event. If this is not the case then it is
difficult to explain why the recurring glitches have such
similar magnitude.
The role of entrainment.—Let us now ask what the

influence of a ‘‘heavy’’ superfluid may be. That is, let us
account for the entrainment coupling. At the level of the
averaged two-component model [12,13], the entrainment
can be expressed in terms of a coefficient "n. The two
equations of motion then take the form

ðIp""nInÞ _!pþ"nIn _!n¼"a!3
p"N pin"N MF; (6)

and

ð1" "nÞIn _!n þ "nIn _!p ¼ N pin þN MF; (7)

where we have used the angular momentum of the
superfluid neutrons [12,13]:

TABLE I. Inferred superfluid moment of inertia fraction for
glitching pulsars which have exhibited at least two (large) events
of similar magnitude. The data are taken from Ref. [1] (updated
to include a few more recent events [2]) (cf. Figs. 1 and 2). We
give each pulsar’s name, the characteristic age, !c, the average
rate of spin-reversal due to glitches, A, and the moment of
inertia ratio, In=I, obtained from Eq. (5).

PSR !c (kyr) A ('10"9=d) In=I (%)

J0537-6910 4.93 2.40 0.9

B0833-45 (Vela) 11.3 1.91 1.6

J0631+1036 43.6 0.48 1.5

B1338-62 12.1 1.31 1.2

B1737-30 20.6 0.79 1.2

B1757-24 15.5 1.35 1.5

B1758-23 58.4 0.24 1.0

B1800-21 15.8 1.57 1.8

B1823-13 21.5 0.78 1.2

B1930+22 38.8 0.95 2.7

J2229+6114 10.5 0.63 0.5
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Moment of inertia ratio    (?$: Neutron MoI, ?: Total MoI)

the core superfluid must participate in glitches, which
raises a number of interesting questions.

Phenomenology and observations.—The discussion of
vortex mediated glitches is usually based on a ‘‘body’’
averaged model with two components. The first represents
the charged component (including the elastic crust) which
is spun down electromagnetically. Labeling this compo-
nent by an index p, we have

Ip _!p ¼ "a!3
p "N pin "N MF; (1)

where the first term on the right-hand side represents the
standard torque due to a magnetic dipole (the coefficient a
depends on the moment of inertia, the magnetic field
strength, and orientation; we assume that these parameters
do not evolve with time). We also have a superfluid
component, with index n, which evolves according to

In _!n ¼ N pin þN MF: (2)

On the right-hand sides of these equations we have added
terms representing torques associated with vortex pinning
(N pin) and dissipative mutual friction (N MF) associated
with scattering off of the vortices in the superfluid. We will
not need explicit forms for these in the following.

Glitches can be understood as a two-stage process. In the
first phase the superfluid vortices are pinned. This means
thatN pin is exactly such that _!n ¼ 0. That is, the pinning
force counteracts the friction which tries to bring the
fluids into corotation. The upshot is that the crust evolves
according to

Ip _!p ¼ "a!3
p ! 1

!2
p

" 1

!2
0

¼ 2a

Ip
ðt" t0Þ: (3)

Assuming that a system starts out at corotation (with spin
!0 at time t0), we can estimate how the spin lag, "! ¼
!n "!p, between the two components evolves with time.
As long as the spin lag is small we have "!=!p &
tglitch=2!c where tglitch is the interglitch time and !c ¼
"!p=2 _!p is the characteristic age of the pulsar.

At some point, this lag reaches a critical level where the
vortices unpin. The two components then relax to corota-
tion on the mutual friction time scale (which may be as fast
as a few hundred rotations of the system [11]). This trans-
fers angular momentum from the superfluid reservoir to the
crust, leading to the observed glitch. Assuming that angular
momentum is conserved in the process (such that the entire
spin lag "! drives the observed glitch jump "!p) we
have

"!p

!p
¼ In

I

tglitch
2!c

; (4)

where I ¼ In þ Ip is the total moment of inertia.
Let us compare this model to observations. To do this,

we assume that we see a number of glitches in a given
system during an observation campaign lasting tobs. Then
we can work out the accumulated change in the observed

spin due to glitches, and relate the result to the simple
two-component model. From Eq. (4) we have

In=I & 2!cA; where A ¼ 1

tobs

!X

i

"!i
p=!p

"
: (5)

For systems that have exhibited at least two glitches of
similar magnitude [1] we can estimate the average reversal
in spin down due to (large) glitches per day of observation,
A. This leads to the inferred moment of inertia fractions
listed in Table I. For some systems, like the Vela pulsar and
the x-ray pulsar J0537–6910, the estimate should be quite
reliable given the number of glitches exhibited and their
regularity (cf. Fig. 1). In other cases, the data are less
impressive, as is evident from Fig. 2. Nevertheless, the
message seems clear: glitches require the superfluid com-
ponent to be associated with at least 1–1.5% of the star’s
moment of inertia. This agrees with the conclusions of
Ref. [7]. In addition, the data seem consistent with the
idea of an angular momentum reservoir that is completely
exhausted in each event. If this is not the case then it is
difficult to explain why the recurring glitches have such
similar magnitude.
The role of entrainment.—Let us now ask what the

influence of a ‘‘heavy’’ superfluid may be. That is, let us
account for the entrainment coupling. At the level of the
averaged two-component model [12,13], the entrainment
can be expressed in terms of a coefficient "n. The two
equations of motion then take the form

ðIp""nInÞ _!pþ"nIn _!n¼"a!3
p"N pin"N MF; (6)

and

ð1" "nÞIn _!n þ "nIn _!p ¼ N pin þN MF; (7)

where we have used the angular momentum of the
superfluid neutrons [12,13]:

TABLE I. Inferred superfluid moment of inertia fraction for
glitching pulsars which have exhibited at least two (large) events
of similar magnitude. The data are taken from Ref. [1] (updated
to include a few more recent events [2]) (cf. Figs. 1 and 2). We
give each pulsar’s name, the characteristic age, !c, the average
rate of spin-reversal due to glitches, A, and the moment of
inertia ratio, In=I, obtained from Eq. (5).

PSR !c (kyr) A ('10"9=d) In=I (%)

J0537-6910 4.93 2.40 0.9

B0833-45 (Vela) 11.3 1.91 1.6

J0631+1036 43.6 0.48 1.5

B1338-62 12.1 1.31 1.2

B1737-30 20.6 0.79 1.2

B1757-24 15.5 1.35 1.5

B1758-23 58.4 0.24 1.0

B1800-21 15.8 1.57 1.8

B1823-13 21.5 0.78 1.2

B1930+22 38.8 0.95 2.7

J2229+6114 10.5 0.63 0.5
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Jn ¼ In!n þ "nInð!p $!nÞ: (8)

Noting that the left-hand side of Eq. (7) vanishes for
perfect pinning, we find that the crust now spins down
according to

~I _!p ¼ $a!3
p; where ~I ¼ Ip $

"n
1$ "n

In: (9)

Expressing the entrainment in terms of the (average)
effective neutron mass, we have

"n ¼ 1$ hm&
ni

mn
! ~I ¼ I $ mn

hm&
ni
In: (10)

The interpretation of this result is quite simple. The
entrainment encodes the mobility of the superfluid neu-
trons relative to the other component. If the effective mass
is large, then the two components are effectively locked.
Hence, the system spins down as one body (~I ! I) in the
limit where hm&

ni ' mn. Basically, the entrainment lowers
the ‘‘effective’’ moment of inertia associated with the
superfluid.

In terms of the observed spin down, the entrainment
only has the effect of altering the inferred magnetic field.

We can still introduce the characteristic age (obtained from
observables) to get the accumulated spin down of the crust.
The main difference now is that !n also changes (even
when vortices are pinned). Thus, we have

_!n ¼ $ "n
1$ "n

_!p ¼
!
1$ mn

hm&
ni

"
_!p: (11)

This has repercussions for the estimated glitch jumps
because the spin lag between the two components takes a
longer time to develop if the effective neutron mass is
large. Working out the accumulated spin lag and assuming
angular momentum conservation during the glitch, we
have

"!p

!p
¼ mn

hm&
ni

!
In
I

"
tglitch
2!c

: (12)

The observations then provide us with the constraint

In
I
( 2!cA

hm&
ni

mn
: (13)

In other words, if the (average) effective neutron mass is
large, then the constraint inferred from glitch observations
will be more severe than previously assumed (e.g., in
Ref. [7]). This argument may not be new [12], but the
effect has not previously been quantified.
Moments of inertia.—In order to compare the theory to

the glitch data, we need a relativistic model for the
involved moments of inertia [14]. The need for such a
model is emphasised by the recent results of Chamel
[9,10], which suggest that the effective mass for the super-
fluid neutrons that permeate the inner crust may, indeed, be
quite large. The phenomenological (body averaged)
entrainment model from the previous section illustrates
how a large effective mass affects the analysis, but we
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FIG. 1 (color online). The accumulated
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as a function of the modified Julian date for the x-ray pulsar
J0537-6910 and the Vela pulsar (B0833-45). The fits that lead to
the slopes ðA) listed in Table I are shown as straight lines.
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FIG. 2 (color online). Same as Fig. 1, for pulsars with a smaller number of large glitch events.
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These ratios are consistent with the 
superfluid neutrons in the inner crust.

Andersson et al., PRL 109, 241103 (2012) 



Entrainment effect

n
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Nuclear lattice

Bragg scattering

Neutron gas is not “free”.
N. Chamel, PRC 85, 035801 (2012) 

Neutron mobility is significantly reduced.
6<∗

6<
≳ 10



Observation constraint (mod.)

Moments of inertia ratio with entrainmentthe core superfluid must participate in glitches, which
raises a number of interesting questions.

Phenomenology and observations.—The discussion of
vortex mediated glitches is usually based on a ‘‘body’’
averaged model with two components. The first represents
the charged component (including the elastic crust) which
is spun down electromagnetically. Labeling this compo-
nent by an index p, we have

Ip _!p ¼ "a!3
p "N pin "N MF; (1)

where the first term on the right-hand side represents the
standard torque due to a magnetic dipole (the coefficient a
depends on the moment of inertia, the magnetic field
strength, and orientation; we assume that these parameters
do not evolve with time). We also have a superfluid
component, with index n, which evolves according to

In _!n ¼ N pin þN MF: (2)

On the right-hand sides of these equations we have added
terms representing torques associated with vortex pinning
(N pin) and dissipative mutual friction (N MF) associated
with scattering off of the vortices in the superfluid. We will
not need explicit forms for these in the following.

Glitches can be understood as a two-stage process. In the
first phase the superfluid vortices are pinned. This means
thatN pin is exactly such that _!n ¼ 0. That is, the pinning
force counteracts the friction which tries to bring the
fluids into corotation. The upshot is that the crust evolves
according to

Ip _!p ¼ "a!3
p ! 1

!2
p

" 1

!2
0

¼ 2a

Ip
ðt" t0Þ: (3)

Assuming that a system starts out at corotation (with spin
!0 at time t0), we can estimate how the spin lag, "! ¼
!n "!p, between the two components evolves with time.
As long as the spin lag is small we have "!=!p &
tglitch=2!c where tglitch is the interglitch time and !c ¼
"!p=2 _!p is the characteristic age of the pulsar.

At some point, this lag reaches a critical level where the
vortices unpin. The two components then relax to corota-
tion on the mutual friction time scale (which may be as fast
as a few hundred rotations of the system [11]). This trans-
fers angular momentum from the superfluid reservoir to the
crust, leading to the observed glitch. Assuming that angular
momentum is conserved in the process (such that the entire
spin lag "! drives the observed glitch jump "!p) we
have

"!p

!p
¼ In

I

tglitch
2!c

; (4)

where I ¼ In þ Ip is the total moment of inertia.
Let us compare this model to observations. To do this,

we assume that we see a number of glitches in a given
system during an observation campaign lasting tobs. Then
we can work out the accumulated change in the observed

spin due to glitches, and relate the result to the simple
two-component model. From Eq. (4) we have

In=I & 2!cA; where A ¼ 1

tobs

!X

i

"!i
p=!p

"
: (5)

For systems that have exhibited at least two glitches of
similar magnitude [1] we can estimate the average reversal
in spin down due to (large) glitches per day of observation,
A. This leads to the inferred moment of inertia fractions
listed in Table I. For some systems, like the Vela pulsar and
the x-ray pulsar J0537–6910, the estimate should be quite
reliable given the number of glitches exhibited and their
regularity (cf. Fig. 1). In other cases, the data are less
impressive, as is evident from Fig. 2. Nevertheless, the
message seems clear: glitches require the superfluid com-
ponent to be associated with at least 1–1.5% of the star’s
moment of inertia. This agrees with the conclusions of
Ref. [7]. In addition, the data seem consistent with the
idea of an angular momentum reservoir that is completely
exhausted in each event. If this is not the case then it is
difficult to explain why the recurring glitches have such
similar magnitude.
The role of entrainment.—Let us now ask what the

influence of a ‘‘heavy’’ superfluid may be. That is, let us
account for the entrainment coupling. At the level of the
averaged two-component model [12,13], the entrainment
can be expressed in terms of a coefficient "n. The two
equations of motion then take the form

ðIp""nInÞ _!pþ"nIn _!n¼"a!3
p"N pin"N MF; (6)

and

ð1" "nÞIn _!n þ "nIn _!p ¼ N pin þN MF; (7)

where we have used the angular momentum of the
superfluid neutrons [12,13]:

TABLE I. Inferred superfluid moment of inertia fraction for
glitching pulsars which have exhibited at least two (large) events
of similar magnitude. The data are taken from Ref. [1] (updated
to include a few more recent events [2]) (cf. Figs. 1 and 2). We
give each pulsar’s name, the characteristic age, !c, the average
rate of spin-reversal due to glitches, A, and the moment of
inertia ratio, In=I, obtained from Eq. (5).

PSR !c (kyr) A ('10"9=d) In=I (%)

J0537-6910 4.93 2.40 0.9

B0833-45 (Vela) 11.3 1.91 1.6

J0631+1036 43.6 0.48 1.5

B1338-62 12.1 1.31 1.2

B1737-30 20.6 0.79 1.2

B1757-24 15.5 1.35 1.5

B1758-23 58.4 0.24 1.0

B1800-21 15.8 1.57 1.8

B1823-13 21.5 0.78 1.2

B1930+22 38.8 0.95 2.7

J2229+6114 10.5 0.63 0.5
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Jn ¼ In!n þ "nInð!p $!nÞ: (8)

Noting that the left-hand side of Eq. (7) vanishes for
perfect pinning, we find that the crust now spins down
according to

~I _!p ¼ $a!3
p; where ~I ¼ Ip $

"n
1$ "n

In: (9)

Expressing the entrainment in terms of the (average)
effective neutron mass, we have

"n ¼ 1$ hm&
ni

mn
! ~I ¼ I $ mn

hm&
ni
In: (10)

The interpretation of this result is quite simple. The
entrainment encodes the mobility of the superfluid neu-
trons relative to the other component. If the effective mass
is large, then the two components are effectively locked.
Hence, the system spins down as one body (~I ! I) in the
limit where hm&

ni ' mn. Basically, the entrainment lowers
the ‘‘effective’’ moment of inertia associated with the
superfluid.

In terms of the observed spin down, the entrainment
only has the effect of altering the inferred magnetic field.

We can still introduce the characteristic age (obtained from
observables) to get the accumulated spin down of the crust.
The main difference now is that !n also changes (even
when vortices are pinned). Thus, we have

_!n ¼ $ "n
1$ "n

_!p ¼
!
1$ mn

hm&
ni

"
_!p: (11)

This has repercussions for the estimated glitch jumps
because the spin lag between the two components takes a
longer time to develop if the effective neutron mass is
large. Working out the accumulated spin lag and assuming
angular momentum conservation during the glitch, we
have

"!p

!p
¼ mn

hm&
ni

!
In
I

"
tglitch
2!c

: (12)

The observations then provide us with the constraint

In
I
( 2!cA

hm&
ni

mn
: (13)

In other words, if the (average) effective neutron mass is
large, then the constraint inferred from glitch observations
will be more severe than previously assumed (e.g., in
Ref. [7]). This argument may not be new [12], but the
effect has not previously been quantified.
Moments of inertia.—In order to compare the theory to

the glitch data, we need a relativistic model for the
involved moments of inertia [14]. The need for such a
model is emphasised by the recent results of Chamel
[9,10], which suggest that the effective mass for the super-
fluid neutrons that permeate the inner crust may, indeed, be
quite large. The phenomenological (body averaged)
entrainment model from the previous section illustrates
how a large effective mass affects the analysis, but we
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FIG. 1 (color online). The accumulated
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as a function of the modified Julian date for the x-ray pulsar
J0537-6910 and the Vela pulsar (B0833-45). The fits that lead to
the slopes ðA) listed in Table I are shown as straight lines.
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FIG. 2 (color online). Same as Fig. 1, for pulsars with a smaller number of large glitch events.
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Contradiction with standard nuclear matter EOS

Need more superfluid neutrons in the crust

Andersson et al., PRL 109, 241103 (2012) 



Effective masses

• (Microscopic) effective mass due to velocity-
dependent potential

<∗

< ~0.7 − 0.8

• (Macroscopic) effective mass due to Bragg scattering 
of periodic potential

C∗

C can be very large/small or even negative

→ <∗

< = 1



Energy functional
Barcelona-Catania-Paris-Madrid(BCPM) density functional

•Volume term : local density approximations
based on ab initio nuclear and neutron matter EOS 

(m*/m = 1, L=52.96 MeV, K0=212.4 MeV)

•Surface term : Gaussian folding
fixing binding energy of finite 579 even-even nuclei

M. Baldo, L. M. Robledo, X. Vinas, Phys.Rev.C87,064305(2013)
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Band calculation of inner crust
• Treatment of dripped neutrons
• Self-consistent band calculation
• Large space = Many Bloch k
• Structure optimization “without external potentials”

fcc bcc

Localized 
protons

Delocalized neutrons



Band calculation
•Single-particle states in a periodic potential
• Bulk matter → Unit cell with many Bloch wave 

numbers !
•Effect of Bragg scattering (entrainment)
• !-dependence of bands

•Former calculations (Chamel et al.)
• Thomas-Fermi appox. to fix the potential

•Present work: Self-consistent band cal.
• 1D slab phase, near the crust bottom
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20.4 fm

26.4 fm

30.8 fm

Density distributions in the slab phase
Beta equilibrium
%$ = %& + %'
D ⇆ F + H + I

>( = 0.02 − 0.04
Dripped Neutrons

Neutrons

Protons

! = 0.06 fm-3

! = 0.07 fm-3

! = 0.08 fm-3

Protons are also dripped 
near the transition to 
uniform matter



Neutron bands
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Effective mass
• Effective mass due to Bragg scattering

<8∗

<8
= -P
-Q

• Conduction neutron density:      EE = 6<F@@

• Free neutron density:     EF

• Group velocity of neutrons
ER,S = ∇SGR,S

• Neutrons in “flat” bands are defined “Confined”.

SELF-CONSISTENT BAND CALCULATION OF THE SLAB … PHYSICAL REVIEW C 100, 035804 (2019)

(5) Calculate the new densities, ρq(z) and τq(z), according
to Eqs. (11) and (12), respectively.

(6) Calculate the nuclear energy EB/A. Check the con-
vergence condition, |(EB − E (i)

B )/EB| < η. If this is
not satisfied, update the density; ρ (i+1)

q (z) = (1 −
ω)ρ (i)

q (z) + ωρq(z), set E (i+1)
B = EB, and go back to

step II C 1.

Here, we adopt the parameters η = 10−10 and ω = 0.1.

2. Beta equilibrium

The electron energy is completely irrelevant for the self-
consistent solutions in the case that both np and nn are fixed.
In contrast, it affects the condition of beta equilibrium. The
beta-equilibrium condition is given by

(µp + mpc2) + µe = (µn + mnc2). (28)

Note that the electron chemical potential contains its rest
mass,

µe = 1
V

∂Ee

∂ne
=

√
m2

ec4 + p2
F c2 − e2

(
3ne

π

)1/3

. (29)

We perform the calculation at a given average density of pro-
tons, np. Since the charge neutral condition requires ne = np,
the condition (28) determines the neutron chemical potential.
Then, the iterative procedure (steps 1–6) is exactly the same
as the previous one in Sec. II C 1, except for step (4) where µn
is given by the condition µn = µp + µe − (mn − mp)c2.

We have examined the relativistic effect of the Coulomb
exchange energy, Eq. (15). It turns out that the effect on the
slab phase is very little. Changes in Yp and a are 0.0003 and
0.2 fm at maximum, respectively. Accordingly, the nuclear
energy EB/A is affected by less than 1%.

D. Entrainment and effective mass

In the outer crust, both neutrons and protons are bound in
nuclei. In the rest frame of crust, even with a perturbative
force on neutrons, there would be no current. In contrast,
the inner crust has conduction neutrons which are dripped
from the nuclear binding. Thus, the band filling property
determines whether they are “conductor” or “insulator.” We
expect that the slab phase of the inner crust is always a
conductor, because the neutron single-particle energy ϵ (n)

α,k in
Eq. (9) is continuous and has no gap. Nevertheless, its z
component, e(n)

α,kz
, represents the band structure and has band

gaps at kz = 0 and ± π/a, which may affect the conduction
properties along the z direction (normal to the slabs).

The group velocity of neutrons in the band ϵ (n)
α,k is given by

[22]

v(n)
α,k = ∇kϵ

(n)
α,k. (30)

Assuming no interband transition between bands with differ-
ent α, the acceleration under a force F on neutrons is given by

dv(n)
α,k

dt
=

(
dk
dt

· ∇k

)
v(n)

α,k = (F · ∇k)∇kϵ
(n)
α,k, (31)

where we used the acceleration theorem, dk/dt = F [22,26].
Writing the ith component (i = x, y, z) of v as

dvi

dt
=

∑

j

(
1

m∗

)i j

α,k
Fj, (32)

we obtain the macroscopic effective mass tensor
(

1
m∗

)i j

α,k
≡

∂2ϵ (n)
α,k

∂ki∂k j
. (33)

In the present case, the effective mass is diagonal [(1/m∗)i j =
δi j/m∗

i ], and for i = x, y, they are equal to the bare neutron
mass, m∗

i = mn.
Following Ref. [5], the neutron mobility can be measured

by Eq. (33) summed over the occupied orbits,

Ki j ≡ 2
∑

α

∫
d3k

(2π )3

∂2ϵ (n)
α,k

∂ki∂k j
θ
(
µn − ϵ (n)

α,k

)
. (34)

For the present case of the slab phase, it is transformed to

Ki j ≡ 2
aNk

∑

α,kz

∫∫
dkxdky

(2π )2

∂2ϵ (n)
α,k

∂ki∂k j
θ
(
µn − ϵ (n)

α,k

)
, (35)

and Ki j is diagonal in the Cartesian coordinates (x, y, z),
namely, Ki j = 0 for i ̸= j. The mobility coefficients for x and
y directions are simply given as Kxx = Kyy = nn/mn, The z
component is calculated as

Kzz ≡ mn

πaNk

occ∑

α,kz

d2e(n)
α,kz

dk2
z

(
µn − e(n)

α,kz

)
, (36)

and equivalently given by

Kzz ≡ mn

πaNk

occ∑

α,kz

(
de(n)

α,kz

dkz

)2

. (37)

These expressions for the mobility coefficients are given in
Ref. [5]. The derivative of e(n)

α,kz
with respect to kz is calculated

as (⟨φα,kz | (−i∂z + kz ) |φα,kz ⟩ /mn, according to the Hellmann-
Feynman theorem. From this mobility coefficient, we may
define conduction neutron density nc

i which are supposed to
freely move in the neutron-star crust along the i direction
(i = x, y, z) [4],

nc
i ≡ mnKii. (38)

Trivially, we have nc
x = nc

y = nn, which means that all the
neutrons in the slab phase are effectively free in the x-y plane.
In contrast, the z component of the conduction neutron density
nc

z may be hindered, not only by the bound neutrons inside
the slab, but also by the Bragg scattering due to the periodic
nuclear potential. The latter is called the entrainment effect
[4–6].

The reduction of nc
z from the neutron density nn is quanti-

fied as an effective mass [6]:

m∗
z ≡ nn

Kzz
= mn

nn

nc
z
. (39)
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Superfluidity (inclusion of pairing)
FOE method for HFB can be achieved by
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Effect of superfluidity

• Superfluid neutrons may reduce the effective mass 
(Watanabe, Pethick, PRL 119, 062701, 2017)

• TDHFB cal. with accelerated protons [1D] 
(Yoshimura, Sekizawa, PRC 109, 065804 (2024))  ⇒
Small effect

• Moving frame [1D] (Almirante, Urban, PRC 109, 
045805 (2024)) ⇒ Small effect



Superfluid current

• Introducing quasi-momentum L

• Supercurrent density: M(N)

Δ I → Δ I KGHI⋅K

と (ψ,ψ†)の quasi-particle operatorによる表現 (13)式を用いて
j(r) =

1

2im

∑

σ

1

Nk

∑

ν,k

∫
dr

{
vkν (rσ)(∇vk∗ν (rσ))− (∇vkν (rσ))v

k∗
ν (rσ)

}
(31)

=
1

m

1

Nk

∑

ν,k,σ

Im
[
vkν (rσ)∇vk∗ν (rσ)

]
(32)

=
1

m

1

Nk

∑

ν,k,σ

Im
[
ṽkν (rσ)(∇+ i(Q− k)ṽk∗ν (rσ)

]
(33)

ここで、k, ν は Bloch wave numberと band indexであり、quasi-momentum Qを仮定し、
vkν (rσ) = e−i(Q−k)·rṽkν (rσ) の変換式を用いた。
single-particle Hamiltonianが hσσ′(r) = −∇2/(2m)δσσ′ で、対ポテンシャルが e2iQ·r∆̃

(∆̃ = const.) となる一様物質の場合には、u(rσ), v(rσ) は平面波になり平面波の波数 k と
スピン σ でラベルされ、ユニットセル内で規格化された (u, v) factorを用いて ukσ(rσ′) =

ukei(Q+k)·rδσ,σ′、vkσ(rσ′) = vke−i(Q−k)·rδσ,−σ′ と書ける。この時には、
j(r) =

2

m

∑

k

Im
[
i(Q− k)|vk|2

]
=

nQ

m
(34)

ここで、n = 2
∑

k |vk|2 は粒子密度である。また、対相関のmodel spaceを truncateした場合は、対ポテンシャルを∆ → ∆e2iQ·r と
変換した時の HFB 方程式 (26) 式で ∆̃ による結合のない波動関数が存在することになる。
これらの波動関数は、e±iQ·r の位相変換を受けないため超流動カレントには寄与しない。
非一様物質の場合には、必ずしも全粒子が超流動カレントに寄与しないため、j(r) ̸= nQ

mとなる。そこで有効質量m∗、および超流動密度 ns を以下の関係で定義する。
1

V

∫

V
j(r)dr =

n

m∗Q =
ns

m
Q (35)

ここで、n(r)は平均粒子密度、V はセルの体積ある。粒子密度 nの系が群速度 Q/m∗ で移
動している、あるいは密度 ns の粒子が速度 Q/mで移動しているといった解釈を与える式
である。(Qと jの方向が一致しないような異方性を物質が有する場合には、m∗ や ns をテ
ンソルとして定義する必要があるだろう。) HFB方程式 (26)式はカレントの流れる定常状
態であるため、局所的な定義

j(r) =
n(r)

m∗ Q =
ns(r)

m
Q (36)

も可能であり、すなわち、j(r) ∝ n(r) が成立すると予想される (自明ではないが)。
ns とm∗ の間には

ns =
m

m∗n (37)

6

EL: Superfluid neutron density
E: Neutron density
6∗: Neutron effective mass



Superfluid neutron density
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Superfluid neutron density

• Adopting the potential at -O = 0.07 fm2T
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Effective mass for superfluid neutrons

NEUTRON CONDUCTION IN THE INNER CRUST OF A . . . PHYSICAL REVIEW C 85, 035801 (2012)

FIG. 4. Left panel: neutron band structure in the inner crust of
a neutron star at the average baryon density n̄ = 0.08 fm−3 along
high-symmetry lines in the first Brillouin zone (only unbound states
are shown). The arrow indicates the position of the neutron Fermi
energy. Right panel: band structure of a uniform neutron gas at density
nf

n (reduced zone scheme). For comparison with the left panel, all
bands have been slightly shifted.

Even though this expression is fully equivalent to Eq. (16),
it is computationally much more convenient since only the
evaluation of the first derivative of εαk is needed. In addition,
this derivative can be easily calculated analytically using the
Hellmann-Feynman theorem [28]

∂εk

∂ki

=
∑

Gα ,Gβ

ϕ̃k(Gα)∗B̃n(Gβ − Gα)
(
2ki + Gi

α + Gi
β

)
ϕ̃k(Gβ),

(27)

with the wave functions normalized as
∑

β

|ϕ̃k(Gβ)|2 = 1. (28)

For each average density n̄, the neutron Fermi energy εF has
been determined solving Eq. (17) using the mean-value point
method [29]. The Fermi surface integral in Eq. (18) has been
evaluated with the Gilat-Raubenheimer method [30] using up
to 1360 points in the irreducible domain (i.e., 65 280 points
in the first Brillouin zone) in order to ensure a precision
of a few percent. Results are summarized in Table I. As
expected from the band structures, the flow of neutrons is
almost unaffected by nuclei in the peripheral regions of
the inner crust. On the contrary, the neutron conduction
is found to be almost completely suppressed at densities
n̄ ∼ 0.02–0.03 fm−3. Whereas more than 90% of neutrons are
unbound in these layers, less than 10% of them are actually
conducting leading to a huge enhancement of the neutron
effective mass m⋆

n ≃ 13.6mn. Incidentally, this result is in close
agreement with the effective mass m⋆

n ≃ 15.4mn obtained
in a previous work [9] using a different crust model, thus
suggesting that such strong entrainment effects are generic.
However, further work remains to be done exploring the
dependence of m⋆

n on the nuclear energy density functional.

TABLE I. Composition of the inner crust of cold nonaccreting
neutron stars as obtained from Ref. [2]. Z and A are, respectively, the
average number of protons and the total average number of nucleons
inside the Wigner-Seitz cell. nn is the average neutron density, nf

n is the
density of free neutrons as defined by the quantity ρBn in Ref. [2], nc

n

is the density of conduction neutrons, and m⋆
n is the neutron effective

mass. Note that in the densest layer, nf
n > nn due to the formation of

bubbles as indicated in Fig. 1.

n̄ (fm−3) Z A nf
n/nn (%) nc

n/nf
n (%) m⋆

n/mn

0.0003 50 200 20.0 82.6 1.21
0.001 50 460 68.6 27.3 3.66
0.005 50 1140 86.4 17.5 5.71
0.01 40 1215 88.9 15.5 6.45
0.02 40 1485 90.3 7.37 13.6
0.03 40 1590 91.4 7.33 13.6
0.04 40 1610 88.8 10.6 9.43
0.05 20 800 91.4 30.0 3.33
0.06 20 780 91.5 45.9 2.18
0.07 20 714 92.0 64.6 1.55
0.08 20 665 104 64.8 1.54

V. MICROSCOPIC ORIGIN OF ENTRAINMENT

The large discrepancy between the density of unbound
neutrons and the density of conducting neutrons is somehow
counterintuitive. Indeed in ordinary metals, the electrons that
are tightly bound inside the individual atoms constituting
the solid have their wave function vanishing exponentially
outside atoms and are therefore not much affected by the Bloch
boundary conditions. As a consequence, their energy bands in
k space are essentially flat so that ∇kεαk ≃ 0, hence yielding a
negligible contribution to the current. The nontrivial electron
band structure arises from the most loosely bound “valence”
electrons in the isolated atoms which become delocalized
in a metal and which can be generally identified with the
conduction electrons (still, the density of valence electrons
is not exactly equal to the density of conduction electrons).
On the contrary, the neutron-saturated nuclei found in the
inner crust of a neutron star only exist because of the Pauli
blocking effect from the surrounding neutron liquid but would
decay immediately in vacuum. For the reasons mentioned
above, neutrons bound inside nuclei do not contribute to the
current. Since unbound neutrons are delocalized, one might
naively expect that they are all conducting. Indeed, ignoring the
crystal lattice and treating the unbound neutrons as a uniform
gas of density nf

n, it follows immediately from Eq. (16) or
(26) that nc

n = nf
n. However, it should be emphasized that the

density of conduction neutrons is fundamentally different from
the density of unbound neutrons: the former characterizes the
dynamics of the neutron liquid while the latter is a ground-state
property. These two densities are generally not equal because
unbound neutrons can be scattered by the crystal according to
Bragg’s law.

The effects of Bragg scattering are embedded in the
effective mass tensor (15) appearing in the definition (16) of
the conduction neutron density. The components of this tensor
need not be positive and can actually be negative for wave
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Full 3D calculation

• Various configurations (fcc, bcc, rod, slab, anti-rod, 
anti-fcc/bcc, etc.)
• Large 3D box
• Nuclear superfluidity
• Finite temperature



3D finite-temperature HFB calculation
• KSBdG (HFB) eq.

• Densities
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• Self-consistent iteration

• Diagonalization of the matrix
• High computational cost
• Low parallel efficiency
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• HFB Green’s function

• Identity

Green’s function
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transitions in 146Ba
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• Disappearance of 
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minor effect on MM

YU KASHIWABA AND TAKASHI NAKATSUKASA PHYSICAL REVIEW C 101, 045804 (2020)

FIG. 4. The convergence behavior of (a) the neutron spin-up
density ρ(r′ ↑, r′ ↑) and (b) the neutron pair density ν(r′) = κ (r′ ↑
, r′ ↓) at the center of mass of a 146Ba nucleus (r′ = rc) with kBT =
200 keV. The shifted-COCG method is shown by red lines and the
shifted-COCR method by black lines. See text for details.

(uk, vk ) which are basically N × N matrices. Therefore, in
parallel computing, it involves a large amount of communi-
cation to broadcast these to all the processors. Furthermore,
the orthonormalization of the wave functions is necessary,
which numerically costs O(N3). The present shifted-COCR
method needs the broadcast of local densities (“vectors,” not
“matrices”) only, and does not require the orthonormalization
procedure since we do not treat the wave functions. See also
Sec. II C 2.

C. Octupole deformation in 146Ba at finite temperature

We perform the FT-HFB calculation for the neutron-rich
nucleus 146Ba as the first benchmark calculation. A full 3D
box of lattice size 25 × 25 × 30 with a square mesh of $x =
$y = $z = 1 fm is used in the calculation. The calculations
are performed with a temperature spacing of kBT = 100 keV.

The nucleus of 146Ba has Z = 56 and N = 90, which is in
a region of strong octupole correlations [38]. The excitation
energies of negative-parity states decrease as the neutron num-
ber approaches to 90, and a signature of the octupole instabil-
ity, alternating parity bands, was observed in experiments at
spins higher than I = 6 [39,40]. This is due to particle-hole
octupole correlations associated with π [h11/2(d5/2)−1] and
ν[i13/2( f7/2)−1]. Thus, we may expect an octupole deformed
shape in the ground state of the zero-temperature HFB theory

(a)

(b)

(c)

FIG. 5. (a) Calculated neutron average paring gap,
(b) quadrupole and octupole deformation parameters, and
(c) specific heat as functions of temperature for 146Ba. In panel
(b), the quadrupole deformation of the dripped uniform neutrons is
shown by the solid line.

[41] and it is interesting to see effects of finite temperature on
its structure.

The proton pair density is calculated to vanish. We show
the neutron average pairing gap in Fig. 5(a). The neutron
gap is finite at low temperature but disappears at kBT =
500 keV. In this calculation, the transition from super to nor-
mal phases for neutrons is predicted at 400 < kBT ! 500 keV.
In contrast, the nuclear deformation is more stable against
the temperature. At the ground state (zero temperature), the
calculation predicts finite values for both quadrupole and
octupole deformations, β2 ≈ β3 ≈ 0.13. Figure 5(b) shows
the temperature dependence of these deformation parameters.
At kBT = 500 keV, where the neutron pairing collapses, the
temperature effects on β2 and β3 are very little. They are
almost identical to their values at T = 0. Beyond kBT =
500 keV, the octupole deformation starts decreasing and be-
comes negligibly small at kBT > 1 MeV. The quadrupole
deformation is even more robust but suddenly vanishes at
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FIG. 6. Nucleon density profiles in the z-x plane for 146Ba at
different temperatures: (a) T = 0, (b) kBT = 0.8 MeV, (c) kBT = 1.2
MeV, and (d) kBT = 1.6 MeV.

kBT = 1.6 MeV. At temperature between 1 and 1.6 MeV, the
nuclear shape is almost prolate. Beyond kBT = 1.6 MeV, the
shape becomes spherical. These shape changes can be clearly
seen in the density distributions in Fig. 6.

The quadrupole deformation is finite and slightly increases
with temperature at kBT > 1.6 MeV. This is due to effects
of dripped neutrons at finite temperature. Because of the
adopted rectangular box, the dripped “free” neutrons form a
rectangular shape which has a nonzero value of β2. To confirm
this, assuming a uniform density distribution of neutrons with
calculated density values at the box boundary, we estimate the
β2 value which is shown by the solid line in Fig. 5(b).

Finally, the specific heat CV (T ) is shown in Fig. 5(c).
The specific heat is estimated by the finite difference of the
total energies calculated at kBT ± 0.01 MeV. The calculated
CV (T ) is approximately a linear function of the temperature
T , similar to that of the Fermi gas. However, at very low
temperature T ≈ 0, because of the proton shell gap and the
neutron pairing gap, it deviates from linear dependence. In
addition, we observe sudden decreases of CV (T ) at special
points of T , where abrupt changes in nuclear structure take
place. The first drop is associated with the collapse of the
neutron pairing at kBT ≈ 500 keV, while the second one is
associated with the shape change from prolate to spherical at
kBT ≈ 1.6 MeV. On the other hand, the disappearance of the
octupole shape around kBT ≈ 1 MeV has very little influence
on it. In contrast, the transition to the spherical shape (kBT ≈
1.6 MeV) leads to a significant impact on the specific heat, a

FIG. 7. Potential energy surface, calculated with the constrained
FT-HFB method, as a function of the quadrupole deformation, for
184Hg. Panel (a) is the total energy E , while panel (b) is the free
energy F . See text for details.

sudden decrease by more than 30 %. This may be due to an
enhanced shell effect by the recovered spherical symmetry.

D. Shape coexistence in 184Hg at finite temperature

The neutron-deficient Hg isotopes are known to be typical
nuclei showing shape coexistence phenomena [42–44]. Much
evidence of the shape coexistence has been observed, includ-
ing coexisting bands with different deformation in even iso-
topes and anomalously large isotope shifts in odd-A isotopes.
Note that the Hg isotopes also exhibit superdeformed bands at
high spins [45] on which octupole vibrations are built [46].

We have studied the temperature effect on the shape co-
existence with the FT-HFB calculation using a constraint on
the quadrupole deformation β20. A 3D box of lattice size 303

with a square mesh of "x = "y = "z = 1 fm is adopted
however, we assume reflection symmetry with respect to the
three planes (x = 0, y = 0, and z = 0) and reduce the com-
putational cost. The calculations are performed with different
temperatures: kBT = 0, 0.4, 0.8, 1.6, 3.2 MeV. A quadratic
constraint on the deformation β20 is used with a spacing of
"β20 = 0.04.

Figure 7 shows the temperature dependence of the potential
energy surface for 184Hg. The total energy E (β, T ) is calcu-
lated at each deformation and temperature, then, the energy
relative to the value at β20 = 0 is plotted in the panel (a),
while the free energy F (β, T ) is shown in the panel (b). We
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FIG. 6. Nucleon density profiles in the z-x plane for 146Ba at
different temperatures: (a) T = 0, (b) kBT = 0.8 MeV, (c) kBT = 1.2
MeV, and (d) kBT = 1.6 MeV.

kBT = 1.6 MeV. At temperature between 1 and 1.6 MeV, the
nuclear shape is almost prolate. Beyond kBT = 1.6 MeV, the
shape becomes spherical. These shape changes can be clearly
seen in the density distributions in Fig. 6.

The quadrupole deformation is finite and slightly increases
with temperature at kBT > 1.6 MeV. This is due to effects
of dripped neutrons at finite temperature. Because of the
adopted rectangular box, the dripped “free” neutrons form a
rectangular shape which has a nonzero value of β2. To confirm
this, assuming a uniform density distribution of neutrons with
calculated density values at the box boundary, we estimate the
β2 value which is shown by the solid line in Fig. 5(b).

Finally, the specific heat CV (T ) is shown in Fig. 5(c).
The specific heat is estimated by the finite difference of the
total energies calculated at kBT ± 0.01 MeV. The calculated
CV (T ) is approximately a linear function of the temperature
T , similar to that of the Fermi gas. However, at very low
temperature T ≈ 0, because of the proton shell gap and the
neutron pairing gap, it deviates from linear dependence. In
addition, we observe sudden decreases of CV (T ) at special
points of T , where abrupt changes in nuclear structure take
place. The first drop is associated with the collapse of the
neutron pairing at kBT ≈ 500 keV, while the second one is
associated with the shape change from prolate to spherical at
kBT ≈ 1.6 MeV. On the other hand, the disappearance of the
octupole shape around kBT ≈ 1 MeV has very little influence
on it. In contrast, the transition to the spherical shape (kBT ≈
1.6 MeV) leads to a significant impact on the specific heat, a

FIG. 7. Potential energy surface, calculated with the constrained
FT-HFB method, as a function of the quadrupole deformation, for
184Hg. Panel (a) is the total energy E , while panel (b) is the free
energy F . See text for details.

sudden decrease by more than 30 %. This may be due to an
enhanced shell effect by the recovered spherical symmetry.

D. Shape coexistence in 184Hg at finite temperature

The neutron-deficient Hg isotopes are known to be typical
nuclei showing shape coexistence phenomena [42–44]. Much
evidence of the shape coexistence has been observed, includ-
ing coexisting bands with different deformation in even iso-
topes and anomalously large isotope shifts in odd-A isotopes.
Note that the Hg isotopes also exhibit superdeformed bands at
high spins [45] on which octupole vibrations are built [46].

We have studied the temperature effect on the shape co-
existence with the FT-HFB calculation using a constraint on
the quadrupole deformation β20. A 3D box of lattice size 303

with a square mesh of "x = "y = "z = 1 fm is adopted
however, we assume reflection symmetry with respect to the
three planes (x = 0, y = 0, and z = 0) and reduce the com-
putational cost. The calculations are performed with different
temperatures: kBT = 0, 0.4, 0.8, 1.6, 3.2 MeV. A quadratic
constraint on the deformation β20 is used with a spacing of
"β20 = 0.04.

Figure 7 shows the temperature dependence of the potential
energy surface for 184Hg. The total energy E (β, T ) is calcu-
lated at each deformation and temperature, then, the energy
relative to the value at β20 = 0 is plotted in the panel (a),
while the free energy F (β, T ) is shown in the panel (b). We
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FIG. 6. Nucleon density profiles in the z-x plane for 146Ba at
different temperatures: (a) T = 0, (b) kBT = 0.8 MeV, (c) kBT = 1.2
MeV, and (d) kBT = 1.6 MeV.

kBT = 1.6 MeV. At temperature between 1 and 1.6 MeV, the
nuclear shape is almost prolate. Beyond kBT = 1.6 MeV, the
shape becomes spherical. These shape changes can be clearly
seen in the density distributions in Fig. 6.
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neutron pairing at kBT ≈ 500 keV, while the second one is
associated with the shape change from prolate to spherical at
kBT ≈ 1.6 MeV. On the other hand, the disappearance of the
octupole shape around kBT ≈ 1 MeV has very little influence
on it. In contrast, the transition to the spherical shape (kBT ≈
1.6 MeV) leads to a significant impact on the specific heat, a

FIG. 7. Potential energy surface, calculated with the constrained
FT-HFB method, as a function of the quadrupole deformation, for
184Hg. Panel (a) is the total energy E , while panel (b) is the free
energy F . See text for details.

sudden decrease by more than 30 %. This may be due to an
enhanced shell effect by the recovered spherical symmetry.

D. Shape coexistence in 184Hg at finite temperature

The neutron-deficient Hg isotopes are known to be typical
nuclei showing shape coexistence phenomena [42–44]. Much
evidence of the shape coexistence has been observed, includ-
ing coexisting bands with different deformation in even iso-
topes and anomalously large isotope shifts in odd-A isotopes.
Note that the Hg isotopes also exhibit superdeformed bands at
high spins [45] on which octupole vibrations are built [46].

We have studied the temperature effect on the shape co-
existence with the FT-HFB calculation using a constraint on
the quadrupole deformation β20. A 3D box of lattice size 303

with a square mesh of "x = "y = "z = 1 fm is adopted
however, we assume reflection symmetry with respect to the
three planes (x = 0, y = 0, and z = 0) and reduce the com-
putational cost. The calculations are performed with different
temperatures: kBT = 0, 0.4, 0.8, 1.6, 3.2 MeV. A quadratic
constraint on the deformation β20 is used with a spacing of
"β20 = 0.04.

Figure 7 shows the temperature dependence of the potential
energy surface for 184Hg. The total energy E (β, T ) is calcu-
lated at each deformation and temperature, then, the energy
relative to the value at β20 = 0 is plotted in the panel (a),
while the free energy F (β, T ) is shown in the panel (b). We
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Benchmark calculation (fcc)
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Higher density
Beta equilibrium state starting from fcc in a cell of 45 fm !
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Summary
• Self-consistent band calculation for the slab phase of inner 

crust in neutron stars
[Kashiwaba, TN, PRC 100, 035804 (2019)] 

• Enhanced mobility by the entrainment effect
⁄.∗ . ≈ 0.7 at 37 = 0.07 − 0.08 fm89

• Effect of superfluid neutrons
Minor effect for slab phase: 37 = 0.07 − 0.08 fm89

⁄.∗ . ≈ 1/4 at 37 = 0.02 − 0.03 fm89

Possible revival of pulsar glitch model
• FT-HFB calculation in the 3D coordinate space 

representation
• Green’s function method [Kashiwaba, TN, PRC 101, 045804 (2020)] 
• Fermion operator expansion method [TN, PRC 107, 015802 (2023)] 
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Oakforest-PACS System
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Total number of compute nodes 8,208
Compute node Product Fujitsu PRIMERGY CX600 M1 (2U) + CX1640 M1 x 8 
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