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Outline
‣ Introduction


‣ SGWB from SMBHBs


‣ A complete characterization of non-Gaussian features (2409.19516)


‣ Environment effect: three body ejection (2411.05906) w / NANOGrav


‣ Additional slides
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‣ 1979 Russell A. Hulse & Joseph H. Taylor (1993 
Nobel Prize) 

‣ Discovery of first binary pulsar “Hulse–Taylor pulsar”


‣ First Indirect evidence of gravitational wave 
emission  ( few  Hz )


‣ Techniques for high precision pulsar timing.

10−5

Taylor, Weisberg 1995

Taylor, Fowler, McCulloch, 1979 
(Spin axis precess) 

Observation evidence

3



Observation evidence
‣ GW150914 by LIGO-Virgo (2016) 

‣ BH/NS/Mass gap merger events ( ~few Hz)

‣ Pulsar timing arrays (2023) 

‣ Stochastic GW background ( ~nano Hz ) 

What makes the difference? 

NANOGrav 23’
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GW statistics

‣ GW amplitude  


‣ Event Rate  

h0( f, Mc, z) =
4c (πfyr)2/3 ( fr /fyr)2/3 (GMc/c3)5/3

dL(z)

∝
dtr

d ln fr
=

5
96 (GMc/c3)5/3 (πfyr)8/3( fr /fyr)8/3

GW amplitude

Event rate

Larger GW frequency

LIGO : High frequency GW —> low event rate —> merger event 

PTA  :  Low frequency GW  —> high event rate —> stochastic background
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GW statistics

‣ 


‣ 7 parameters to describe a circular SMBHB binary 

‣  : 2D random walk 

‣ Central Limit Theorem: ,   

‣ The information of individual sources is lost!

h(n)
ij ( f, x) = hij( f, x; M(n)

c , θ(n), ϕ(n), ι(n), ψ(n), φ(n))

htotal
ij ( f, x) =

N

∑
n=1

h(n)
ij ( f, x)

N → ∞ hij( f ) ∼ 𝒩 (0 , ⟨hijhij⟩)
Olena Shmahalo, nanograv.org

Sky location

Orientation
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GW statistics

‣ 2409.19516 

‣ Does the assumption  limit hold at nanohertz? (No) 

‣ If not,  is the remaining information detectable? (Yes)

N → ∞
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SMBHB Population model 

 

 
(no anisotropy, no polarization preference)


 : Total number of galaxies per Mpc  

 : ~tunes the average mass of the SMBHBs

d8N
d ln f d7Λ

=
1

32π3

d3N
d ln f d log10 Mc dz

ϕ*
3

ϵ0

GW statistics
GW amplitude  

  

Polarization 

   

  

 ;  

Combine them together 

   

h0( f, Mc, z) =
4c (πfyr)2/3 ( fr /fyr)2/3 (GMc/c3)5/3

dL(z)

h+(t, x; f, Mc, z; ι, φ) = h0
1 + cos2 ι

2
cos(2πft + φ)

h×(t, x; f, Mc, z; ι, φ) = h0 cos ι sin(2πft + φ)

ϵ+
ab(θ, ϕ, ψ) ϵ×

ab(θ, ϕ, ψ)

hab(t, x; Λ) = ∑
+/×

h+/×(t, x; f, Mc, z; ι, φ)ϵ+/×(θ, ϕ, ψ)

Λ = {log10 Mc, z} ∪ {cos θ, ϕ; cos ι, ψ; φ}
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GW statistics

M
or

e 
SM

BH
Bs

Larger BH masses

Astro

??
?

??
?

???

‣ Inconsistency between astrophysical 
observation and the NANOGrav 
result!


‣ 2312.06756


‣ 2406.17010


‣ 2407.14595
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The expectation value of the source number in a finite 
parameter space


  

But we have the cosmic variance… 




Combining the contribution from all parameter space 

ΔN =
d8N

d ln f d7Λ
Δ ln fΔ7Λ

ΔN ∼ Pois(ΔN)

htotal
ab (t, x) = ∑

Λ

ΔN(Λ)hab(t, x; Λ)

Compound Poisson Statistics (with weights)! 

See our paper 2409.19516 for definition

GW statistics
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Compound Poisson Statistics (with weights)! 

See our paper 2409.19516 for definition

Cumulant generating function 

K(t) = ∫V
d ln f d7Λ

d8N
d7Λ d ln f (ei s(Λ)⋅t − 1) .

It can be any addable signal, including the GW!


S = ∑
Λ

s(Λ)ΔN(Λ)

Conjugate variable 
 of the signal

PDF 

P(S) =
1

(2π)𝒩 ∫ d𝒩t exp (i S ⋅ t + [KS(t*)]*)

GW statistics
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GW statistics

‣ Observable: redshift = timing residual


‣  : Total number of galaxies per Mpc 


‣  : ~tunes the average mass of the SMBHBs


‣All examples here have the same 
expectation values of the signal power, i.e. 
on the “NG15 fiducial” line!

ϕ*
3

ϵ0
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GW statistics
How strong the non-Gaussian signal will be? 

Log-Likelihood Ratio: 

M
or

e 
SM

BH
Bs

Larger BH masses

Astro Astro

Current 
Sensitivity

Future
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GW statistics

Future Future

Signal injection -> Recovery of true parameters

Conclusion: 

It is possible to use the non-Gaussian information to 
constrain population model parameters, but only in the 

foreseeable future  —> 2409.19516
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Environmental effect

‣ 2411.05906
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Environmental effect

Orbital 
Evolution

Any Mass  
(Dark matter / Stars)

Influence 
radius

‣ Influence radius: when the enclosed mass is larger than 
BH masses


‣ Dynamical Friction dominates the orbital evolution

‣ “The BHs become close because distant stars 
perturb the binary’s center of mass but not its 
semi-major axis” (Quinlan 1996)


‣ Both 3 body ejection (slingshot effect) and GW 
emission dominate the process17



Environmental effect

‣ Evolution of the semi-major axis and the orbital eccentricity


‣ 


‣ 


‣ ,  : the mass density and velocity dispersion at the 
influence radius (mass profile flattened by 3-body 
scattering!) 

 is the determined by numerical experiment  
(see Quinlan 1997)

da
dt

=
daGW

dt
− HG

ρi

σi
a2

de
dt

=
deGW

dt
+ HK(e, a)G

ρi

σi
a

ρi σi

H

3-body 
Ejection

‣ It is only sensible to include 3-body ejection for 
hard binaries (inside the influence radius)
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Environmental effect

‣ First solve  and  from the differential equations


‣ Energy loss rate for eccentric orbit


‣ 


‣ The GW characteristic strain


‣

a(t) e(t)

dEGW

dfs fs=(1+z)f
=

+∞

∑
n=1

dEn
GW/dt

ndf n
orb/dt f n

orb=(1+z)f/n

h2
c ( f ) =

4G
c2πf ∫ dzdMdq

d3η
dzdMdq

dEGW

dfs fs=(1+z)f

Assume that the population model 
 is a delta function 
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Environmental effect
‣ 


‣ Holodeck 

h2
c ( f ) =

4G
c2πf ∫ dzdMdq

d3η
dzdMdq

dEGW

dfs fs=(1+z)f
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Environmental effect

‣ PTArcade 

‣ 3 free parameters: mass density, slope, initial eccentricity
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Frequency non-Gaussianity 

GW amplitude

Event rate

Larger GW frequency

Stronger non-Gaussianity
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PTA / Astrometry synergy

24

Astrometry 
stars’ apparent location

 k̂

Pulsar Timing Array 
redshift = timing 

Angular separation

An
gu

la
r c

or
re

la
tio

n

2312.03069

‣ Redshift and astrometric effects come hand in hand, 
naturally leads to correlations similar to the Hellings-
Downs curve.


‣ Astrometry is more sensitive at higher frequencies 
> 10−6 Hz

https://arxiv.org/abs/2312.03069


Lunar Laser Ranging

Diego Blas and Alex C. Jenkins, PRL and PRD,  
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‣ Thanks for listening
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