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1. Strong Cosmic censorship with Λ = 0



➙ Black holes with Λ = 0 

• Consider Einstein-Maxwell theory with Λ = 0.


• Reissner-Nordström black hole (charged non-rotating BH).  
Kerr BH (rotating, uncharged BH)


• Both solutions can be smoothly extended 


  across a horizon H + inside the BH. 



• Inner horizon is a Cauchy horizon  CHL,R+: 

   a boundary to the region of spacetime in which 
   physics can be predicted from 
    initial data prescribed on a surface Σ. 
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FIG. 1: A portion of the conformal diagram of the maximally
extended Reissner-Nordström space-time. The observer OR

falls through the event horizon (double line) and into the black
hole. On crossing the Cauchy horizon (dashed) into a new
asymptotically flat region, OR receives in finite time all the
radiation emitted by OE during its infinite history.
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FIG. 2: Conformal diagram for an example of a self-similar
space-time admitting a globally naked singularity. We use the
advanced Bondi co-ordinates v and r described in Section 2.
The Cauchy horizon is shown dashed, the event horizon as
a double line and the apparent horizon as a bold curve. N
is the past null cone of the scaling origin. Other structures
can arise; there may be no apparent or event horizon; the
censored portion of the singularity may be null; the naked
portion of the singularity may be time-like. There is evidence
that the naked singularity is generically globally naked. See
[9] for details. In every case for which the singularity is naked,
the conformal diagram fails to display an obvious mechanism
by which the Cauchy horizon may be destroyed, in contrast
to the case illustrated in Figure 1.

field. These symmetries pick out a scaling origin O on
the central world-line r = 0 (which we will refer to as the
axis), where r is the radius function of the space-time.
We assume regularity of the axis to the past of O and of
the past null cone N of O. We will use advanced Bondi
co-ordinates (v, r) where v labels the past null cones of
r = 0 and is taken to increase into the future. Transla-
tion freedom in v allows us to situate the scaling origin
at (v = 0, r = 0) and identifies v = 0 with N . The
homothetic Killing field is

ξ⃗ = v
∂

∂v
+ r

∂

∂r
.

The line element may be written

ds2 = −2Fe2ψdv2 + 2eψdvdr + r2dΩ2, (1)

where dΩ2 is the line element of the unit 2-sphere.
The homothetic symmetry implies that F (v, r) =
F (x),ψ(v, r) = ψ(x) where x = v/r. The only co-
ordinate freedom remaining in (1) is v → V (v); this is
removed by taking v to measure proper time along the
regular center r = 0.

We will not specify the energy-momentum tensor of
(M, g), but will demand that it satisfies the dominant
energy condition. A complete description of energy con-
ditions in spherical symmetry is given in Appendix A. Of
these, the following will be used. (These are equations
(A7), (A8) and (A12) respectively.)

xψ′ ≤ 0, (2)

eψ(F ′ + xF 2eψψ′) ≤ 0, (3)

1 − 2F + 2x(F ′ + Fψ′) ≥ 0. (4)

We impose the following regularity conditions at the
axis. As previously mentioned, we take v to be proper
time along the axis for v < 0. Noting that x → −∞ on
this portion of the axis, (1) then gives

lim
x→−∞

2Fe2ψ = 1. (5)

The other regularity condition that we use is that all
curvature invariants are finite on r = 0, v < 0. In the
present case, the (invariant) Misner-Sharp mass is given
by

E =
r

2
(1 − 2F ).

Then E/r3 is a curvature invariant; this term has the
same units as e.g. R and Ψ2. Demanding that E/r3 be
finite on the axis yields

lim
x→−∞

F =
1

2
. (6)

Combining (5) and (6) gives these regularity conditions:

F (−∞) =
1

2
, ψ(−∞) = 0. (7)

Σ

• Solution beyond the Cauchy horizon 
   is  NOT  determined by initial data on Σ. 

There are infinitely many ways of smoothly 
extending the solution across the Cauchy horizon. 



• Interested in the ``right`` Cauchy horizon CHR+ 

   because early time section of this is expected  to be present in a BH formed from collapse. 

VIEWPOINT

A Possible Failure of Determinism in
General Relativity
A numerical analysis of perturbations of a charged black hole suggests that the usual
predictability of the laws of physics can fail in general relativity.

by Harvey Reall⇤

Is the future predictable? If we know the initial state of
a system exactly, then do the laws of physics determine
its state arbitrarily far into the future? In Newtonian
mechanics, the answer is yes. Similarly in electromag-

netism: if one knows the initial state of the electric and
magnetic fields exactly, then Maxwell’s equations determine
their state at any later time. In quantum mechanics, if the
initial wave function is known exactly, then Schrödinger’s
equation can be used to predict the wave function at any
later time. However, new research by Vitor Cardoso from
the University of Lisbon, Portugal, and colleagues [1] sug-
gests that this predictability of the laws of physics can fail in
general relativity. The researchers find that it might be pos-
sible for a star that undergoes gravitational collapse to form
a black hole containing a region in which physics cannot be
predicted from the initial state of the star.

General relativity asserts that spacetime is dynamical,
with its dynamics dictated by Einstein’s equation. Just as
the initial state of a particle is specified by its position and
velocity, an initial state for spacetime is specified by the ge-
ometry of space at some instant of time, as well as by its rate
of change. Given such initial data, a fundamental theorem
in general relativity [2] states that there is a so-called maxi-
mal Cauchy development. This is the largest spacetime that
is uniquely determined by the initial data. But is it all of
spacetime? In other words, could the maximal Cauchy de-
velopment be a subset of a larger spacetime? By definition
of the maximal Cauchy development, this larger spacetime
could not be predicted from the initial data. This scenario
would represent a failure of determinism: one would not be
able to use the initial data to predict the state of spacetime
arbitrarily far into the future.

Roger Penrose’s strong cosmic censorship conjecture [3]
asserts that this scenario does not happen. It states that
the maximal Cauchy development of generic initial data is

⇤Department of Applied Mathematics and Theoretical Physics, Uni-
versity of Cambridge, Wilberforce Road, Cambridge CB3 0WA,
United Kingdom

Figure 1: Gravitational collapse of a charged spherical star to
form a charged black hole. Only the radial and time dimensions of
spacetime are plotted. Light rays traveling radially away from, or
towards, the star are straight lines at 45� to the horizontal.
‘‘Infinity’’ represents points infinitely far away from the star in space
and/or time. The black hole is the region inside the event horizon.
Initial data describing the star before collapse are specified on the
surface shown. The region of spacetime that can be predicted
from the initial data is bounded by the Cauchy horizon. The region
of spacetime denoted with the question mark cannot be predicted
from the initial data. The diagram also shows the trajectory of an
observer who crosses the Cauchy horizon. The strong cosmic
censorship conjecture asserts that Cauchy horizons are always
unstable but Cardoso and colleagues’ work [1] suggests that this
may not be true if the cosmological constant is positive. (APS/Alan
Stonebraker)

never part of a larger spacetime. (Penrose also formulated
a “weak” cosmic censorship conjecture, which states that
when gravitational collapse of a star causes a spacetime sin-
gularity to form, this singularity is always hidden inside a
black hole. Despite the names, the two conjectures are logi-
cally independent.)

Electrically charged black holes appear to offer a coun-

physics.aps.org c� 2018 American Physical Society 17 January 2018 Physics 11, 6



➙ we have a problem ... 

• Newtonian physics, Maxwell theory, Yang-Mills, Schrödinger equation:


 solution determined globally from initial data:  can predict future


• BUT in GR we can smoothly extend a solution 


  into a region of spacetime which  canNOT  be predicted from initial data ! 


  This is a worrying failure of determinism in physics. 




• Heuristics:

perturbations entering from outside the BH experience 


an infinite blue-shift at the right Cauchy horizon. 


=> infinite energy densities observed at the CHR+ 

• Suggests there will be a 


large backreaction at the Cauchy horizon, 


perhaps causing it to be replaced by a singularity

• Penrose: Cauchy horizon should be unstable!   This would restore predictability!         


32 P. R. Brady

a. While the rotation brings with it many interesting features which are observable
in the exterior, we wish to focus on the internal structure. The interior of the Kerr
black hole is similar to the interior of Reissner-Nordström. There are two horizon at
r± = m±

√
m2 − a2. An observer who crosses the EH at r+ follows a trajectory with

decreasing r-coordinate, and arrives at the inner horizon r = r− in a finite amount
of proper time. Here, as before, this hypersurface marks the boundary of the domain
of dependence for Cauchy data prescribed in the black hole’s exterior. Beyond the
Cauchy horizon, the breakdown of predictability is manifested by the existence of
closed timelike curves and a ring singularity at r = 0, θ = π/2. Thus, r = r− is both
a Cauchy horizon and a Chronology horizon. As in the Reissner-Nordström case, an
observer can travel through the Kerr tunnel into another asymptotic region identical
to, but distinct from, her original universe.

§3. Internal structure — historical sketch

The breakdown of predictability at the CH inside Kerr (and Reissner-Nordström)
black holes was cause for concern to relativists — singularities are bad enough,
but general relativity predicting its own downfall in regions where quantum gravity
cannot be invoked as a rescue was abhorrent. (Of course, for science fiction, this black
hole tunnel is a wonderful thing, allowing for many adventures in parallel universes.)
In 1968, Penrose 9) observed that the CH inside a Kerr, or a Reissner-Nordström,
black hole is a highly pathological surface — it is a surface of infinite blue-shift for
signals which propagate into the black hole from outside. Consider observers A and
B indicated in Fig. 1. Suppose observer A shines light with fixed frequency νA into
the black hole, and it is seen by observer B to have frequency νB. An elementary
calculation shows that

νB

νA
=

∆τA

∆τB
∼ eκ−v as r → r− , (3.1)

where ∆τB is the proper time interval measured by observer B, and κ− = 1
2 |df/dr|r−

is the surface gravity of the inner horizon. Penrose speculated that time-dependent
perturbations originating outside the black hole would be infinitely blue-shifted at
the CH, leading to infinite observed energy densities at the CH. The CH suffers a
blue-sheet instability.

3.1. Linearised perturbations of black hole spacetimes
The instability of the CH inside astrophysical black holes, i.e., black holes formed

by gravitational collapse of a star, is realised by the existence of the tail of gravita-
tional (and electromagnetic) radiation outside the black hole. Numerical integration
of the equations governing small perturbations of spherical black holes was first car-
ried out by De la Cruz, Chase and Israel 11) in an effort to understand how a black
hole loses its hair. Subsequently, Price 12) provided the definitive analysis in which
he showed that the external geometry of black hole that forms by collapsing a nearly
spherical star settles down to the Schwarzschild solution at late times. His analysis
showed that everything but the mass, charge and angular momentum are completely
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34 P. R. Brady

An important exceptional case is asymptotically de Sitter spacetimes. For black
holes formed by collapse in these spacetimes, the radiative tail is exponential rather
than power-law. This has important consequences for the internal structure of
charged and rotating black holes in asymptotically de Sitter spacetimes. 16), 6), 7)

The inverse-power law tail of gravitational collapse provides initial data for the
internal problem. The evolution of linearised perturbations from the EH to the CH
has been examined by many authors. 10) They confirm Penrose’s observation that
the CH is unstable to perturbations which originate outside the black hole. The
essential features of these analyses are captured by a simplified model. Consider a
Reissner-Nordström black hole perturbed by radiation that is described (in the high-
frequency limit) by the Isaacson effective stress-energy tensor. Thus, the line-element
of spacetime is given by Eq. (2.1) with f = 1 − 2m/r + e2/r2. The stress-tensor for
the radiation is

Tαβ =
Lin(v)
4πr2

lαlβ, (3.2)

where lα = −∂αv. This stress-energy tensor is automatically conserved in Reissner-
Nordström spacetime, so specification of the luminosity function Lin(v) along the
EH is sufficient to determine the evolution. Consistent with Price’s analysis, we set

Lin(v) = α(κ−v)−q , (3.3)

with q = 4l +6, where l is the multipole order of the perturbing field. This correctly
models the decaying flux at the EH. The constant α depends on the luminosity of
the star that collapses to form the black hole. Now consider the energy density, due
to this test field, measured by an observer at the CH. If the 4-velocity of observer B
in Fig. 1 is uα

B = dxα/dτB, then

ρB = Tαβuα
Buβ

B =
Lin(v)
4πr2

(uv
B)2 . (3.4)

For a geodesic observer approaching the CH,

uv
B ∼ eκ−v (3.5)

as r → r− and v → ∞. Thus, the measured energy density diverges as v → ∞ along
the observer’s path:

ρB ∼ v−qe2κ−v . (3.6)

The divergence of the energy flux of linear perturbations has been verified in
perturbative treatments of Reissner-Nordström and Kerr black holes. The results
are in qualitative agreement with Eq. (3.6) above, although there can be quantitative
differences. Ori 17) has examined the scattering of a test field inside a Kerr black hole.
His results indicate that the amplitudes of test fields decay as an inverse power-law
in both retarded and advanced times u and v near to P in Fig. 4. The coordinate u
is chosen to have u = −∞ at the black hole EH, and to increase to the interior. Ori
argues further that the decay of non-axisymmetric modes is modulated by oscillatory
terms which originate from the rotation of the inner horizon with respect to infinity,
i.e., the oscillations are a direct consequence of frame dragging in the Kerr geometry.

D
ow

nloaded from
 https://academ

ic.oup.com
/ptps/article-abstract/doi/10.1143/PTPS.136.29/1819101 by U

niversity of Southam
pton user on 22 M

arch 2019

vu

v = t + r* : ingoing Eddington-Finkelstein time



➙ Strong cosmic censorship conjecture (Penrose 70’s)  

• Consider complete, asymptotically flat initial data for the Einstein-Maxwell eqns. 


  Then generically  (generic initial data) the resulting 


         solution cannot be extended (continuously) across a Cauchy horizon


        ( the maximal Cauchy development of a two-ended Σ is inextendible)

 


• If correct, this conjecture restores predictability 

          without invoking poorly understood physics 

          (e.g. backreaction of quantum effects). 


• NOT related to Penrose’ s weak cosmic censorship conjecture:

                               “naked singularities don’t form from collapse”

[aka Very SCC or C0 version]



➙ Evidence for the conjecture: linear  
• Consider linear perturbations of RN BHs: 

massless scalar (or linearized gravito-electromagnetic perturbations). 


• Take initial data compactly supported on Σ. 


• Perturbations outside BH exhibit power-law decay (“late time tails”) [Price 72] 


• This is slow enough to trigger the blue-shift instability at the Cauchy horizon


• Inverse-power law tail of grav. collapse provides initial data for internal problem   
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FIG. 3. The appearance of the peak of I"~(r*) for l=0 and l=1. Here the constant in Eq. (4) has been chosen so that
r*=r-4M+2Mln(r/2M-1), and r*=0 at r =4M, which is the radius from which the star starts to collapse in the calcu-
lations of Sec. III. Note that E~& is sharply peaked in the neighborhood of r*=0. In fact, the peak occurs at r = 3 Mfor l=o and for 1& 0 at x~=2M{3(L—1)+[9(L-1)t+32L]'l2)/4L where L=l(l+1). —For l 1, r~=u, =2.88M; for l=2,r~=2.95M; for l=3, r~l, ——2.97M; for l-~, r~-3M.

4 „„+,'F,"(r*)4-=0. (31)

agation, with data given on two characteristics":
the "first ray" u =0, and the "stellar surface"
v = vo. The partial differential equation is (21) or
equivalently

come apparent presently.
Rather than dealing with a general l we shall

specialize to l= 1; the following calculation can be
done in the same manner for any l. It is interesting
that even in this simple model equation, we have
the "paradox. " The static solutions are

The form of the characteristic data is
0 (u, v = v, )—a+ b exp(-u/4M) a,t u»M
and

(32a)
c,+ c,r*,

C,/r*+ C,r*', r*& l.
(34)

0 (u=0, v}-static solution-r* '- v ' at v»M.
(32b)

B. An Idealized Potential

Before going on to look closely at the manner
in which the fields evolve, it is interesting to look
at a very idealized analog to our wave equation.

:yD

4 «-4 „*„~+F,(r*)4 =0,
where

(33a)

for r*& l.
(33b)

The input data as before will be on characteristics:
an exponentially damped falloff at v= vo, and first-
ray data corresponding to an initially static solu-
tion. The extent io which we have eliminated some
important physics with this idealization will be-

FIG. 4. The "radiation problem" pictured in r, t
or u, v coordinates. For explanations and descriptions
of features of this diagram, see Table II.
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Instability of the Cauchy horizon: Physical argument

Perturbations of the exterior 
region generate waves; 

These cross the horizon either 
directly or after secondary scattering 

off the background curvature;

There will be an infinite density of 
wave fronts on GEC (but not on EF)

Penrose; Simpson and Penrose 1973

Confirmed by linear perturbations
 of charged black holes:

radiation flux diverges on 
GEC (but not on EF)

Chandrasekhar and Hartle 1982

Independent of perturbation form
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FIG. 1: A portion of the conformal diagram of the maximally
extended Reissner-Nordström space-time. The observer OR

falls through the event horizon (double line) and into the black
hole. On crossing the Cauchy horizon (dashed) into a new
asymptotically flat region, OR receives in finite time all the
radiation emitted by OE during its infinite history.
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FIG. 2: Conformal diagram for an example of a self-similar
space-time admitting a globally naked singularity. We use the
advanced Bondi co-ordinates v and r described in Section 2.
The Cauchy horizon is shown dashed, the event horizon as
a double line and the apparent horizon as a bold curve. N
is the past null cone of the scaling origin. Other structures
can arise; there may be no apparent or event horizon; the
censored portion of the singularity may be null; the naked
portion of the singularity may be time-like. There is evidence
that the naked singularity is generically globally naked. See
[9] for details. In every case for which the singularity is naked,
the conformal diagram fails to display an obvious mechanism
by which the Cauchy horizon may be destroyed, in contrast
to the case illustrated in Figure 1.

field. These symmetries pick out a scaling origin O on
the central world-line r = 0 (which we will refer to as the
axis), where r is the radius function of the space-time.
We assume regularity of the axis to the past of O and of
the past null cone N of O. We will use advanced Bondi
co-ordinates (v, r) where v labels the past null cones of
r = 0 and is taken to increase into the future. Transla-
tion freedom in v allows us to situate the scaling origin
at (v = 0, r = 0) and identifies v = 0 with N . The
homothetic Killing field is

ξ⃗ = v
∂

∂v
+ r

∂

∂r
.

The line element may be written

ds2 = −2Fe2ψdv2 + 2eψdvdr + r2dΩ2, (1)

where dΩ2 is the line element of the unit 2-sphere.
The homothetic symmetry implies that F (v, r) =
F (x),ψ(v, r) = ψ(x) where x = v/r. The only co-
ordinate freedom remaining in (1) is v → V (v); this is
removed by taking v to measure proper time along the
regular center r = 0.

We will not specify the energy-momentum tensor of
(M, g), but will demand that it satisfies the dominant
energy condition. A complete description of energy con-
ditions in spherical symmetry is given in Appendix A. Of
these, the following will be used. (These are equations
(A7), (A8) and (A12) respectively.)

xψ′ ≤ 0, (2)

eψ(F ′ + xF 2eψψ′) ≤ 0, (3)

1 − 2F + 2x(F ′ + Fψ′) ≥ 0. (4)

We impose the following regularity conditions at the
axis. As previously mentioned, we take v to be proper
time along the axis for v < 0. Noting that x → −∞ on
this portion of the axis, (1) then gives

lim
x→−∞

2Fe2ψ = 1. (5)

The other regularity condition that we use is that all
curvature invariants are finite on r = 0, v < 0. In the
present case, the (invariant) Misner-Sharp mass is given
by

E =
r

2
(1 − 2F ).

Then E/r3 is a curvature invariant; this term has the
same units as e.g. R and Ψ2. Demanding that E/r3 be
finite on the axis yields

lim
x→−∞

F =
1

2
. (6)

Combining (5) and (6) gives these regularity conditions:

F (−∞) =
1

2
, ψ(−∞) = 0. (7)
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➙ Evidence for the conjecture: linear  
• Consider linear perturbations of RN BHs: 

massless scalar (or linearized gravito-electromagnetic perturbations). 


• Take initial data compactly supported on Σ. 


• Perturbations outside BH exhibit power-law decay (“late time tails”) [Price 72] 


• This is slow enough to trigger the blue-shift instability at the Cauchy horizon


• Inverse-power law tail of grav. collapse provides initial data for internal problem   

• Result:              


  — gradient of scalar diverges at Cauchy horizon. 


  — Energy density measured by observer crossing CH is divergent:

         

    


    => Expect large backreaction on metric.


                    [ McNamara (1978) Chandrasekhar & Hartle (1982) ] 
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➙ Evidence for the conjecture: nonlinear  

[ Poisson-Israel (1990), Ori (1991) ]


“Null dust” model (charged Vaidya with infalling null dust):


•  Backreaction causes the 


  invariant “Hawking mass” to diverge at the Cauchy horizon (”mass inflation”). 


  => Energy density ρ=Tab uaub measured by free-falling observer also diverges. 


  => Cauchy horizon becomes singular, in agreement with conjecture. 


• However: the metric can be continuously extended across Cauchy horizon 


              (so the Cauchy horizon can still be defined). 


  =>  the singularity at CHR
+  is null at least at “early time”. 


             ( Maybe )NOT what Penrose          had in mind !



➙ Rigorous results: RN  

[ Dafermos (2003, 2012), Luk & Oh (2017) ]


• Spherically symmetric Einstein-Maxwell coupled to massless (neutral) scalar field Φ. 
Consider nonlinear perturbations of RN solution by Φ. 


• Take compactly supported initial data for Φ on two-ended Σ. 


  Then the (nonlinear) solution can be continuously & globally 


         extended across a Cauchy horizon. 


• Generically, if                               , the extension is not C2 


at the Cauchy horizon. 


   => Cauchy horizon is a weak null singularity. 


• If we only specify data for Φ in one asymptotically flat region then above 

statements apply to the “early time” part of the “right” Cauchy horizon CHR
+.


• Effectively proves “mass inflation” 
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➙ Rigorous results: Kerr  

Kerr:  [ Dafermos & Luk (2017)] 


if (nonlinear) gravitational perturbations decay along the H + 


                                                 at the expected inverse power-law rate 


then the perturbed solution can be continuously extended 

                                                   across a Cauchy horizon at early time. 



➙ Crossing the Cauchy horizon  
• Summary so far: 


    a perturbed RN BH solution be can continuously extended across a CH


    (i.e. Penrose’s C0 version of SCC is false ) 


    but the extension is not in C2, i.e., the CH is a curvature singularity. 


    =>  Great! Predictability is restored! 

 


• Not so fast!  Ori (1991) … a twist in the story: 


— Consider an (extended) observer approaching the CH. 


   The total tidal distortion felt by this observer can remain bounded! 


— So what happens to such an observer? 


— To answer this question, one must specify:


   what is the matter field content of the observer & their EOM. 


If these EOM still “make sense” at the CH then we still have a problem with     
predictability!  (i.e. CH has singularity but observer survives its crossing)




➙ Weak solutions  
• KEY question: What it the minimal regularity required to make sense of EOM? 


• Can make sense of solutions less regular than C2 as weak solutions. 


          Example: shocks in compressible perfect fluid. 
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➙ Weak solutions  

(1)

(2)

• KEY question: What it the minimal regularity required to make sense of EOM? 


• Can make sense of solutions less regular than C2 as weak solutions. 
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➙ Christodoulou’s formulation of SCC
• Criterion for weak solutions of the full nonlinear vacuum Einstein equation:

   


A weak solution of the Einstein equation 


   must have locally square integrable (H1loc) Christoffel symbols in some chart. 


• Christodoulou’s version of the SCC conjecture (2009): 


    generically, it is not possible to extend the maximal Cauchy development 

                             across the Cauchy Horizon


                             as a weak metric solution of EOM  ( => also not C2 )

 


• If correct then generically there is no way of extending beyond the CH 


in such a way that (at least the weak version of) EOM are satisfied there


 => predictability restored! 

 


• This version of the conjecture is believed to be true with Λ = 0. 
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➙ Summary so far (Λ = 0)  

• Different SCC versions distinguished by smoothness level required at Cauchy CHR 


• In order of decreasing strength: 


  — C0 version (Very SCC): generically no continuous extension exists across CH 

      => singularity exists before Cauchy horizon forms. 


  — Christodoulou version: generically no weak extension (with H1loc Christoffel symb.) 


       => Cauchy surface is a weak null singularity. 


  — C2 version: generically no C2 extension.  

• For Einstein-Maxwell(-massless scalar) theory, with Λ = 0: 


 — C0 version is false [proof by Christodoulou; Dafermos-Luk]


 — Christodoulou version believed to be true [proof for Einstein-scalar: Dafermos-Rothman; Luk-Oh]


 — Strong evidence that C2 version is true. 

➙
 Sum

m
ary so far (Λ = 0)  

Can distinguish different versions of SCC by level of smoothness required at Cauchy 
horizon. 

In order of decreasing strength: 

C 0 version (Very SCC): generically no continuous extension exists across Cauchy 
horizon => spacelike singularity exists before Cauchy horizon forms. 

Christodoulou version: generically no C 1 extension (with square integrable Christoffel 
symbols) => Cauchy surface is weak null singularity. 

C 2 version: generically no C 2 extension. 
For Einstein-Maxwell(-massless scalar) theory, with �

 = 0: 

— C 0 version is false [proved by Christodoulou for Einstein-scalar]

— Christodoulou version believed to be true [proved by Dafermos for Einstein-scalar]

— strong evidence that C 2 version is true. 
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2. Strong Cosmic censorship with Λ > 0



➙ The cosmological constant: Λ < 0 (AdS)  

•Λ < 0: perturbations outside an AdS4 BH decay very slowly (~ 1/(log t)#),


i.e. more slowly than power-law decay of Λ=0  [ Holzegel-Smulevici (2013) ]. 


• This is likely to strengthen the instability 


                      of the Cauchy horizon. 


    => Christodoulou version of SCC  expected to be true. 


• But  (surprisingly)  C0 version still false  [ Kehle (2018) ]

Instability of the Cauchy horizon: Physical argument

Perturbations of the exterior 
region generate waves; 

These cross the horizon either 
directly or after secondary scattering 

off the background curvature;

There will be an infinite density of 
wave fronts on GEC (but not on EF)

Penrose; Simpson and Penrose 1973

Confirmed by linear perturbations
 of charged black holes:

radiation flux diverges on 
GEC (but not on EF)

Chandrasekhar and Hartle 1982

Independent of perturbation form

2

r = 0

J+

J−

OEOR

FIG. 1: A portion of the conformal diagram of the maximally
extended Reissner-Nordström space-time. The observer OR

falls through the event horizon (double line) and into the black
hole. On crossing the Cauchy horizon (dashed) into a new
asymptotically flat region, OR receives in finite time all the
radiation emitted by OE during its infinite history.

J−

J+

r = 0

v < 0

r = 0, v > 0

r = 0

v = 0

N

FIG. 2: Conformal diagram for an example of a self-similar
space-time admitting a globally naked singularity. We use the
advanced Bondi co-ordinates v and r described in Section 2.
The Cauchy horizon is shown dashed, the event horizon as
a double line and the apparent horizon as a bold curve. N
is the past null cone of the scaling origin. Other structures
can arise; there may be no apparent or event horizon; the
censored portion of the singularity may be null; the naked
portion of the singularity may be time-like. There is evidence
that the naked singularity is generically globally naked. See
[9] for details. In every case for which the singularity is naked,
the conformal diagram fails to display an obvious mechanism
by which the Cauchy horizon may be destroyed, in contrast
to the case illustrated in Figure 1.

field. These symmetries pick out a scaling origin O on
the central world-line r = 0 (which we will refer to as the
axis), where r is the radius function of the space-time.
We assume regularity of the axis to the past of O and of
the past null cone N of O. We will use advanced Bondi
co-ordinates (v, r) where v labels the past null cones of
r = 0 and is taken to increase into the future. Transla-
tion freedom in v allows us to situate the scaling origin
at (v = 0, r = 0) and identifies v = 0 with N . The
homothetic Killing field is

ξ⃗ = v
∂

∂v
+ r

∂

∂r
.

The line element may be written

ds2 = −2Fe2ψdv2 + 2eψdvdr + r2dΩ2, (1)

where dΩ2 is the line element of the unit 2-sphere.
The homothetic symmetry implies that F (v, r) =
F (x),ψ(v, r) = ψ(x) where x = v/r. The only co-
ordinate freedom remaining in (1) is v → V (v); this is
removed by taking v to measure proper time along the
regular center r = 0.

We will not specify the energy-momentum tensor of
(M, g), but will demand that it satisfies the dominant
energy condition. A complete description of energy con-
ditions in spherical symmetry is given in Appendix A. Of
these, the following will be used. (These are equations
(A7), (A8) and (A12) respectively.)

xψ′ ≤ 0, (2)

eψ(F ′ + xF 2eψψ′) ≤ 0, (3)

1 − 2F + 2x(F ′ + Fψ′) ≥ 0. (4)

We impose the following regularity conditions at the
axis. As previously mentioned, we take v to be proper
time along the axis for v < 0. Noting that x → −∞ on
this portion of the axis, (1) then gives

lim
x→−∞

2Fe2ψ = 1. (5)

The other regularity condition that we use is that all
curvature invariants are finite on r = 0, v < 0. In the
present case, the (invariant) Misner-Sharp mass is given
by

E =
r

2
(1 − 2F ).

Then E/r3 is a curvature invariant; this term has the
same units as e.g. R and Ψ2. Demanding that E/r3 be
finite on the axis yields

lim
x→−∞

F =
1

2
. (6)

Combining (5) and (6) gives these regularity conditions:

F (−∞) =
1

2
, ψ(−∞) = 0. (7)
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➙ The cosmological constant Λ > 0 (de Sitter)  

Onwards, assume Λ > 0: we now have a cosmological horizon C+,-.



➙ Blue vs red shift competition 

• Perturbations entering H+ at late time have to climb out of the potential well 
associated with the cosmological horizon, suffering a red-shift. 


• This competes with blue-shift at Cauchy horizon: which effect wins ? 


Perturbations entering the hole at late time have to climb out of
the potential well associated with the cosmological horizon,
su↵ering a red-shift. This competes with blue shift at Cauchy
horizon: which e↵ect wins?



➙ Mellor-Moss (1990)  

• Perturbations of Reissner-Nordstrom-de Sitter (RNdS) decay very fastly (exp)!


• They argued that late time decay of linear perturbations outside the BH is 
determined by the slowest decaying quasinormal mode (damped oscillation). 


• Quasinormal mode: solution with time dependence e−i ω t smooth on future event 

horizon H+ and future cosmological horizon C+. ω is complex with Im(ω) < 0. 


• Define spectral gap α to be the minimum value of −Im(ω)  
So generic perturbations decay exponentially in time as e −α t, 


 ( in contrast with power-law decay for Λ = 0 )


• Does this decay trigger the blue-shift instability  of Cauchy horizon CHR
+ ? 
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• EOM (2) “makes sense”, if terms involving � are finite
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1The test function  µ⌫ permits integrating by parts without introducing boundary terms.
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• Introduce double null coordinates (U, V) so that Cauchy horizon is at V = 0 


  with BH interior in V < 0.


• MM showed that near Cauchy horizon, 


generic linear perturbations  are proportional to  (−V)β  with


 κ− is the (positive)  surface gravity of the Cauchy horizon


• So gradient of perturbation ∂Φ~ (−V)β-1 blows up at Cauchy horizon if  β<1 

 


• MM showed (numerically) that most RNdS BHs have  β<1.

 

  => backreaction causes curvature to blow up at the Cauchy horizon


  => good, C2 version of SCC is obeyed. 


• But MM also claimed that near-extremal RN holes have β > 1. 


If correct, this would entail a violation of the C2 version of SCC 
!!!

vu
CHR+



• [ Brady, Moss & Myers “Cosmic censorship: as strong as ever” (1998)]: 


  argued that the MM analysis overlooks 


    the effect of outgoing radiation inside the hole. 


• BMM claimed that backscattering of such radiation 


  would always have a large effect at the Cauchy horizon, 


  restoring the C2 version of SCC for Λ > 0. 


• It turns out that the BMM argument has a problem: 


   we showed that their initial perturbation 


   is not smooth (not even C1)  at the event horizon ! 

                                        [ OD, Reall, Santos 1808.02895 ]


➙ Confusion  

However, main conclusions correct!!! —> see  rough  Dafermos & Shlapentokh-Rothman (2018) later 

strong cosmic censorship conjecture may be false for near-
extremal Reissner–Nordström–de Sitter and Kerr–de Sitter
black holes. Very recently, Ref. [12] has presented com-
pelling evidence that this is indeed the case for near-
extremal Reissner–Nordström–de Sitter black holes. The
argument is based on recent mathematical developments in
the study of black holes with positive Λ, as we will now
explain.
The behavior of perturbations at the Cauchy horizon

depends on the rate of decay of perturbations along the
event horizon [13]. Faster decay along the event horizon
gives a milder instability of the Cauchy horizon. With a
positive cosmological constant, it has been proved that
perturbations decay exponentially along the event horizon.
Specifically, for massless scalar field perturbations of
Reissner–Nordström–de Sitter or slowly rotating Kerr–de
Sitter black holes it has been proved that there exist
constants Φ0 and C; α > 0 such that, outside the black
hole [14–19]

jΦ −Φ0j ≤ Ce−αt; ð1:1Þ

where t labels a foliation by spacelike hypersurfaces that
extend from the future event horizon to the future cosmo-
logical horizon (e.g., the surface Σ of Fig. 1), with the
hypersurfaces related by the time translation symmetry of
the black hole. The constant α is called the spectral gap.
The spectral gap can be determined by looking at the most
slowly decaying quasinormal modes of the black hole: α is

the largest number such that α ≤ −ImðωÞ for all quasi-
normal frequencies ω.
If α is known, then one can determine the behavior of

generic perturbations at the Cauchy horizon and hence
ascertain whether or not strong cosmic censorship is
violated. And α can be determined by looking at quasi-
normal modes of the black hole. This is what was done in
Ref. [12] for Reissner–Nordström–de Sitter black holes. By
determining (numerically) the most slowly decaying qua-
sinormal modes, the value of α was determined. For black
holes sufficiently close to extremality, the value of α was
sufficiently large to indicate that, when nonlinearities are
included (e.g., using results of Ref. [20]), it would be
possible to extend the solution across the Cauchy horizon
as a weak solution of the equations of motion, in violation
of the strong cosmic censorship conjecture.
Reissner–Nordström–de Sitter black holes are not very

relevant physically. However, they are often viewed as a toy
model for the much more physical case of Kerr–de Sitter
black holes. The massless scalar field can be viewed as a toy
model for linearized gravitational perturbations. So the
results of Ref. [12] suggest that maybe there is a violation
of strong cosmic censorship for near-extremalKerr–de Sitter
black holes in vacuum. Indeed this was conjectured in
Ref. [11]. That is what we will investigate in this paper.
Our approach is the following. We will study linear

perturbations of a nonextremal Kerr–de Sitter black hole.
These perturbations could be either a massless scalar field
or linearized gravitational perturbations. Such a linear
perturbation will source a second order metric perturbation.
The linear perturbation will be continuous but not neces-
sarily differentiable at the Cauchy horizon. However, in
order to extend beyond the Cauchy horizon, the linear
solution needs to be sufficiently regular that the equation of
motion for the second order perturbation can be satisfied in
a weak sense at the Cauchy horizon. As we will explain,
this leads to the criterion that the scalar field, or linearized
metric perturbation, must have a locally square integrable
derivative; i.e., it should belong to the Sobolev space H1

loc.
This was also the criterion used in Ref. [12].
Consider a scalar field quasinormal mode in a non-

extremal Kerr–de Sitter spacetime. Such a solution has
definite frequency and satisfies ingoing boundary condi-
tions at the future event horizon Hþ, and outgoing
boundary conditions at the future cosmological horizon
Hþ

C (see Fig. 1). Working in coordinates regular acrossHþ,
a quasinormal mode can be analytically continued into the
black hole interior (region II of Fig. 1). We will determine
how such a quasinormal mode behaves at the Cauchy
horizon CHþ

R of Fig. 1. It is straightforward to show that it
belongs to H1

loc if, and only if, minus the imaginary part of
the quasinormal frequency exceeds a certain value, i.e., the
mode decays fast enough.
We will use geometric optics and numerics to show that

there always exist “photon sphere” quasinormal modes

FIG. 1. Penrose diagram for Kerr–de Sitter. The event and
cosmological horizons are Hþ and Hþ

C , respectively, the blue
lines are the left and right Cauchy horizons CHþ

L;R, and the green
line is a spacelike hypersurface extending from the cosmological
horizon across the event horizon and the left Cauchy horizon.
Quasinormal modes blow up along the white hole horizon (red
line) and also along the past cosmological horizon.

DIAS, EPERON, REALL, and SANTOS PHYS. REV. D 97, 104060 (2018)

104060-2
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➙ Recent developments  
• [ Hintz & Vasy (2015) ]

For smooth initial perturbations, 


HV have (mathematically) proved that the behaviour of linear perturbations 


                                                          at the Cauchy horizon 


is indeed determined by quasinormal modes, 

as originally claimed by Mellor-Moss.  


• Therefore:


— C2 version respected iff  β < 1 

 


— If nonlinearities behave as expected then  
   Christodoulou version of SCC is respected iff  β < 1/2


is  β < 1/2 ? 
 [ later slide 

]
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• Origin of critical � ⌘ � Im(!)
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= 1

2

?

� Near CH+

R, QNM is sum of two independent solutions (u: outgoing EF time):
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CH+

R
= A�(1) +B �(2) with
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!` (r)
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!` (r)

[ R̂
(1,2)
!` (r�) 6= 0 and smooth ]

Im(!) < 0 ) �(2)(r�) = 0 BUT �(2) is not smooth at r = r�.

NO reason for B = 0 ) regularity of QNM is determined by the non-smooth �(2).

� What is the condition for �(2)

to be locally square integrable?

�(2) ⇠ (r � r�)p with p = i!/� ) @r�
(2) ⇠ (r � r�)p�1

which is square integrable (
R �

@r�
(2)

�
2

finite) i↵ 2(� � 1) > �1 where � = Re(p) .

=) QNM 2 H1

loc

at CH+

R i↵ � ⌘ � Im(!)
�

> 1

2

�! Christodoulou’s SCC may be violated

Therefore if we can find a quasinormal mode with � < 1/2 then the scalar field cannot be
extended across the Cauchy horizon in H1

loc

and so strong cosmic censorship is respected. On
the other hand if all quasinormal modes have � > 1/2 then strong cosmic censorship may be
violated.

@
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( h is square integrable)

locally square integrable:
 � is square integrable
� Scalar field �: ⇤� = 0.
� Treat this as a 1st order perturbation, sourcing a 2nd order metric pert h

(2)

µ⌫ . One has:

Lh(2)µ⌫ = 8⇡ Tµ⌫ [�] . (1)

� For a moment, assume that � , h
(2)

µ⌫ are continuously di↵erentiable (of class C1).

Multiply (1) by a smooth, compactly supported, symmetric tensor,  µ⌫ & integrate by parts:1

Z
d4x

p�g
⇣
h(2)µ⌫L† µ⌫ � 8⇡ µ⌫Tµ⌫

⌘
= 0 , L†: adjoint of L (from IP) (2)

(1) , (2) if �, h
(2)

µ⌫ are (at least) C 1 . Otherwise, (2) ) (1), but not the reverse.

• If (2) is obeyed for any  µ⌫ =) we have a weak solution of original Einstein eqn (1)

• EOM (2) “makes sense”, if terms involving � are finite

1The test function  µ⌫ permits integrating by parts without introducing boundary terms.
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• [Cardoso, Costa, Destounis, Hintz & Jansen (2017)]: 

   careful numerical study of massless scalar field QNMs of RNdS. 


  — Calculate slowest-decaying  QNMs to determine β 


  — Found that near-extremal RNdS holes have 1/2 < β < 1 

     => so massless scalar perturbations 


         violate the Christodoulou version but not the C2 version of SCC. 


• Very recently: numerical confirmation that this is true with backreaction, in 
spherical symmetry. [ Cardoso et al (2018) ]


• Therefore:


— if    a QNM with β < 1/2 => Φ cannot be extended across CHR
+ in H1loc => SCC ok 


— if all QNM have β > 1/2 => SCC may be violated 


9
• Origin of critical � ⌘ � Im(!)

�
= 1

2

?

� Near CH+

R, QNM is sum of two independent solutions (u: outgoing EF time):

�
��
CH+

R
= A�(1) +B �(2) with

(
�(1) = e�i!uY`(✓)R̂

(1)

!` (r)

�(2) = e�i!uY`(✓)(r � r�)i!/�R̂
(2)

!` (r)

[ R̂
(1,2)
!` (r�) 6= 0 and smooth ]

Im(!) < 0 ) �(2)(r�) = 0 BUT �(2) is not smooth at r = r�.

NO reason for B = 0 ) regularity of QNM is determined by the non-smooth �(2).

� What is the condition for �(2)

to be locally square integrable?

�(2) ⇠ (r � r�)p with p = i!/� ) @r�
(2) ⇠ (r � r�)p�1

which is square integrable (
R �

@r�
(2)

�
2

finite) i↵ 2(� � 1) > �1 where � = Re(p) .

=) QNM 2 H1

loc

at CH+

R i↵ � ⌘ � Im(!)
�

> 1

2
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➙ Our work: RNdS  

• We studied linearized (coupled) gravitational-electromagnetic perturb of RNdS


• We found that near-extremal RNdS BHs always have β > 2

 


• Hence, in pure Einstein-Maxwell theory, not only is the 


         Christodoulou’s version of SCC violated but so is the C2 version !!! 


• In fact, generic perturbations are C r at the Cauchy horizon, 


  where  r can be made arbitrarily large 


  by making the BH sufficiently near-extremal &  sufficiently large (in units of Λ)


. 


• So SCC is very badly violated in Einstein-Maxwell theory with Λ > 0 !!! 

[ OD, Reall, Santos 1808.02895 ]



• In Einstein-Maxwell(-uncharged scalar) theory, 


     it is impossible to form a RNdS black hole: no charged matter. 


• So add a charged scalar field.  


• Our results: 


  [OD,  Reall, Santos, 1808.04832 ] 

  for “physical” (large) values of charge, 


  β is very close to 1/2  BUT  oscillates around 1/2 as BH approaches extremality 


  => Christodoulou’s version of SCC is violated (β > 1/2). 


• [see also Hod (2018), Cardoso et al (2018)]: β > 1/2 not seen 

                                              because not close enough to extremality


➙ Our work: Adding charged matter to RNdS  

19

and then match to the inner solution we found. This kind of matching has been accomplished 
in [21] in the context of gravitational perturbations around asymptotically flat Kerr black 
holes. Near extremality, wiggles were observed that seem analogous to what we are finding.

What are the consequences of the wiggles for strong cosmic censorship? Our results indi-
cate that, even for large scalar field charge q̃ > q̃c there are near-extremal black holes for 
which β > 1/2 and so the Christodoulou version of strong cosmic censorship is violated. 
However, unlike the uncharged case, there is no neighbourhood of extremality in which all 
black holes violate strong cosmic censorship. Furthermore, for large q̃, it is clear that the wig-
gles have very small amplitude. This has two related consequences. First, as one approaches 
extremality at fixed large q̃, the value of β can exceed 1/2 but only by a tiny amount. Second, 
the larger q̃ is, the closer one has to get to extremality in order for the wiggles to overcome 

Figure 9. Real part (left panel) and imaginary part (right panel) of the near-extremal 
quasinormal mode with zero overtone as a function of q̃. This data was generated with 
Q/Qext = 1–10−4, y +   =  1/3, µ = 0 and ℓ = 0. The blue dots are our numerical data, 
the dashed red line shows the WKB prediction (6.4) and the black dotted line is the near 
horizon prediction (5.18).

Figure 10. The same as figure 9 except that ℓ = 1.

O J C Dias et alClass. Quantum Grav. 36 (2019) 045005



➙ Our work: Kerr dS  
• Λ > 0 is our Universe. But near-extremal RNdS black holes are unphysical: 


                                highly charged BHs don’t exist in Nature! 


• RN is often regarded as a toy model for Kerr within spherical symmetry. 


• So is there a violation of SCC for near-extremal Kerr-dS ? 


• We studied QNMs with large angular momentum, i.e., Φ∝ ei m φ, |m| ≫ 1,


                     both for scalar field and gravitational perturbations. 


• In this limit, the modes can be calculated using geometric optics, 


               i.e., looking at null geodesics. 


• Ingoing/outgoing boundary conditions at the event/cosmological horizons 


              ↔ null geodesics which do not cross any horizons to the past. 




• The photon sphere consists of null geodesics which remain forever at fixed r. 


• These are unstable trajectories: 


  the decay rate when perturbed fixes the imaginary part of associated QNM. 


• From such trajectories we can place an upper bound on β:   β < 1/2


• Thus Christodoulou’s version of SCC is respected by Kerr-dS !!! 

• So when Λ > 0, Christodoulou’s SCC is respected in pure Einstein gravity 


                                            BUT violated in Einstein-Maxwell theory. 

bsðrsÞ ¼ a
a2rs þ L2ð3M þ rsÞ
a2rs þ L2ð3M − rsÞ

; ð4:15Þ

while from the first we get

a4r3s þa2½2L2r2sð3Mþ rsÞ− 4L4M& þL4rsðrs− 3MÞ2 ¼ 0:

ð4:16Þ

The two relevant real roots, i.e., those that satisfy
rþ ≤ r's ≤ rc, can be written as

r's ¼
2M
Ξ2

!
γ−þγcos
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2

3
arccos
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where

γ ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

14a2

L2
þ a4

L4

r
;

γþ ≡ 1þ 34a2

L2
þ a4

L4
and γ− ≡ 1 −

a2

L2
: ð4:18Þ

At first glance, it might appear that the argument of the
square root appearing as the argument of the arccos in
Eq. (4.17), as well as the definitions above, might become
negative. However, we have explicitly checked that this is
not the case whenever the line element (3.1) describes a
black hole. This is consistent with Ref. [32], which argues
that a Kerr de Sitter black hole always has two circular
photon orbits. The signs are chosen such that rþs corre-
sponds to prograde orbits, i.e., bþs ≡ bsðrþs Þ > 0 and r−s to
retrograde orbits, i.e., b−s ≡ bsðr−s Þ < 0.
We can now compute the orbital angular velocity (aka

Kepler frequency) of our null circular photon orbit, which
is simply given by

Ω'
c ≡

_ϕ
_t
¼ 1

b's
; ð4:19Þ

where in the second equality we have used Eq. (4.9) and
taken r ¼ r's and b ¼ b's .
On an orbit with impact parameter b ¼ b's , the radial

potential (4.13) simplifies considerably,

Vðr; b's Þ ¼
j2Ξ2

ðb's Þ2
ðβ's Þ2

#
1 − r's

r

%
2
#
1þ 2r's

r

%
; ð4:20Þ

where we defined

ðβ's Þ2 ¼ 1þ ða − b's Þ2

L2
: ð4:21Þ

The final step in our calculation is to compute the largest
Lyapunov exponent λ, measured in units of t, associated
with infinitesimal fluctuations around photon orbits with

rðτÞ ¼ r's . This can be readily done by perturbing the
geodesic equation (4.12) with the simplified potential
(4.20) and setting rðτÞ ¼ r's þ δrðτÞ. One finds that small
deviations obey

δrðtÞ ¼ exp
"
þ

ffiffiffi
3

p

Ξ
β's
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ðb's − aÞb's r's
t
&
× Cþ; ð4:22Þ

and

δrðtÞ ¼ exp
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ffiffiffi
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ðb's − aÞb's r's
t
&
× C−; ð4:23Þ

where C' are integration constants. The largest Lyapunov
exponent is simply given by

λ' ¼
((((

ffiffiffi
3

p

Ξ
β's

a2 − ab's þ ðr's Þ2

ðb's − aÞb's r's

((((: ð4:24Þ

One reconstructs the approximate spectrum of the
photon sphere family of quasinormal modes with ℓ ¼
jmj ≫ 1 using [23–31]:

ω'
WKB ≈mΩ'

c − i
#
nþ 1

2

%
λ'; ð4:25Þ

where n ¼ 0; 1; 2;… is the radial overtone.
In Fig. 3 we plot βWKB ≡ −Imðωþ

WKBÞ=κ− for n ¼ 0. For
all the range of ðyþ; jαjÞ we find that βWKB ≤ 1=2, with
βWKB ¼ 1=2 saturated only at extremality (represented by
the dashed diagonal black line in Fig. 3). This shows that
scalar field perturbations of any nonextremal Kerr–
de Sitter black hole respect the strong cosmic censorship
conjecture.

FIG. 3. β computed in the WKB approximation (using co-
rotating photon sphere geodesics) for all values of ðyþ; αÞ. β ¼
1=2 is saturated at extremality, but is otherwise smaller than 1=2.
The extremal curve is represented here by the dashed black line.
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➙ Our work: Kerr dS  

derivative belongs toH−1
loc [40]. Hence it must be possible to

interpret the (gauge invariant) quantity ψ̃0 as a tempered
distribution inH−1

loc. The latter is the dual space ofH
1
loc [40],

so if ψ̃0 belongs to H−1
loc then

R
ψ̃0f should be finite for any

f ∈ H1
loc. Choose compactly supported f where the support

of f contains a segment of the Cauchy horizon with f
smooth except on this segment, with f ∼ ðr − r−Þq in a
neighborhood of this segment, where q is real. This f
belongs to H1

loc if, and only if, q > 1=2. Then
R
ψ̃0f

converges for all q > 1=2 if, and only if, β ≥ 1=2. Hence if
(5.7) belongs to H−1

loc then we must have β ≥ 1=2.
A less rigorous argument goes as follows. Assume that in

the coordinates ðu; r; χ;ϕ00Þ, each component of the metric
perturbation behaves (near the Cauchy horizon) as ðr − r−Þq
where q¼qRþiðReðωÞ−mΩ−Þ=κ−¼qRþiImðpÞ. The
value of the real part qR may be different for different
components. The condition that the perturbation belongs to
H1

loc is that each component must have qR > 1=2. Since the
Weyl tensor perturbation involves two derivatives of the
metric, it follows that the Weyl scalar must be at least as
smooth as ðr − r−ÞminðqRÞþiImðpÞ−2, and hence from (5.7) we
must have ReðpÞ > minðqRÞ > 1=2, i.e., β > 1=2.
We conclude that if a quasinormal mode corresponds to a

linearized metric perturbation that, in some gauge, belongs
to H1

loc, then the mode must have

β ≥
1

2
; where β≡ −

ImðωÞ
κ−

: ð5:8Þ

Hence if all gravitational quasinormal modes have β ≥ 1=2
then strong cosmic censorship might be violated. However,
if we can find one quasinormal mode with β < 1=2, then, as
argued in the Introduction, a generic linearized gravita-
tional perturbation cannot be extended across the Cauchy
horizon in H1

loc, and so strong cosmic censorship holds.
We can use geometric optics to calculate the frequencies

of “photon sphere” gravitational quasinormal modes with
ℓ ¼ jmj ≫ 1. The calculation is exactly as in Sec. IV B. As
explained in [30] (see Eq. (51) of [30]), the spin depend-
ence of the WKB approximation of quasinormal frequen-
cies with ℓ ¼ jmj only comes at order 1=m. This makes
sense, since in the WKB limit we are taking ℓ ¼ jmj to be
large, while keeping the spin fixed (either to zero, in the
scalar case, or to two in the gravitational case). Hence for
ℓ ¼ jmj ≫ 1, the gravitational quasinormal frequencies
are, to leading order, exactly the same as the scalar field
quasinormal frequencies, as computed in Sec. IV B.
Furthermore, the subleading terms in β can be made
arbitrarily small by making ℓ ¼ jmj large enough.
We conclude that for any nonextremal Kerr–de Sitter

black hole, there are gravitational quasinormal modes with
β < 1=2. Hence linearized gravitational perturbations of
any nonextremal Kerr–de Sitter black hole respect the
strong cosmic censorship conjecture. In the next section,
we will check the accuracy of the geometric optics/WKB

approximation for gravitational perturbations by computing
the quasinormal frequencies numerically. Just as for the
scalar field case, we will find that the geometric optics
approximation is always very accurate for ℓ ¼ m ≫ 1.

B. Numerics

We write the perturbation for the Weyl scalar ψ0 as in
(5.1). Our task now is to find Sðþ2Þ

ωℓmðχÞ, R
ðþ2Þ
ωℓmðrÞ, and the

eigenvalues fω; Kðþ2Þg by solving (5.2). As explained
before, (5.3) is isospectral to (5.2) and thus we do not
consider it further.
This section follows mutatis mutandis Sec. IV C, so we

will only point out the differences. Regularity at the poles,
located at χ ¼ %jaj, now demands that

Sðþ2Þ
ωℓmðχÞ ¼ ða2 − χ2Þ

jm−2j
2 S̃ðþ2Þ

ωℓmðχÞ; ð5:9Þ

where S̃ðþ2Þ
ωℓmðχÞ is a smooth function of χ for all values ofm.

We have discarded the irregular solution ða2 − χ2Þ−
jm−2j
2 .

Demanding outgoing boundary conditions at the cosmo-
logical horizon—i.e., that the solution is regular at r ¼ rc in
outgoing coordinates ðu; r; χ;ϕ00Þ—ingoing boundary con-
ditions at the black hole horizon—i.e., that the solution is
regular at r ¼ rþ in ingoing coordinates ðv; r; χ;ϕ0Þ—now
motivates the following field redefinition:

Rðþ2Þ
ωℓmðrÞ ¼ ðrc − rÞ−

i
2κc

ðω−mΩcÞþ1ðr − rþÞ
− i
2κþ

ðω−mΩþÞ−1

× R̃ðþ2Þ
ωℓmðrÞ; ð5:10Þ

where again R̃ðþ2Þ
ωℓmðrÞ is a smooth function at both r ¼ rþ

and r ¼ rc.
The numerical results are displayed in Fig. 6, where we

have chosen yþ ¼ 1=2, a=aext ∈ ½9=10; 999=1000', and

FIG. 6. β for gravitational perturbations as a function of a=aext
plotted for fixed yþ ¼ 1=2 and ℓ ¼ m ¼ 10.
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Grav. QNM: 
 r+/L=1/2,  
l = m =10 

[ OD, Eperon,  Reall, Santos, 1801.09694 ]



• How do we rescue SCC in Einstein-Maxwell theory with Λ > 0 ? 


• So far we’ve considered perturbations arising from smooth initial data. 


• [Dafermos & Shlapentokh-Rothman (2018)]: consider rough initial data. 


  =>  Late time behaviour is no longer dictated by quasinormal modes. 


• The smoothness of the solution (in the sense of Sobolev spaces) 


                    generically gets worse at the Cauchy horizon. 


(In fact this is precisely what happens in the earlier argument of Brady, Moss, Myers!) 


• A generic perturbation arising from 


initial data with the minimum acceptable level of smoothness will not have 


  this minimum acceptable level of smoothness at the Cauchy horizon. 


➙ Taking the rough with the smooth  

[ OD, Reall, Santos 1808.02895 ]




3. Quantum effects



➙ Quantum effects: theory with charged particles  

•Λ ≤ 0: Christodoulou’ s version of SCC appears to be true 


          so we do not need to invoke quantum effects to restore predictability. 


•Λ > 0: do quantum effects help? 


• If theory contains charged particles: RNdS BH can radiate them & lose its charge. 


• This does not depend on the mass of the particles: 


               redshifted away at cosmological horizon! 


• So Hawking radiation will drive BH away from extremality => SCC is saved. 



• Now consider RNdS in pure Einstein-Maxwell theory (no charged matter).

 


• We have Hawking radiation of photons and gravitons 

       from both the BH horizon and the cosmological horizon. 


• This will drive a RNdS BH away from extremality towards a “lukewarm” solution 


     ( for which the two horizons have equal temperatures ) 


• BUT such BHs are still close enough to extremality 


     to violate Christodoulou’s version of SCC (but not C2 version). 


➙ Quantum effects: theory with NO charged particles  



• Expect the quantum state of the fields to approach 


               the Hartle-Hawking (thermal) state at late time. 


• It would be interesting to calculate ⟨Tμν⟩ in this HH state 


               near the Cauchy horizon of a lukewarm BH. 


• Does ⟨Tμν⟩ diverge at the Cauchy horizon sufficiently rapidly 


        to ensure that Gμν = 8π⟨Tμν⟩ cannot be satisfied there, even weakly? 


• If so then predictability would be enforced by vacuum polarization. 


• Calculations in a 2d toy model show that 


                   ⟨Tμν⟩ does diverge at a Cauchy horizon. [Birrell & Davies 1977] 


  — The 4d case is much harder! 


     ⟨Tμν⟩ has only been calculated outside a lukewarm RNdS black hole. 


      [ Winstanley & Young (2007), Breen & Ottewill (2010) ]


➙ Quantum effects: theory with NO charged particles  



➙ Summary  
• Strong cosmic censorship: physics should be predictable from initial data! 


• Very likely to be true for Λ ≤ 0.  
True for pure Einstein theory with Λ > 0. 


• Badly (very! not even C2) violated in pure Einstein-Maxwell theory with Λ > 0 


        unless we allow rough initial data. 


• Opportunity for quantum effects to save the day? 


• Further reading:

      — OD,  Felicity Eperon, Harvey Reall, Jorge Santos  
           1801.09694 (PRD)  &  1808.02895 (JHEP)  & 1808.04832 (CQG)  
      — Mihalis Dafermos’ website   


