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Separation of Scales

BSM requires multiscale physics

● Matching of UV theories to low 
energy observables

● Process of matching automatized 
up to one loop

● Running of the theory via RG 
evolution

● Still we need more precision:        
two loops and beyond
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New Models

Observables
[Carmona et al-2112.10787]

[Fuentes-Martín  et al-2212.04510]
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Amplitude Matching
Feynman Diagrams

● Well-established
● Ansatz: Redundancies, 

redefinitions…
● Explicit break of Gauge 

Symmetry in 
intermediate steps

● Normally uses off-shell 
computations

Matching: 
Determining Wilson 

Coefficients
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Functional Matching

4

Quantum Effective Action: We are going to “Integrate Out” the heavy fields

Matching Condition

= +
EFTUV Integrate 

Out

Wilson Coefficients (Local)
 [Fuentes-Martín, Palavrić , Eller Thomsen-2311.13630]



Background Field Method

Classical Configuration: Tree 
Level

Quantum Fluctuation: Loops
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Expanding Lagrangian



● One-loop:

Gaussian Integration
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Evaluation of Traces
Differential operators under a Gauge Symmetry

Locality  and gauge invariance of the action: 
Functional Traces are dressed loop integrals

OPE around  k~𝚲     
=

Explicit Gauge 
Invariance  

 [Fuentes-Martín, Palavrić , Eller Thomsen, AM]
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Diagrammatically,

Operators traced in different points of spacetime remain local 
by a momentum shift operation
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● Two Loops: More Topologies involved
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Two Loops Traces
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Outlook

● EFT is given by the formalism (not by an ansatz)

● Basis reduction is  still needed

● Better for Automation: Matchete

● Future study of applications of interest to the community
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Functional methods in EFTs
Two-loop counterterms for the bosonic SMEFT

Lukas Born

University of Bern

July 15, 2024

with J. Fuentes-Mart́ın, S. Kvedaraitė
and A. E. Thomsen
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Introduction

• Top-down approach to EFTs

• Goal: Fully automated two-loop RG
calculations

1. Theoretical precision required
2. Scheme independence of one-loop matching

• Build on Matchete

Fuentes-Mart́ın et al [2212.04510]

• Counterterms give β-functions

E

New physics

SMEFT

LEFT

O
B
S
E
R
V
A
B
L
E
S
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Functional methods

Effective action

Γ[η] = S(0) + ℏS(1) + iℏ
2 STr {logQ} + ℏ2S(2) + iℏ2

2 Q−1
ij B

(1)
ji

−ℏ2
8 D

(0)
ijklQ

−1
ij Q−1

kl + ℏ2
12C

(0)
ijkQ

−1
il Q−1

jmQ−1
knC

(0)
lmn +O(ℏ3)

• Tree-level

• One-loop

• Two-loop

Fuentes-Mart́ın, Palavrić, Thomsen [2311.13630]
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Two-loop counterterms

Γ(2)[η] = ℏ2S(2) +
iℏ2

2
Q−1

ij B
(1)
ji − ℏ2

8
D

(0)
ijklQ

−1
ij Q−1

kl +
ℏ2

12
C

(0)
ijkQ

−1
il Q−1

jmQ−1
knC

(0)
lmn

= ℏ2S(2) +
iℏ2

2
B

(1)
ji − ℏ2

8
D

(0)
ijkl +

ℏ2

12

C
(0)
ijk

C
(0)
lmn
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Two-loop counterterms: Simple example

B C D Q

L = ∂µϕ
† ∂µϕ−m2ϕ†ϕ− λ

4
(ϕ†ϕ)2 − ζ

36
(ϕ†ϕ)3

B
(1)
ji : One-loop counterterm insertions

C
(0)

ϕ†ϕϕ†(x) =
δ3S(0)[ϕ]

δϕ† δϕ δϕ† = −λϕ− ζ

2
ϕϕ†ϕ , C

(0)
ϕϕϕ = −ζ

6
ϕ†ϕ†ϕ† , etc.

D
(0)

ϕ†ϕϕ†ϕ
(x) =

δ4S(0)[ϕ]

δϕ† δϕ δϕ†δϕ
= −λ− ζϕ†ϕ , D

(0)
ϕϕϕϕ = 0 , etc.

Gf8 = D
(0)
ijkl =

∫
x

∫
kl
D

(0)
ijkl(x)Q

−1
ij (x, k)Q−1

kl (x, l)

Gf8 ⊃
∫
x

∫
kl
D

(0)

ϕ†ϕϕ†ϕ
(x)

(
1

(k + i∂)2 −X(x)

)
ϕ†ϕ

(
1

(l + i∂)2 −X(x)

)
ϕ†ϕ
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Two-loop counterterms: Integrals

∫
x

∫
kl
D

(0)

ϕ†ϕϕ†ϕ
(x)

(
1

(k + i∂)2 −X(x)

)
ϕ†ϕ

(
1

(l + i∂)2 −X(x)

)
ϕ†ϕ

• Subdivergences

• Spurious IR divergences

Solution: R∗-method
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Two-loop counterterms: Integrals

R∗-method:

∆UV(G) = −KR̄∗T (n)G

R̄∗ =
∑

∆IR(S
′) ∗∆UV(S) ∗G/S \ S′

Herzog, Ruijl [1703.03776]
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Two-loop counterterms: Integrals

∆UV(Gf8) ⊃ −KR̄∗T (4)

∫
x

∫
kl
Dϕ†ϕϕ†ϕ(x)

(
1

(k + i∂)2 −X(x)

)
ϕ†ϕ

(
1

(l + i∂)2 −X(x)

)
ϕ†ϕ

⊃ −KR̄∗
∫
x

∫
kl
Dϕ†ϕϕ†ϕ(x)

Xϕ†ϕ(x)

k4
Xϕ†ϕ(x)

l4

∝
∫
kl

1

(k2 − a)2
1

(l2 − a)2

• IR rearrangement removes spurious IR divergences

• UV subdivergences:
∫
k

1
(k2−a)2

and
∫
l

1
(l2−a)2

∆UV

( )
= −K

(
+ 2∆UV

( )
∗ ×

)
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Two-loop counterterms: Bosonic SMEFT

15 effective operators in the bosonic SMEFT:

X2H2

CHB H†H Bµν Bµν

CHW H†HW I µν W I
µν

CHG H†H GAµν GA
µν

C
HB̃

1
2H

†H Bµν B̃µν

C
HW̃

1
2H

†HW I µν W̃ I
µν

C
HG̃

1
2H

†H GAµν G̃A
µν

CHWB 2H†H τ I Bµν W I
µν

C
HW̃B

H†H τ I Bµν W̃ I
µν

X3

CW f IJK W I ν
µ W J ρ

ν WK µ
ρ

CG fABC GAν
µ GB ρ

ν GC µ
ρ

C
W̃

−1
2f

IJK W̃ I ν
µ W J ρ

ν WK µ
ρ

C
G̃

−1
2f

ABC G̃Aν
µ GB ρ

ν GC µ
ρ

H4D2 and H6

CH

(
H†H

)3
CH□ H†H□

(
H†H

)
CHD

(
H†DµH

)† (
H†DµH

)
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Two-loop counterterms: Bosonic SMEFT

*So far without ghosts
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Conclusion & outlook

• Functional formalism works well for computers

• Also suitable for matching calculations

• Next: Fermions
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Why do we need effective field theories?

2

EFT’s are perturbative (Taylor) expansions of a full theory

In QFT’s :
𝒪𝑖

(𝑑)
Operators of mass dimension 𝑑 > 4

EFT | 2024

ℒ = ℒ(4) + 

𝑑>4



𝑖

𝑐𝑖
(𝑑)

Λ𝑑−4
𝒪𝑖

(𝑑)EFT Lagrangian :



Green’s basis and redundant operators

3

Finite number 
of operators Green’s basis

Local operators

Preserve the
 symmetries

 of the Lagrangian

Integration by parts

Valid operators

V. Gherardi, D. 
Marzocca y E. 
Venturini (2021)    
[2003.12525v5]

EFT | 2024



Matching: Off-Shell vs On-shell

4

- Small number of diagrams (1 lPI)

- Local contribution of heavy 
bridges

𝑝2 ≪ 𝑀2

Off-Shell matching 

Construction of EFTs with the Top- down approach 

-    Gives effective Lagrangians efectivos containing  redundant operators

EFT | 2024



Reduction to the physical basis

5

Identification of 
redundant operators

Field redefinitions

EOMs    (only valid up to linear order)

Non-trivial process

Hard to program it in a 
systematic way

On-Shell matching 

- Huge number of diagrams

−
1

𝑝2 − 𝑚2
- There is delicate cancellation of non-local 
contributions between between UV and EFT UV

= 𝑃𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙(𝑝2)
1

𝑝2 − 𝑚2
EFT

EFT | 2024



Reduction to the physical basis

6

Identification of 
redundant operators

Field redefinitions

EOMs    (only valid up to linear order)

Non-trivial process

Hard to program it in a 
systematic way

On-Shell matching 

- Huge number of diagrams 𝑝

−
1

𝑝2 − 𝑚2
- There is delicate cancellation of non-local 
contributions between between UV and EFT UV

= 𝑃𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙(𝑝2)
1

𝑝2 − 𝑚2
EFT

Substitution of randomly generated 
physical momenta

EFT | 2024



On-Shell matching approach

7

• Find the Green’s basis up to dimension 𝑑

• Find the physical basis 

• Compute n-points amplitudes with n ≤ 𝑑  on-shell

•  Solve the system

ℒ𝐺𝑟𝑒𝑒𝑛  

ℒ𝑝ℎ𝑦𝑠  

By the substitution of randomly 
generated physical momenta

ℳ𝑖,𝐺𝑟𝑒𝑒𝑛 = ℳ𝑖,𝑝ℎ𝑦𝑠

EFT | 2024



Some results in the SMEFT
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ℳ𝑖,𝑟𝑒𝑑 =

ℳ𝑖,𝑝ℎ𝑦𝑠 =

Some results in the SMEFT

9EFT | 2024

Compute the n-point amplitudes



ℳ𝑖,𝑟𝑒𝑑 =

ℳ𝑖,𝑝ℎ𝑦𝑠 =

ℳ𝑖,𝑝ℎ𝑦𝑠ℳ𝑖,𝑟𝑒𝑑  =

Some results in the SMEFT

10EFT | 2024

Replace random generated momenta



Some results in the SMEFT

Sistema algebraico de ecuaciones lineales!!

J. Aebischer, M. Fael and J. Fuentes-Martín|2023
[2307.08745v1]

V. Gherardi, D. Marzocca and E. Venturini |2021 
[2003.12525v5]

11EFT | 2024

Solve the system



Future work
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Future work
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Notice that …

Reduction of the 
Green’s basis

Field redefinitions and EOMs

On-Shell matching approach

Non-systematic

Highly non-trivial

Systematic

Algebraic system of  linear
equations

The reduction of ANY theory to ANY physical basis will be completely AUTOMATIC

14EFT | 2024



Universidad de Granada

THANKS FOR YOUR ATTENTION !



Generation of random momenta

16

Massless momenta : 𝑃𝛼 ሶ𝛼 = 𝜆𝛼
ሚ𝜆 ሶ𝛼

Massive momenta :

𝑆𝐿(2, ℂ) ≅ 𝑆𝑈(2)𝐿 × 𝑆𝑈(2)𝑅
𝜆 ∈ 𝑆𝑈(2)𝐿

ሚ𝜆 ∈ 𝑆𝑈(2)𝑅

𝜆𝛼 = 𝜀𝛼𝛽𝜆𝛽

ሚ𝜆 ሶ𝛼 = 𝜀 ሶ𝛼 ሶ𝛽
ሚ𝜆

ሶ𝛽

ICTP-SAIFR | 2024



Evanescent operators

17

ℛ=α 𝒪 ℛ =α𝒪 + ℰ𝒅 = 𝟒 − 𝟐𝝐

𝒪(𝜖)
Additional finite local 
contributions in loop 
amplitudes

𝑰𝑹(𝟎) + 𝑰𝑹(𝟏) = 𝑼𝑽(𝟎) + 𝑼𝑽(𝟏)

We take the hard region

𝑰𝑹(𝟎) + 𝑰𝑹𝒔𝒐𝒇𝒕
(𝟏)

= 𝑼𝑽(𝟎) + 𝑼𝑽𝒉𝒂𝒓𝒅
(𝟏)

+ 𝑼𝑽𝒔𝒐𝒇𝒕
(𝟏)

න 𝒪 =
1

𝜖
(𝑎 + 𝑏𝒪𝜖) න ℛ =

1

𝜖
(𝑎 + 𝑏ℛ𝜖)

න ℛ − 𝒪 =
1

𝜖
(𝑏ℛ𝜖 − 𝑏𝒪𝜖) = 𝑏

ICTP-SAIFR | 2024
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The gradient flow formalism: nEDM and operator
renormalization

Òscar Lara Crosas

UZH and PSI

July 15th, 2024

Peter Stoffer’s group
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CP Violation Beyond the Standard Model

CP violation present in the Standard Model (CKM phase and a
possible theta term) is not enough to explain matter antimatter
asymmetry.
Electric Dipole Moments violate T =⇒ CP violation (CPT
theorem).
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Neutron Electric Dipole Moment

1950 1960 1970 1980 1990 2000 2010 2020 2030
Year of publication

10−33

10131

10129

10127

10125

10123

10121

10119

nE
DM

 u
pp

er
 li
m
i− 
90

%
 C
L 
(e
 c
m
)

Standard Model Prediction (Seng, 2015)Standard Model Prediction (Seng, 2015)Standard Model Prediction (Seng, 2015)Standard Model Prediction (Seng, 2015)Standard Model Prediction (Seng, 2015)Standard Model Prediction (Seng, 2015)

ORNL, Harvard
MIT, BNL
PNPI
Sussex, RAL, ILL
nEDM at PSI
n2EDM at PSI

Two possibilities:
Detecting a signal in the
unexplored region =⇒ CP
violating New Physics.
Not detecting a signal,
lowering the bound. Still
very interesting! Constrains
the shape of New Physics
Models.
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Effective Field Theories

Effective Field Theories
contain only the relevant
degrees of freedom at a
certain energy scale.
Model independent way to
encode the effects of all
heavy particles (both BSM
and SM).

LLEFT = LQCD+QED

+ ∑
d≥5

nd

∑
i=1

L(d)
i O

(d)
i
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Effective Field Theories

dn ∼∑
i

Li 〈N|Oi|Nγ〉 (1)

dn = −(1.5± 0.7) · 10−3 θ̄ e fm− (0.20± 0.01)du

+ (0.78± 0.03)dd + (0.0027± 0.0016)ds − (0.55± 0.28)ed̃u

− (1.1± 0.55)ed̃d + (50± 40)MeVe d̃G . (2)

where dq denotes the EDM of a quark q, d̃q denotes its chromo EDM,
and d̃G denotes the gluon-chromo EDM. Lessons learned:

We need to measure multiple EDMs.
Uncertainties in matrix elements are too big, we should aim for at
most 25% uncertainty.
Lattice is key!
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Lattice Field Theory and scheme translations

dN ∼∑
i

LMS
i 〈N|OMS

i |Nγ〉 =⇒ D = 4− 2ε (3)

However, lattice is tied to integer dimensions! We require a scheme
translation:

〈N|OMS
i |Nγ〉 = ∑

j
Cij 〈N|OGF

j |Nγ〉 (4)

Why the gradient flow?
No need for renormalization, the gradient flow renders all Green’s
Functions finite. (!)
It is widely used for scale setting.
It smears statistical noise in the lattice.
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The gradient flow

We extend D-dimensional Euclidean QCD by introducing an extra
artificial dimension called flow-time t. The flowed field satisfies the
flow equation

∂tBµ(x, t) = DνBνµ(x, t) (5)

together with the boundary condition that implies agreement with
QCD at t = 0

Bµ (x, t = 0) = Gµ(x) (6)

The flow equation is turned into an integral equation and solved
perturbatively, which we express in terms of Feynman diagrams.
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Short flow-time expansion

Goal: express renormalized flowed operators in terms of
renormalized MS operators through a Short Flow-Time Expansion
(SFTE):

OR
i (x, t) = ∑

j
Cij(t, µ)OMS

j (x, µ) +O(t) (7)

with the hard scale being Λ = t−1/2.
To extract the matching coefficients Cij we consider insertions of
the flowed operators OR

i (t) in suitable Green’s functions.
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LEFT Renormalization

The Short-Flow Time expansion reads:

OR
i (t) = ∑

j
Cij(t)OMS

j (8)

But finite = finite is boring, let’s switch to bare quantities

ZexternalO
(0)
i (t) = ∑

j,k
Cij(t)ZjkO

(0)
k (9)

What we compute for the matching are Green’s functions of the UV
side (gradient flow) < OR

i (t) >, allowing us to extract the LEFT
renormalization matrix Z!
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Generalized Loop Integrals

The integrals that we have to compute are∫
k

e−βtk2 (
k2)α

∫ t

0
dt1

∫
k

e−βtk2−γt1k2 (
k2)α

∫ t

0
dt2

∫ t

0
dt1

∫
k

e−βtk2−γt1 k2−τt2k2 (
k2)α

∫ t

0
dt2

∫ t2

0
dt1

∫
k

e−βtk2−γt1 k2−τt2k2 (
k2)α

(10)

We can make use of normal IBPs and flowed-IBPs:∫
k

∂

∂kµ
fµ = 0 ,

∫ t

0
dt1∂t1 f (t1, ...) = f (t, ...)− f (0, ...) (11)
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Summary

Electric Dipole Moments are excellent places to look for CP
violating New Physics.
Effective Field Theories parametrize New Physics in a model
independent way.
We require matrix elements from Lattice Field Theory, and a
corresponding translation to Minimal Subtraction.
At one-loop, the SFTE of all operators contributing to the nEDM is
now known: (2111.11449), (2304.00985), (2308.16221)
Precision is key if we want to disentangle the different sources of
CP violation =⇒ we need to compute higher orders.
The gradient flow allows us to extract the LEFT renormalization!
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Back up slides
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Perturbative solution of the flow equation

Full solution:

Ba
µ(t, x) =

∫
y

Kµν(t, x− y)Ga
ν(y) +

∫
y

∫ t

0
ds Kµν(t− s, x− y)Ra

ν(s, y)

(12)
Gluon two point function at LO: You just get an extra exponential due
to the heat kernel:

t,µ,as,ν,b = g2
0δab 1

p2 δµνe−(s+t)p2

At higher orders, you can take the Rν part, what will give additional
vertices. We view the heat kernel that brings you to the vertex as a
generalized propagator (flow line):

t,µ,as,ν,b = g2
0δabθ(t− s)δµνe−(t−s)p2

which will always connect to a flow vertex.
Òscar Lara Crosas (UZH and PSI) EFT School Zürich July 15th, 2024 2 / 10



Perturbative solution of the flow equation

∂tBµ(t) = DνBνµ =⇒ ∂tBa
µ(t) = ∂ν∂νBa

µ + Ra
µ︸︷︷︸

non-linear

(13)

Solution to the linear part:

Ba
µ(t, x) =

∫
y

Kµν(t, x− y)Ga
ν(y) , K̃µν(t, p) = e−tp2

(14)

Full solution:

Ba
µ(t, x) =

∫
y

Kµν(t, x− y)Ga
ν(y) +

∫
y

∫ t

0
ds Kµν(t− s, x− y)Ra

ν(s, y)

(15)
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Flow vertices and Feynman diagrams

p1,µ1,a1

p2,µ2,a2p3,µ3,a3

=
− i f a1a2a3

∫ +∞

0
dt
(

δµ2µ3(p2 − p3)µ1

+ 2δµ1µ3 p3,µ1 − 2δµ1µ2 p2,µ3

)

(a) Linear part: ”QCD” (b) Non-linear part: Rν

Figure 1: Three simple graphs
Òscar Lara Crosas (UZH and PSI) EFT School Zürich July 15th, 2024 4 / 10



Flow lines

t,µ,as,ν,b = g2
0δab 1

p2 δµνe−(s+t)p2

t,αs,β = δαβ−i/p + m
p2 + m2 e−(s+t)p2

t,µ,as,ν,b = g2
0δabθ(t− s)δµνe−(t−s)p2

t,αs,β = δαβθ(t− s)e−(t−s)p2

t,αs,β = δαβθ(t− s)e−(t−s)p2

Òscar Lara Crosas (UZH and PSI) EFT School Zürich July 15th, 2024 5 / 10



Flow vertices and Feynman diagrams

p1,µ1,a1

p2,µ2,a2p3,µ3,a3

=
− i f a1a2a3

∫ +∞

0
dt
(

δµ2µ3(p2 − p3)µ1

+ 2δµ1µ3 p3,µ1 − 2δµ1µ2 p2,µ3

)

(a) Linear part: ”QCD” (b) Non-linear part: Rν

Figure 2: Three simple graphs
Òscar Lara Crosas (UZH and PSI) EFT School Zürich July 15th, 2024 6 / 10



CP-odd Three-gluon operator

Short Flow-Time Expansion of the CP-odd three-gluon operator: (PLB
847 (2023) 138301)

OG̃(x, t) =
1
g2 Tr[Gµν(x, t)Gνλ(x, t)G̃λµ(x, t)] (16)

which reads

OR
G̃(x, t) = ∑

i
Ci(t, µ)OMS

i (x, µ) + ∑
i

CNi(t, µ)NMS
i (x, µ)

+ ∑
i

CEi(t, µ)EMS
i (x, µ) . (17)

The physical operators are

Oθ ∼ Tr
[

GµνG̃µν

]
, OG̃ , OCE = m

(
qσ̃µνTaq

)
Ga

µν ,

O∂G ∼ ∂νTr
[(

DµGµλ

)
G̃νλ

]
, O�θ ∼ �Tr

[
GµνG̃µν

]
(18)
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Sample diagrams to be computed
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Results

Cθ = −
9CAαs

16πt

CG̃ =
3CAαs log

(
8πµ2t

)
2π

+ (1− δ)
CAαs

12π

CCE =
3iCAαs log

(
8πµ2t

)
32π

+
31iCAαs

192π
+ δ

iCAαs

96π

C∂G = −179CAαs

96π
− δ

CAαs

24π
C�θ = 0

(19)

With a perturbative uncertainty of ∼40%!

Òscar Lara Crosas (UZH and PSI) EFT School Zürich July 15th, 2024 9 / 10



Evanescent operators

OG̃(x, t) =
1
g2 Tr[GµνGνλG̃λµ] = COMS

+ CEEMS

vs.

OG̃(x, t) =
1
g2 Tr[Gµ νGν λG̃λµ] = C′OMS

+ C′EEMS

In the D-dimensional scheme, we get a tree level contribution to

EG̃(x, t) =
1
g2 Tr[Gµν̂Gν̂λG̃λµ] (20)

Renormalized by imposing

〈EG̃〉phys = 0 =⇒ counterterm from OMS!! =⇒ C′ = C (21)
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THE FLAVOUR STRUCTURE OF THE LEFT
…and how to simplify running from W scale to b scale

Ben Smith
(based on WIP w/ S. Renner, D. Sutherland)
15th July 2024, EFT 2024, Zurich
University of Glasgow



THE LOW-ENERGY EFFECTIVE FIELD THEORY

Effective field theory valid below the electroweak scale.

LLEFT = LQCD+QED +
∑
k,D>4

c(D)k O(D)
k ,

where c(D)k have an implicit suppression of 1
ΛD−4
EW
.

Theory contains nu = 2, nd = 3, ne = 3 and nνL = 3.

1



RUNNING AT ONE LOOP IN THE LEFT

Running first calculated at one-loop in (Jenkins, Manohar,
and Stoffer 2018)

Focus on vectorial operators(
ψ γµPL/R ψ

) (
χγµPL/R χ

)
ψ, χ ∈ {d, e,u}

Consider effects of dipole operators(
ψLσ

µνψR
)
Fµν ψ ∈ {d, e,u}(

ψLσ
µνTAψR

)
GAµν ψ ∈ {d,u}

2



RUNNING AT ONE LOOP IN THE LEFT

(4π)2 d
dtcV(t) = γ(t) cV(t) + sV(t) (t ≡ lnµ)

DSixTools basis (Fuentes-Martin, Ruiz-Femenia, Vicente, and Virto 2021)
3



DIAGRAMMATIC INTERPRETATION

(4π)2 d
dtcV(t) = γ(t) cV(t) + sV(t) (t ≡ lnµ)

, , ,

(+identical diagrams with gluons)
4



THE LEFT HAS A LARGE (BROKEN) FLAVOUR SYMMETRY

(U(3)dL × U(3)dR ⋊ Z2,d) × (U(3)eL × U(3)eR ⋊ Z2,e)
× (U(2)uL × U(2)uR ⋊ Z2,u) × U(3)νL

Kinetic terms invariant under diL → UijdLd
j
L, diR → UijdRd

j
R,

dL ↔ dR, ….

Masses and other operators break this — their
components are charged under the flavour group.

L = idiLDdiL + idiRDdiR + [sim. for uL,uR, eL, eR, νL]

− [Md]ijd
i
Ld

j
R + h.c.+ [sim. for Mu,Me]

+ cijkl
(
diLγd

j
L

)(
ekLγelL

)
+ [other ops]

(Neglecting purely gluonic operators) 5



WE USE A SMALLER LARGE (BROKEN) FLAVOUR SYMMETRY

SU(3)d × SU(3)e × SU(2)u × Z2

Kinetic terms invariant under diL → Uijdd
j
L, diR → Uijdd

j
R, …,

(dL, eL,uL) ↔ (dR, eR,uR).

Masses and other operators break this — their
components are charged under the flavour group.

L = idiLDdiL + idiRDdiR + [sim. for uL,uR, eL, eR, νL]

− [Md]ijd
i
Ld

j
R + h.c.+ [sim. for Mu,Me]

+ cijkl
(
diLγd

j
L

)(
ekLγelL

)
+ [other ops]

(Neglecting purely gluonic operators)
6



FLAVOUR DECOMPOSITION

SU(3)d × SU(3)e × SU(2)u

Following (Machado, Renner, and Sutherland 2023) we
Clebsch-Gordan decompose under this flavour symmetry.
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PARITY DECOMPOSITION (FOR VECTORIAL OPERATORS)

(
ψ γµPL/R ψ

) (
χγµPL/R χ

)
ψ, χ ∈ {d, e,u}

+ −
‘A’ type LL+ RR LL− RR
‘B’ type LR+ RL LR− RL

8



EFFECT ON ANOMALOUS DIMENSION MATRIX

(4π)2 d
dtcV(t) = γ(t) cV(t) + sV(t) (t ≡ lnµ)

DSixTools/San Diego basis Flavour & parity basis
9



FEW ZEROES WITHIN BLOCKS

10



SOLVING RUNNING

(4π)2 d
dtcV(t) = γ(t)cV(t) + sV(t) (t ≡ lnµ)

Solve running with integrating factor U

cV(tb) = U(tb, tW)cV(tW) + U(tb, tW)
∫ tb

tW
dt U(tW, t)sV(t) .

U is given by exponentiating γ with SM couplings taking
average values between MW and mb,

U(tb, tW) = e
⟨γ⟩
16π2

(tb−tW) .
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SOLVING RUNNING

Diagonalise U to understand RG flow basis-independently

(S−1US)ij =
(
mb

mW

) γ̂i
(4π)2

δij

No mixing, directions with +ve γ̂ shrink, -ve γ̂ grow.
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LEPTON UNIVERSAL OPERATORS MEDIATING b→ s

0.081 0.053 0.03 0.027 0.025 0.005 -0.001 -0.084 -0.102 -0.177 -0.204 -0.206

[c+ + +
dd, A ]{8, 2}

[c+ + +
dd, B ]{8, 2}

[c+ +
dd, B ]{8, 2}

[c+
dd, A ]{8, 2}

[c+ +
dd, B ]{8, 2}

[c+
dd, B ]{8, 2}

[c+
ed, A]{1, 1}, {8, 2}

[c+
ed, B]{1, 1}, {8, 2}

[c+ +
ud, A]{1, 1}, {8, 2}

[c+
ud, A]{1, 1}, {8, 2}

[c+ +
ud, B]{1, 1}, {8, 2}

[c+
ud, B]{1, 1}, {8, 2}

W
ils

on
 co

ef
fic

ien
ts

0.33 0.18 0.07 0.03 0.00 0.01 0.00 0.03 0.00 -0.01 0.00 0.00

0.07 0.02 -0.01 0.20 0.10 0.01 0.00 -0.18 -0.01 0.46 0.42 -0.24

-0.48 0.12 0.09 0.88 0.40 0.05 -0.02 0.16 0.02 -0.60 -0.58 0.33

-0.04 0.00 0.01 0.01 0.00 0.00 0.00 0.22 -0.36 0.04 0.00 0.00

0.03 0.01 0.00 0.09 -0.22 0.01 0.00 -0.08 -0.01 0.20 0.19 0.53

-0.22 0.05 0.04 0.39 -0.89 0.02 -0.01 0.07 0.01 -0.27 -0.26 -0.74

0.02 0.12 -0.14 0.08 0.00 -0.93 -0.35 0.01 0.02 0.00 0.00 0.00

0.02 0.11 -0.12 0.07 0.00 -0.35 0.93 0.01 0.02 0.00 0.00 0.00

0.53 -0.86 0.01 0.09 0.00 -0.02 0.01 -0.13 -0.18 -0.06 0.00 0.00

-0.46 0.42 0.04 -0.03 0.00 0.02 -0.01 0.92 0.92 0.18 0.01 0.00

0.04 -0.03 0.22 -0.02 0.00 -0.01 0.00 -0.12 -0.01 0.32 -0.36 0.00

-0.33 -0.08 0.95 -0.03 0.00 -0.06 0.02 0.10 0.00 -0.42 0.51 0.00
1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00
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LEPTON UNIVERSAL OPERATORS MEDIATING b→ s

0.081 0.053 0.03 0.027 0.025 0.005 -0.001 -0.084 -0.102 -0.177 -0.204 -0.206

[c+ + +
dd, A ]{8, 2}

[c+ + +
dd, B ]{8, 2}

[c+ +
dd, B ]{8, 2}

[c+
dd, A ]{8, 2}

[c+ +
dd, B ]{8, 2}

[c+
dd, B ]{8, 2}

[c+
ed, A]{1, 1}, {8, 2}

[c+
ed, B]{1, 1}, {8, 2}

[c+ +
ud, A]{1, 1}, {8, 2}

[c+
ud, A]{1, 1}, {8, 2}

[c+ +
ud, B]{1, 1}, {8, 2}

[c+
ud, B]{1, 1}, {8, 2}

W
ils

on
 co

ef
fic

ien
ts

0.33 0.18 0.07 0.03 0.00 0.01 0.00 0.03 0.00 -0.01 0.00 0.00

0.07 0.02 -0.01 0.20 0.10 0.01 0.00 -0.18 -0.01 0.46 0.42 -0.24

-0.48 0.12 0.09 0.88 0.40 0.05 -0.02 0.16 0.02 -0.60 -0.58 0.33

-0.04 0.00 0.01 0.01 0.00 0.00 0.00 0.22 -0.36 0.04 0.00 0.00

0.03 0.01 0.00 0.09 -0.22 0.01 0.00 -0.08 -0.01 0.20 0.19 0.53

-0.22 0.05 0.04 0.39 -0.89 0.02 -0.01 0.07 0.01 -0.27 -0.26 -0.74

0.02 0.12 -0.14 0.08 0.00 -0.93 -0.35 0.01 0.02 0.00 0.00 0.00

0.02 0.11 -0.12 0.07 0.00 -0.35 0.93 0.01 0.02 0.00 0.00 0.00

0.53 -0.86 0.01 0.09 0.00 -0.02 0.01 -0.13 -0.18 -0.06 0.00 0.00

-0.46 0.42 0.04 -0.03 0.00 0.02 -0.01 0.92 0.92 0.18 0.01 0.00

0.04 -0.03 0.22 -0.02 0.00 -0.01 0.00 -0.12 -0.01 0.32 -0.36 0.00

-0.33 -0.08 0.95 -0.03 0.00 -0.06 0.02 0.10 0.00 -0.42 0.51 0.00
1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00
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δEn =
〈
n
∣∣∣Ĥ1∣∣∣n〉

δ |n⟩ =
∑
k̸=n

〈
k
∣∣∣Ĥ1∣∣∣n〉

En − Ek
|k⟩ ∼

∑
k̸=n

O(10−4)

γ̂n − γ̂k
|k⟩ =⇒

higher loop corrections only a
large effect for nearly degenerate
eigenvectors



PHENO EXAMPLE

b

s

τ

τ

=⇒

b

s

τ

τ

+

b

s

µ, e

µ, e

τ only at MW scale =⇒ τ , and some e and µ, at mb scale
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PHENO EXAMPLE

bsµµ (teal bars) can be better than current/projected
bsττ (solid/dashed lines)

(B + K + + )

[C (1)
lq ] b

s

[C (3)
lq ] b

s

[Ced] b
s

[Cqe] b
s
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s

Babar
Belle II
Giga-Z
Tera-Z

(B 0 K 0 * + )

Belle
Belle II
Giga-Z
Tera-Z

100 101 102 103 104

(Bs
+ )

[C (1)
lq ] b

s

[C (3)
lq ] b

s

[Ced] b
s

[Cqe] b
s

[Cld] b
s

Giga-Z
Tera-Z

100 101 102 103 104

(Bs
+ )

LHCb
Belle II
LHCb Upgrade II
Giga-Z
Tera-Z

Also (Cornella, Faroughy, Fuentes-Martin, Isidori, and Neubert 2021) 16



SUMMARY

∙ Flavour and parity simplify running in the LEFT

∙ γ can be block diagonalised to all orders

∙ The map MW → mb is fully understandable in terms of
eigenvalues and eigenvectors

∙ Many possible pheno applications!

17
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RUNNING AT ONE LOOP IN THE LEFT

Schematically (Jenkins, Manohar, and Stoffer 2018)

masses → (4π)2 Ṁ = (e2 + g2)M+ (e+ g)dM2 + cSM3 + cVM3 + d2M3 ,
QED → (4π)2 ė = e3 + e2dM+ d2M2 ,
QCD → (4π)2 ġ = g3 + g2dM+ d2M2 ,

dipoles → (4π)2 ḋ = (e2 + g2 + eg)d+ eM(cS + cT) + (e+ g)d2M ,

4f scalar → (4π)2 ċS = (e2 + g2)(cS + cT) + (e2 + g2 + eg)d2 ,
4f tensor → (4π)2 ċT = (e2 + g2)(cS + cT) ,
4f vector → (4π)2 ċV = (e2 + g2)cV + (e2 + g2 + eg)d2 ,

Neglect operators in grey at O (0.1%) accuracy.

{cS, cT} and cV do not mix due to helicity selection rules.
(Cheung and Shen 2015)
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ACCIDENTAL ZERO

For each parity structure, zero due to contributions from

d

d

e

e e

e

,

cancelling with contributions from

d

d

e

e

,

d

d

e

e

,

d

d

e

e

,

d

d

e

e

.

(Only occurs for this combination of charges.)
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SOLVING RUNNING

γ(t) = e2(t)γ̂e + g2(t)γ̂g.

lnU(tb, tW) =
1

(4π)2
∫

γ(t1) +
1

2 (4π)4
∫
t1>t2

[γ(t1), γ(t2)]

+
1

6 (4π)6
∫
t1>t2>t3

([γ(t1), [γ(t2), γ(t3)]] + [γ(t3), [γ(t2), γ(t1)]]) + . . . ,

=− γ̂e × 1.803× 10−3 − γ̂g × 3.783× 10−2 − 1
2 [γ̂e, γ̂g]× 7.379× 10−6 + ...

Neglecting higher order terms matches fully numerical
solution to O(0.0001%) accuracy for lepton universal b→ s
block.
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TWO-LOOP ESTIMATION

δ |n⟩ =
∑
k̸=n

〈
k
∣∣∣Ĥ1∣∣∣n〉

En − Ek
|k⟩ ∼

∑
k̸=n

( g
4π
)4 × 10

En − Ek
|k⟩

∼
∑
k̸=n

( 1
4π
)4 × 10

En − Ek
|k⟩ ∼

∑
k̸=n

1× 10−4
En − Ek

|k⟩
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The obligatory SMEFT slide

2

Lorentz invariance
Gauge invarianceE ⌧ ⇤NP (1)

SU(3)c ⇥ SU(2)L ⇥ U(1)Y (2)

1

physical Higgs part of  
doublet under

E ⌧ ⇤NP (1)

SU(3)c ⇥ SU(2)L ⇥ U(1)Y (2)

1

removing  
redundancies E ⌧ ⇤NP (1)

SU(3)c ⇥ SU(2)L ⇥ U(1)Y (2)

� = (1,2, ) (3)

LSMEFT = LSM +
X

i

c(d=6)
i

⇤2
O

(d=6)
i +

X

j

c(d=8)
j

⇤4
O

(d=8)
j + . . . (4)

1

power counting in 
canonical dimension

NLO NNLOLO
[Grzadkowski et al. 2010] [Murphy 2020]

[Henning et al. 2015, 2017]
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But is SMEFT really the full story?

3

physical Higgs part of  
doublet under

E ⌧ ⇤NP (1)

SU(3)c ⇥ SU(2)L ⇥ U(1)Y (2)

1

treat physical Higgs  
and GBs separately

assumption can be relaxed

resolves correlations

1

”m
2
h ≥

y2
t �2

(4fi)2

|”m2
h|

m2
h

∫ 1, if � ∫ O(2 ≠ 3) TeV

� ≥ O(2 ≠ 3) TeV

Lint ∏
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2
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µh� v2

4
Tr (VµV

µ)FC(h)� V (h)

+ iQL /DQL + iQR /DQR + iLL /DLL + iLR /DLR

� vp
2

�
QLUYQ(h)QR + h.c.

�
� vp

2

�
LLUYL(h)LR + h.c.

�
,

(1)

1

U(⇡) = exp

✓
i
⇡aT a
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◆
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✓
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U(⇡) = exp

✓
i
⇡aT a

v

◆

Fi(h) =
X

n
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✓
h

v

◆n
(1)

1

Higgs singlet

LO Higgs Effective Field Theory (HEFT) Lagrangian

tunable to SM

3 GBs
Vµ = (DµU)U† (1)

1
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How to construct HEFT at NLO?

•defining NLO is related to power counting 

•HEFT: mixture of        (scalar sector) and SMEFT (gauge and fermion sector)�PT (1)

1

canonical dimensionderivatives + = ?

•common approaches: Naive Dimensional Analysis (NDA) and chiral dimensions d� (1)

1

General idea: count loop orders within the EFT,

[Manohar, Georgi 1984] [Gavela et al. 2016] [Buchalla, Catà 2012] [Buchalla, Catà, Krause 2014]

d� = 2L+ 2 (1)

1
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NLO in HEFT

vertices from LO (         ) Lagrangian counterterm (         )

+ required counterterms  
 define NLO (         )

d� = 2 (1)

1

[Sun, Xiao, Yu 2022] [Sun, Xiao, Yu 2022]

LHEFT = L2 +

✓
1

16⇡2

◆X

i

O
d�=4

i +

✓
1

16⇡2

◆2 X

j

O
d�=6

j + . . . (1)

1

LO NLO NNLO

d� = 4 (1)

1

d� = 4 (1)

1

operators carry 
loop order
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Power counting on amplitude level

MHEFT =
X

n22N>0

✓
1

16⇡2

◆n/2�1
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X
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1
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⇣
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1
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1
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1

UV assumption:

[scale]2
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<
⇠
>

1

16⇡2
(1)

1

and additional loop factors
[Arzt, Einhorn, Wudka 1994] [Einhorn, Wudka 2013]

Ga
µ⌫G

aµ⌫F(h) (1)

1

1

16⇡2
(1)

1

1
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1
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(1)
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Combine loop order of topology and operators 
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Truncation in the squared amplitude

d1� + d2� = 2(L1 + L2) + 4 (1)

1

|MHEFT|2 '
X

n,n022N>0

n+n0�2Nmax
d�

✓
1

16⇡2

◆(n+n0
)/2�2

Mn
⇣
Mn0

⌘⇤
(1)

1

|MSMEFT|2 '
X

n,n0,m,m0

n+n0Nmax
⇤ ,

m+m0Nmax
L

1

⇤n+n0

✓
1

16⇡2

◆m+m0

Mm
n

⇣
Mm0

n0

⌘⇤
(1)

1

SMEFT: max. order in loops and scale suppressions HEFT: max. chiral dimension (loop order)

•squared amplitude enters observables (e.g. cross-sections)

•truncation error can be estimated by next higher order 

•our application of these power counting insights: Higgs pair production
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Application: Di-Higgs Production

8

1988
LO in SM

2016
NLO QCD in SM

[Glover, van der Bij 1988] [Borowka et al. 2016]

BSM

•MSSM/2HDM

•Composite Higgs

•SMEFT

[Plehn et al. 1998]

[Heinrich, Lang 2023]

•Higgs Portals

[Haisch, Koole 2022]

[Haisch et al. 2024]

[Goertz et al. 2015][Gröber, Mühlleitner 2010]

From an experimental point of view: •advances in reconstruction of final states

•increase in luminosity at HL-LHC

[Hespel et al. 2014][Gillioz et al. 2012]

[De Curtis et al. 2023]



Di-Higgs Production in HEFT

9

•bottom-up EFT: manageable amount of states to include {g, t, h} (1)

1

discussion up to NNLO (          on amplitude level)d� = 6 (1)

1

NLO NNLO

|MHEFT|2 '
✓

1

16⇡2

◆2

|M4|2 +
✓

1

16⇡2

◆3

2Re{M4
�
M6

�⇤} (1)

1
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Conclusions and Outlook

10

•heavy BSM Physics can be treated with bottom-up EFTs: SMEFT and HEFT

•SMEFT bases: canonical dimension, HEFT bases: loop orders within EFT

•application of consistent power counting: Di-Higgs production

theoretically/phenomenologically well-stablished, experimentally viable

•outlook: comprehensive review and comparison of NDA and    , further consistency  
discussion of loop counting, Di-Higgs production (SMEFT vs. HEFT)

d� (1)

1
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NDA formula and chiral dimension assignments

12
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Di-Higgs Production in the SM

13

•general amplitude decomposition: M(gagb ! hh) = �ab (M1 A
µ⌫
1 +M2 A

µ⌫
2 ) ✏µ✏⌫ (1)

1

[Borowka et al. 2016]

1

2

Observations

1 approx. cancellation at threshold (exact in HTL)

2 peak at mhh ' 2mt (1)

1

3

3 NLO QCD important �NLO ⇠ 2�LO ⇠ O(30) fb (1)

1
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Di-Higgs Production in EFTs: Cluster Analysis

14

•classification of deviations from the SM: kinematic clusters (here: for inv. mass)

[Carvalho et al. 2016]

Benchmark scenarios/clusters in HEFT vs. SMEFT? 

[Buchalla et al. 2019]
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