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QCD at low energies

• Non-perturbative implementation of Field 
theory: 

Feynmann path integral formalism.

• Expectation values:

where
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Figure 1: Summary of determinations of ↵S as a function of the energy scale Q provided
in [10].

↵S ⌧ 1, i.e., looking at Figure 1, at large energy scales. It concerns a reduction in the
strength of interactions between quarks and gluons. In this regime, we can obtain increasingly
accurate approximations of the theory by employing perturbation theory [21]. It consists
on approximating any interaction by an infinite series where each term consists of different
Feynman diagrams [18]. Each term in this series is proportional to ↵⌫

S
(for the leading order

⌫ = 0, for the next to leading order ⌫ = 1, etc.). The fact that ↵S ⌧ 1 is what guarantees
that the series does not diverge for small values of ↵S, meaning that each contribution is
smaller than the previous one. That is why the infinite series is truncated at some point,
depending on the accuracy desired. On the contrary, at low energy scales, ↵S ⇠ 1. This
is known as color confinement. It states that, due to the force between two color charges
remaining constant as they are separated, the energy increases until a quark–antiquark pair
is spontaneously created, turning the initial hadron into a pair of quarks instead of isolating
a color charge. This means that is impossible for quarks to exist freely in nature, we always
find them confined in hadrons (e.g. proton, neutron, etc.). As ↵S ⇠ 1, the regime is non-
perturbative. We therefore need other approaches in order to solve it. In this work, the aim
is to study this regime with a lattice regularized Hamiltonian with a variational approach.
Variational in the sense that, instead of computing an approximate value of the energy from
the perturbation theory, we compute an estimate of the energy given by the variational
method. This estimate provides a rigorous upper bound on the energy. Nevertheless, the
variational method has disadvantages too, as previous information of the system that is

Confinement Asymptotic 
freedom

S. Navas et al. (Particle Data Group). Phys. Rev. D, 
110(03001), 2024. 
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DωDω̄DAµÔ[ω, ω̄, A]eiSQCD

<latexit sha1_base64="z99OJhClUI+WH7mOOxf5vzhtybY=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyItC6LblxWsA/aDiWTZtrQJDMkGaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knNPEHOmjet+O4WNza3tneJuaW//4PCofHzS1lGiCG2RiEeqG2BNOZO0ZZjhtBsrikXAaSeY3mV+54kqzSL5aGYx9QUeSxYygo2VegOBzUSJtDcflitu1V0ArRMvJxXI0RyWvwajiCSCSkM41rrvubHxU6wMI5zOS4NE0xiTKR7TvqUSC6r9dJF4ji6sMkJhpOyTBi3U3xspFlrPRGAns4R61cvE/7x+YsIbP2UyTgyVZPlRmHBkIpSdj0ZMUWL4zBJMFLNZEZlghYmxJZVsCd7qyeukfVX1atXaw3WlcZvXUYQzOIdL8KAODbiHJrSAgIRneIU3RzsvzrvzsRwtOPnOKfyB8/kD9maRIA==</latexit>

Z

2

Finite volume

Imaginary time

<latexit sha1_base64="RRjlzvwHLssVo5pVmfS5M5z3RQM="></latexit>
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How is scattering approached in LQCD?

3M. Lüscher, Comm. Math. Phys. 105 (1986), Nuc. Phys. B
354 (1991)

infinite volume

finite volume with 
cubic boundaries
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i.e. one can obtain the lowest energy state provided we see the large time exponential
fall-off of the correlation function (Euclidean time evolution suppresses excited states)
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Poor signal-to-noise for baryons
Effective mass plot for the proton
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Path integral formalism

Lattice set-up

S[ω], L, M , ω(0)
t , Ncf

Generate ensemble

Local updates (→ e→S
) ↑ {ω(i)}

{ω(i)}decorrelated?

Build propagators

Choose operators Ok

Propagators: Gk(t) = ↓Ok(t+ t0)O↑
k(t0)↔

Gk invaritant among t0?

Analysis

Average G(t) and compute Ee!(t)

Spectrum

Extract E0 from the golden window of E(t).

Auto-correlation control

Auto-correlation time ε
Nsave ↗ 2ε

Translational invariance

Average over all t0

Yes

Yes

No

Adjust Nsave

No
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Signal to noise problem
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Variational approach
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Variational principle 
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Upper bound of the GS energy
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Neural Quantum State as the ansatz
• Universal approximation theorem

• NN as the variational ansatz

• NN architecture
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Variational Monte Carlo

30 CH. 1 QUANTUM MECHANICS OF ONE PARTICLE

closer to the optimal ones. A representation of that is shown in Figure 1.5.

Figure 1.5: Illustration of the procedure of the gradient descent algorithm in the variational
point of view.

Gradient descent is a powerful tool in machine learning as it allows to compute the
gradients of the loss function (energy) without knowing its expression.

1.4.1 Stochastic Gradient Descent

There are di! erent approaches of the gradient descent algorithm. All of them di! er basically
in the optimization process of the parameters. In this work we are going to use the Stochastic
Gradient Descent (SGD), a simple version of the gradient descent. It is also one of the most
basic algorithms that can be used for training neural networks, which will be presented in
the next chapter.

Its updating rule of the parameters is

! ! = ! ! " " ! L (! ), (1.4.1)

where ! ! are the optimized version of the variational parameters! , L is the loss function
(i.e. the energy) that depends on those parameters and" is the so-calledlearning rate which
is a small positive number that controls the size of the step taken towards the minimum.

So, the steps of this algorithm are
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Model set-up

H , M , ! (0) , Ncf

NN architecture, " i
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Markov Chain MC updates
{ ! ( i ) } | ! ( i ) ! |# ! (! )|2

{ ! ( i ) } decorrelated?

Auto-correlation control

Auto-correlation time $
Nsave ! 2$

Local energies

E ( i )
! = # ! 1
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MC estimate

Variational MC estimate
E! " E (MC)

! = average of E ( i )
!

Variational energy
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Convergence of E! ?

Gradient optimization

Compute gradients &# ! E!

" new = " old $ ' &# ! E! .

End
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No

Adjust Nsave
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20 dimensional
variational space
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L oss = E! ! E0 " E!



From a signal -to-noise to an optimization  
problem

13

epoch epoch



Generalized to any field theory
3.2. GROUND STATE OF THE FREE FIELD SYSTEM 63
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Figure 3.1: Representation of a 4x4x4 lattice.

3.2 Ground State of the Free Field System

In this chapter we are going to work with! 4 Þeld theories, which mean that the interaction
potential in (3.1.9) is

V(!ö, ! !ö) = " ! 4. (3.2.1)

In Ref. [5], the vacuum state of a scalar free Þeld theory, i.e." = 0, is shown to be

! ! |" " = " [! ] = exp
!

#
1
2

"
d3x! (x )(µ2 # $ 2)1/ 2! (x )

#
, (3.2.2)

up to a constant. The lattice version of this vacuum state is

" [! ] = exp

$

#
1
2

%

i,j

! i (µ2 # $ 2)1/ 2
ij ! j

&

. (3.2.3)
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! QCD is a 3+1 field theory
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! ! (" R , " I )

dim = 2L d Nhid + Nhid + 2N hid
dim = Nhid ( 2L d + 3) 

M. Rovira, R. Perry, A. Parreño. Proceedings of Science 
PoS QNP2024 (2025) 036



Summary & future outlook
! VMC approach in the Hamiltonian perspective provides an alternative without a signal 

to noise problem.
! One can study the stationary system and then its evolution (just one point in time).
! The problem is now an optimization problem.
! Can we obtain the low-lying energy spectrum of heavy nuclei?
 (e.g. lead, uranium) with some systematic errors.

! Drawbacks
o Generate samples efficiently.
o Some ansatz will suffer from strong autocorrelation.
o In high-dimensional theories, tune the NN ansatz (Nhid) so that it does not scale 

rapidly with the volume.
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