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Low-energy description of nuclear processes: 


             nonperturbative QCD information (LQCD)                                  nuclear EFTs


                                                                                                                   + many-body methods                     


                                                                                                      predictions for properties of heavy nuclei 


                                                                                                       (beyond present-era LQCD calculations) 

LQCD calculations for nuclear physics 



LQCD calculations for nuclear physics 

Long term expectation: 


reduced systematic errors arising from nuclear-
model uncertainty 


increased sensitivity in experimental searches 

Low-energy description of nuclear processes: 


             nonperturbative QCD information (LQCD)                                  nuclear EFTs


                                                                                                                   + many-body methods                     


                                                                                                      predictions for properties of heavy nuclei 


                                                                                                       (beyond present-era LQCD calculations) 

no e.m. interactions
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× T

LQCD correlation function 

LQCD calculations: Non-perturbative implementation of Field Theory using the Feynman Path Integral Formalism

Calculation of expectation values of operators:

⟨0 ∣ 𝒪̂ ∣ 0⟩ =
1
Z ∫ 𝒟 ψ 𝒟 ψ 𝒟 Aμ 𝒪̂[ψ, ψ, A] ei SQCD

Z = ∫ 𝒟 ψ 𝒟 ψ 𝒟 Aμ ei SQCD QCD partition function

⟨ 𝒪̂ ⟩ ∼
1

Ncnf

Ncnf

∑
k=1

𝒪̂ ({U}k)

important sampling methods

⟨0 ∣ 𝒪̂ ∣ 0⟩ =
1
Z ∫ 𝒟 ψ 𝒟 ψ 𝒟 Uμ 𝒪̂[ψ, ψ, U] e−SE

QCD

Z = ∫ 𝒟 Uμ det Q(U) e−SE
g

Go to Euclidean time t → − i τ

Finite volume L3 × T

For numerical calculations: qj(n) [eigbAμ(n)]ji qi(n + b ̂μ)

Uμ(n)
Discretize spacetime b < < Λ−1

QCD b
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∼ P(U)



In principle, “smart” fitting would 
allow us to extract the lowest-energy 
state. 

Energy levels C2pt(⌧,p) =
X

x

e�ix·p ��↵hX↵(x, ⌧)X̄�(0, 0)i
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1
τJ

log [
Cβα(τ, ⃗p )

Cβα(τ + τJ, ⃗p ) ]

= Zsnk
0 Z†

0
src e−E(0)t + Zsnk

1 Z†
1

src e−E(1)t + . . .

Tower of energy eigenstates

of the system 


in the finite volume

The lattice correlation function contains 
information on all the energy eigenstates 
of the system.

LQCD correlation function 
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signal-to-noise degradation

Challenges with LQCD studies of nuclear systems

The signal-to-noise problem

C2pt(⌧,p) =
X

x

e�ix·p ��↵hX↵(x, ⌧)X̄�(0, 0)i
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= Zsnk
0 Z†

0
src e−E(0)t + Zsnk

1 Z†
1

src e−E(1)t + . . .

Energy levels

The lattice correlation function contains 
information on the tower of energy 
eigenstates of the system.


In principle, “smart” fitting would allow 
us to extract the ground state. 

1
τJ

log [
Cβα(τ, ⃗p )

Cβα(τ + τJ, ⃗p ) ]



G. Parisi, Phys.Rept. 103 (1984)

G.P. Lepage, Boulder TASI (1989)

M.L. Wagman, M.J. Savage, Phys.Rev.D 96 (2017)

Challenges with LQCD studies of nuclear systems

The signal-to-noise problem
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Small excited-state gaps may lead to incorrect identification of ground-state energy

Challenges with LQCD studies of nuclear systems

Small energy gaps

with



Scattering information in Euclidean space-time and FV

M. Lüscher, Comm. Math. Phys. 105 (1986), Nuc. Phys. B 354 (1991)

2 R

r

ul(r; k) = ↵l(k)jl(kr) + �l(k)nl(kr)

e2i�l(k) =
↵l(k) + i�l(k)

↵l(k)� i�l(k)

Infinite volume



Scattering information in Euclidean space-time and FV

M. Lüscher, Comm. Math. Phys. 105 (1986), Nuc. Phys. B 354 (1991)

2 R

r

Finite volume

det [(ℳ∞)−1 + δ𝒢V ] = 0

L

Infinite volume

scattering information

cot δ(kn)
Generalized Z function

Z
0
0
(1
;x

)
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k⇤ cot � =
2p
⇡L

Z00(1; (
k⇤L
2⇡ )2)
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x = ( k* L
2π )

2



Scattering information in Euclidean space-time and FV

M. Lüscher, Comm. Math. Phys. 105 (1986), Nuc. Phys. B 354 (1991)

k⇤ cot � =
2p
⇡L

Z00(1; (
k⇤L
2⇡ )2)
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E1

E0

E2

E3

1.- Determine finite-volume energies


(LQCD output) 


Z
0
0
(1
;x

)
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x = ( k* L
2π )

2

ΔE = EN1N2
− EN1

− EN2 → k * (CM momentum)
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E1

E0

E2

E3

k⇤ cot � =
2p
⇡L

Z00(1; (
k⇤L
2⇡ )2)
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M. Lüscher, Comm. Math. Phys. 105 (1986), Nuc. Phys. B 354 (1991)

Scattering information in Euclidean space-time and FV

1.- Determine finite-volume energies


(LQCD output) 

2.- Solve a (multi-hadron) quantization condition

constrain a parameterized scattering amplitude 

Z
0
0
(1
;x

)
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=
k*

co
tδ

x = ( k* L
2π )

2

ΔE = EN1N2
− EN1

− EN2 → k * (CM momentum)
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E1

E0

E2

E3

k⇤ cot � =
2p
⇡L

Z00(1; (
k⇤L
2⇡ )2)
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M. Lüscher, Comm. Math. Phys. 105 (1986), Nuc. Phys. B 354 (1991)

Scattering information in Euclidean space-time and FV

2.- Solve a (multi-hadron) quantization condition

constrain a parameterized scattering amplitude 

Z
0
0
(1
;x

)
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=
k*

co
tδ

x = ( k* L
2π )

2
k⇤2 [l.u.]

k
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co
t
�(

2
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d = (0, 0, 0)

d = (0, 0, 2)

243 ⇥ 48 : stat.+syst. 68% C.I.

323 ⇥ 48 : stat.+syst. 68% C.I.

483 ⇥ 64 : stat.+syst. 68% C.I.

Two-parameter ERE: stat.

Two-parameter ERE: stat.+syst.

Three-parameter ERE: stat.+syst.

Three-parameter ERE: stat.

243 ⇥ 48 : stat. 68% C.I.

323 ⇥ 48 : stat. 68% C.I.

483 ⇥ 64 : stat. 68% C.I.

27 irrep

�
p
�k⇤2



LQCD studies of nuclear systems

@ unphysical quark masses

The use of heavier than physical pion masses reduces the exponentially bad StN problem (at a reduced computational cost) of multi-
nucleon LQCD calculations                              benchmark for nuclear spectrum calculations using LQCD 
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Marc Illa et al (NPLQCD) PRD 103 (2021) 5, 054508

Boosted 

and back-to-back


momenta

mπ ~ 450 MeV

LQCD studies of nuclear systems

unphysical quark masses



Boosted 

and back-to-back


momenta

Marc Illa et al (NPLQCD) PRD 103 (2021) 5, 054508

mπ ~ 450 MeV

LQCD studies of nuclear systems

unphysical quark masses



Marc Illa et al (NPLQCD) PRD 103 (2021) 5, 054508

LQCD studies of nuclear systems

unphysical quark masses



Proof-of-principles calculations

@ unphysical quark masses



NPLQCD

*

PACS-CS

CalLat

EXP

Nuclear physics with LQCD - Controversy

Davoudi, Detmold, Shanahan, Orginos, Parreño, Savage, Wagman, Physics Reports 900 (2021) 1–74 


I=0 NN I=1 NN
BUT …

Is the fitting interval correctly 

identified?

Are we missing excited state 

contributions?

Is there an operator dependence 

on the energy levels extracted?


variational calculation

3He 4He



NN (I=1)

L ~ 3.4 fm  

NN spectroscopy @ 800 MeV - Variational calculation

Solve Generalized Eigenvalue Problem (GEVP):

GEVP Eigenvalues provide rigorous (stochastic) 

variational upper bounds on energy levels

<latexit sha1_base64="RisceiqLpwGQJw4Q2iD1Fw6pKZY="></latexit>

C(t)~vn(t, t0) = �n(t, t0)C(t0)~vn(t, t0)

Large set of operators 

b=0.145 fm 


mπ ~ 806 MeV

L ~ 4.5 fm and 3.4 fm
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NN spectroscopy @ 800 MeV - Variational calculation
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calculations made on the same set of configurations

S. Amarasinghe et al (NPLQCD) PRD 107 (2023) 9, 094508 

The (upper bounds on the) gs energies 
obtained from the resulting GEVP 

solutions for these correlation-function 
matrices are significantly closer to 

threshold than those obtained using 
hexaquark sources and dibaryon sinks 
(in all previous studies using the same 

gauge-field ensemble)

taking out a dibaryon op 

with zero relative momentum

variational method provides (stochastic)

 upper bounds on energy levels

Results consistent if viewed as variational bounds

NN spectroscopy @ 800 MeV - Variational calculation



 

L3
S × LT = 323 × 48 and 243 × 48

NN (I=1)  NN (I=0)  
W. Detmold et al. (NPLQCD) Phys.Rev.D 111 (2025) 11, 114501

B. Hörz et al.,  Phys. Rev. C 103, 014003 (2021) 

A. Francis et al., Phys. Rev. D 99, 074505 (2019) 
CalLat 17: E. Berkowitz et al., Phys. Lett. B 765, 285 (2017)

NPLQCD 17: M.L. Wagman et al., Phys. Rev. D 96, 114510 (2017)

NN spectroscopy @ 800 MeV - Variational calculation

Comparison of two-nucleon variational 
bounds with other calculations at similar 

quark masses employing variational 
methods or asymmetric correlators in the 

total momentum |P⃗| = 0 sector



LQCD for Nuclear Physics 

New Method in Hadron Spectroscopy: Lanczos Method 

coming out of the oven…

Residual bounds

Courtesy of Robert J. Perry



LQCD for Nuclear Physics 

New Method in Hadron Spectroscopy: Lanczos Method


 
Two sided bounds are phenomenologically 

useful!


Courtesy of Robert J. Perry



Assuming variational bounds 

have saturated


Large lattice artifacts!

In 2023 we started a study of all SU(3) irreps at two different lattice spacings

LQCD for Nuclear Physics 

Ongoing studies:  Lattice artifacts?

flavor singlet channel 

(H-dibaryon) 

Previous calculations by other groups:

Green, Hanlon, Junnarkar, Wittig, PRL 127 (2021)



Martí Rovira’s presentation


Neural-network-based variational methods

Martí has been applying the variational method to study simple quantum mechanical 
systems and interacting scalar field theories. 

His thesis goal is to compute the energy eigenvalues of the lattice-regularized Hamiltonian for QCD, using a trial wave 


function based on a neural network —> to explore the spectrum of single- and few-hadron systems in QCD

Other theoretical techniques to obtain the energy eigenvalues of the QCD Hamiltonian

with Robert J. Perry (MIT) and Assumpta Parreño (UB)


