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WHAT IS GW?
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Gμν =
8πG
c4

Tμν  componentsgμν : 10  DoF2

Michele Maggiore, Gravitational Waves



GW EFFECT
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Geodesic deviation equation

··si = −
1
2

··hijsj

si

first-order perturbation 

at rest dxi/dτ = 𝒪(h)

scale |s | ≪ L

t

Michele Maggiore, Gravitational Waves

hij = Λkl
ij gkl



GAUGE ISSUE?
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hG
ij = hN

ij − Λab
ij {∂aTG∂bTG + ∂a∂kLG∂b∂kLG}

ds2 = a(η)2( − (1 + 2Φ)η2 + ((1 − 2Ψ)δij + hN
ij )dxidxj)

TC = VNComoving slicing 

∂iTG∂iTG > hN
ij

J. Hwang, D. Jeong, & H. Noh, 2017



OUTLINE

First-order effect

Second-order effect
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GW EFFECT
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t

ni

xE(τE) xD(τD)xγ(w)

ds2 = a(η)2( − N2dη2 + gij(dxi + Nidη)(dxj + Njdη))
xD(τD f) = xγ(wf)τE i



GW EFFECT
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t
ds2 = a(η)2( − N2dη2 + gij(dxi + Nidη)(dxj + Njdη))

xD(τD f) = xγ(wf)τE i

x (0)
D (τ(0)

D f) = x(0)
γ (wf)

x(0)
γ (wf) = x (0)

D (τ(0)
D f) = (L, L ni)



GW EFFECT
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t
ds2 = a(η)2( − N2dη2 + gij(dxi + Nidη)(dxj + Njdη))

xD(τD f) = xγ(wf)τE i

x (0)
D (τ(0)

D f) = x(0)
γ (wf)

x (1)
D (τ(0)

D f) ≠ x(1)
γ (wf)

x(0)
γ (wf) = x (0)

D (τ(0)
D f) = (L, L ni)

x(1)
γ (wf)

x (1)
D (τ(0)

D f)



GW EFFECT
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t
ds2 = a(η)2( − N2dη2 + gij(dxi + Nidη)(dxj + Njdη))

xD(τD f) = xγ(wf)τE i

x (0)
D (τ(0)

D f) = x(0)
γ (wf)

x (1)
D (τ(0)

D f) ≠ x(1)
γ (wf)

x(0)
γ (wf) = x (0)

D (τ(0)
D f) = (L, L ni)

x(1)
γ (wf)

x (1)
D (τ(0)

D f)p(0)
D fτ

(1)
D f

τ(1)
D f =

1
p(0)

D f
(x(1)

γ (wf) − x (1)
D (τ(0)

D f))

p(0)μ
D =

dx(0)μ
D

dτD
=

1
a

(1,0⃗)



PHOTON MOTION
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t

ni

xE(τE) xD(τD)xγ(w)

(x(1)0
γ − nix(1)i

γ )
wf

0
=

1
2 ∫

wf

0
dw g(1)

// ,

g(1)
// = k(0)μ

γ g(1)
μν k(0)ν

γ k(0)μ
γ =

dx(0)μ
γ

dw
=

1
a2

(1,ni)



PHOTON MOTION
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t

ni

xE(τE) xD(τD)xγ(w)

x(0)μ
γ (w) = x(0)μ

γ i + λ (1,ni)

1
2 ∫

wf

0
dw g(1)

// =
1
2

ninj ∫
L

0
dλ h(1)

ij

+niE(1)
,i

wf

0

−∫
L

0
dλ (α(1) − ℛ(1) + σ(1)′￼) + σ(1)

wf

0

(x(1)0
γ − nix(1)i

γ )
wf

0
=

1
2 ∫

wf

0
dw g(1)

// ,

g(1)
// = k(0)μ

γ g(1)
μν k(0)ν

γ k(0)μ
γ =

dx(0)μ
γ

dw
=

1
a2

(1,ni)



PHOTON MOTION
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t

ni

xE(τE) xD(τD)xγ(w)

x(0)μ
γ (w) = x(0)μ

γ i + λ (1,ni)

1
2 ∫

wf

0
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// =
1
2

ninj ∫
L

0
dλ h(1)

ij

+niE(1)
,i

wf

0

−∫
L

0
dλ (α(1) − ℛ(1) + σ(1)′￼) + σ(1)

wf

0
Φ(1) + Ψ(1)

(x(1)0
γ − nix(1)i

γ )
wf

0
=

1
2 ∫

wf

0
dw g(1)

// ,

g(1)
// = k(0)μ

γ g(1)
μν k(0)ν

γ k(0)μ
γ =

dx(0)μ
γ

dw
=

1
a2

(1,ni)



OBSERVERS MOTION
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t

ni

xE(τE) xD(τD)xγ(w)

a (τD) x (1)0
D (τD) = aix (1)0

Di − ∫
τD

0
dτ̃Dα(1) (τ̃D)



OBSERVERS MOTION
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t

ni

xE(τE) xD(τD)xγ(w)

a (τD) x (1)0
D (τD) = aix (1)0

Di − ∫
τD

0
dτ̃Dα(1) (τ̃D)

v(1)
D,i ≡ p(1)i

D /p(0)0
D V(1)

Di = v(1)
Di + E(1)

Di ′￼

a (τ̃D) V(1)
ac,i = − ∫

τD

0
dτ̃D Φ(1)(τ̃D)

x (1)i
D (τD) = x (1)i

Di − E(1)
,i

τD

0

+∫
τD

0

dτ̃D

a2 (τ̃D) (aiV(1)
Di,i + a (τ̃D) V(1)

ac,i (τ̃D))



TIME DELAY
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t

ni

xE(τE) xD(τD)xγ(w)

τ(1)
D f =

1
p(0)

D f
(x (1)

D (τ(0)
D f) − x(1)

γ (wf))

= af [ 1
2

ninj ∫
L

0
dλ h(1)

ij

+ni (X (1)i
D f − X (1)i

E i )
−∫

L

0
dλ (Φ(1) + Ψ(1)) + X (1)0

E i − X (1)0
D f ]



TIME DELAY
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t

ni

xE(τE) xD(τD)xγ(w)

τ(1)
D f =

1
p(0)

D f
(x (1)

D (τ(0)
D f) − x(1)

γ (wf))

= af [ 1
2

ninj ∫
L

0
dλ h(1)

ij

+ni (X (1)i
D f − X (1)i

E i )
−∫

L

0
dλ (Φ(1) + Ψ(1)) + X (1)0

E i − X (1)0
D f ]

GW 

Shapiro



GRAVITATIONAL REDSHIFT
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t

ΔτE

ΔτD

1 + z =
ΔτD

ΔτE
Redshift 
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ΔτE

ΔτD

1 + z =
ΔτD

ΔτE
Redshift 

f ΔτE ≪ 1



GRAVITATIONAL REDSHIFT
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t

ΔτE

ΔτD

1 + z =
ΔτD

ΔτE
Redshift 

f ΔτE ≪ 1

z(1) =
af

ai (ninj ∫
L

0
dλ (h(1)

ij )′￼

+ni (V(1)
D,i (τDf) − V(1)

E,i (τEi))
+Φ(1)

f − Φ(1)
i − ∫

L

0
dλ (Φ(1) + Ψ(1))′￼

+( a′￼

a
X (1)0

D ) (τDf) − ( a′￼

a
X (1)0

E ) (τEi)) .



GRAVITATIONAL REDSHIFT
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t

ΔτE

ΔτD

1 + z =
ΔτD

ΔτE
Redshift 

f ΔτE ≪ 1

z(1) =
af

ai (ninj ∫
L

0
dλ (h(1)

ij )′￼

+ni (V(1)
D,i (τDf) − V(1)

E,i (τEi))
+Φ(1)

f − Φ(1)
i − ∫

L

0
dλ (Φ(1) + Ψ(1))′￼

+( a′￼

a
X (1)0

D ) (τDf) − ( a′￼

a
X (1)0

E ) (τEi)) .

1 + zcos =
a(xf)
a(xi)



HELLINGS-DOWNS CURVE
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z(1)
GW =

1
2

af

ai
ninj ∫

L

0
dλ (h(1)

ij )′￼



HELLINGS-DOWNS CURVE
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z(1)
GW =

1
2

af

ai
ninj ∫

L

0
dλ (h(1)

ij )′￼

h(1)
ij = h(t − x3)e+/×

ij

z(1)
GW =

1
2

ninje+/×
ij (h(t − L n3) − h(t)) .



HELLINGS-DOWNS CURVE
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z(1)
GW =

1
2

af

ai
ninj ∫

L

0
dλ (h(1)

ij )′￼

h(1)
ij = h(t − x3)e+/×

ij

z(1)
GW =

1
2

ninje+/×
ij (h(t − L n3) − h(t)) .

⟨za zb⟩ = Γab⟨h2⟩

Γab =
1
4 ∫ (ni

an
j
ae+/×

ij (Ω)) (ni
bn

j
be

+/×
ij (Ω))dΩ
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Credit: NANOGrav



SECOND-ORDER

13



GW EFFECT (II)
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x (0)
D

x(0)
γ (wf)

x (0)
D (τ(0)

D f) + p(0)
D fτ

(1)
D f +

1
2

dp(0)
D

dτD f
τ(1)
D f

2

-st1 -nd2

x (1)
D (τ(0)

D f) + p(1)
D τ(1)

D fx (1)
D

x (2)
D x (2)

D (τ(0)
D f)

x(1)
γ (wf) x(2)

γ (wf)

τD = τ(0)
D + τ(1)

D

≠

1
2

dp(0)
D

dτD f
τ(1)
D f

2

x (2)
D (τ(0)

D f)

p(1)
D τ(1)

D f

x(2)
γ (wf)



GW EFFECT (II)
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x (0)
D

x(0)
γ (wf)

x (0)
D (τ(0)

D f) + p(0)
D fτ

(1)
D f +

1
2

dp(0)
D

dτD f
τ(1)
D f

2

-st1 -nd2

x (1)
D (τ(0)

D f) + p(1)
D τ(1)

D fx (1)
D

x (2)
D x (2)

D (τ(0)
D f)

x(1)
γ (wf) x(2)

γ (wf)

τD = τ(0)
D + τ(1)

D

≠

1
2

dp(0)
D

dτD f
τ(1)
D f

2

x (2)
D (τ(0)

D f)

p(1)
D τ(1)

D f

x(2)
γ (wf)

p(0)
D fτ

(2)
D f

τ(2)
D f =

1
p(0)

D f (x(2)
γ (wf) − x (2)

D (τ(0)
D f) − p(0)

D fτ
(1)
D f −

1
2

dp(0)
D

dτD f
τ(1)
D f

2)



GW EFFECT (II)
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1
2

dp(0)
D

dτD f
τ(1)
D f

2

x (2)
D (τ(0)

D f)

p(1)
D τ(1)

D f

x(2)
γ (wf)

p(0)
D fτ

(2)
D f

(x(1)0
γ − nix(1)i

γ )
wf

0
= −

1
2 ∫

wf

0
dw (g(2)

// + 2k(1)μ
γ g(1)

μν k(0)ν
γ

+a2k(0)μ
γ (g(1)

μν /a2),σ
x(1)σ

γ k(0)ν
γ + k(1)μ

γ g(0)
μν k(1)ν

γ )



GW EFFECT (II)
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γ − nix(1)i

γ )
wf

0
= −

1
2 ∫

wf

0
dw (g(2)
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γ (g(1)
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γ ≡ X(1)j

γ
wf

w=0

⊃ ninj [ 1
2 ∫

L

0
dλ hN(2)

ij + E(1)′￼

,i (x(0)
γf ) ΔX(1)j

γ +
a4

f

2w2
f

LΔX(1)i
γ ΔX(1)j

γ ]
hN(2)

ij ≡ h(2)
ij + Λij

lk (σ(1)
l σ(1)

k + E(1)
,lmE(1)

,mk)



GW EFFECT (II)
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The TT components of the spatial metric in the Newton gauge



SUMMARY
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The physical effect of GWs is to perturb the spacetime 
separation between events.


The GW effect is inherently quadrupolar, and the Hellings–
Downs curve is a direct consequence of this quadrupole nature.


Up to the second order, the GW effect is captured by the TT 
components in the Newton gauge.



THANK YOU FOR ATTENTION 
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IGW IN A GENERAL UNIVERSE
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For a universe dominated by a perfect fluid with EoS  w

Φ(k) = {
Const. csk ≫ ℋ
a−2 csk ≪ ℋ

G. Domènech 2019

k = aH ∝ a− 1 + 3w
2

hk = {Const. k ≪ ℋ
a−1 k ≫ ℋ


