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0→ 1 C Scalar Field Theory



Path integral formalism

Lattice set-up

S[ω], L, M , ω(0)
t , Ncf

Generate ensemble

Local updates (→ e→S
) ↑ {ω(i)}

{ω(i)}decorrelated?

Build propagators

Choose operators Ok

Propagators: Gk(t) = ↓Ok(t+ t0)O↑
k(t0)↔

Gk invaritant among t0?

Analysis

Average G(t) and compute Ee!(t)

Spectrum

Extract E0 from the golden window of E(t).

Auto-correlation control

Auto-correlation time ε
Nsave ↗ 2ε

Translational invariance

Average over all t0

Yes

Yes

No

Adjust Nsave

No
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S[ω(t)] =
L→1∑

t=0

{[
ω↑(t+ 1)→ ω↑(t)

][
ω(t+ 1)→ ω(t)

]
+M2|ω(t)|2

}
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E(t) =
1

tJ
log

G(t)

G(t+ tJ)
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S[ω] =
L→1∑

t=0

[
|ωt+1 → ωt|2 +M2|ωt|2

]
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G(t, t0) = →O(t+ t0)O
→(t0)↑ =

1

Z

∫
Dω e↑S[ω]

O(t+ t0)O
→(t0)
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G(t, t0) →
1

Ncf

Ncf→1∑

i=0

(
Ot+t0O

↑
t0
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O(t) = eω(t) → 1

t
ω0 ω1

· · ·
ωL→1 ωL



Signal to noise problem
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Variational approach
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H(ω,ω†, εω, εω†) = →
ε2

εωεω† +M2ω†ω
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H(ωR,ωI , εωR, εωI) = →
1

2

ε2

εω2
R

+
1

2
M2ωR

︸ ︷︷ ︸
HR

+ →
1

2

ε2

εω2
I

+
1

2
M2ωI

︸ ︷︷ ︸
HI
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ωω(εR,εI)
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Ĥω(εR,εI) = (ER + EI)︸ ︷︷ ︸
E

ω(εR,εI)
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Eω =
→ωω|Ĥ|ωω↑

→ωω|ωω↑
↓ E0
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Ĥ = ωω† +M2ε†ε

Variational principle 

ω

ωR

ωI

Upper bound of the GS energy
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Var(H) = →H†
H↑ = →H2↑

no signal to noise problem



Neural Quantum State as the ansatz
• Universal approximation theorem

• NN as the variational ansatz

• NN architecture
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→ (!)

↑ (!)

h1

h2

h3

h4

→ (NNω[!])

↑ (NNω[!])

W (1), B(1) W (2)
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ω = {W (1)
ij , B(1)

i ,W (2)
jk }
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yk =
∑

j

W (2)
jk hj
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hi = tanh




∑

j

W (1)
ij xj +B(1)

i




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→x ↑ Rn

,

, ,

G. Cybenko. Mathematics of Control, Signals, 
and Systems, 2(4):303–314, 1989.

,



Variational Monte Carlo
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closer to the optimal ones. A representation of that is shown in Figure 1.5.

Figure 1.5: Illustration of the procedure of the gradient descent algorithm in the variational
point of view.

Gradient descent is a powerful tool in machine learning as it allows to compute the
gradients of the loss function (energy) without knowing its expression.

1.4.1 Stochastic Gradient Descent

There are different approaches of the gradient descent algorithm. All of them differ basically
in the optimization process of the parameters. In this work we are going to use the Stochastic
Gradient Descent (SGD), a simple version of the gradient descent. It is also one of the most
basic algorithms that can be used for training neural networks, which will be presented in
the next chapter.

Its updating rule of the parameters is

↵0 = ↵� �r↵L(↵), (1.4.1)

where ↵0 are the optimized version of the variational parameters ↵, L is the loss function
(i.e. the energy) that depends on those parameters and � is the so-called learning rate which
is a small positive number that controls the size of the step taken towards the minimum.

So, the steps of this algorithm are

6

Model set-up

H, M , ω(0)
, Ncf

NN architecture, εi

Variational ansatz (NQS)

ϑω(ω) = ϑ0(ω) · exp (NN(ω))

Sampling

Markov Chain MC updates

{ω(i)} | ω(i) → |ϑω(ω)|2
{ω(i)}decorrelated?

Auto-correlation control

Auto-correlation time ϖ
Nsave → 2ϖ

Local energies

E(i)
ω = ϑ→1

ω (ω(i)
)Hϑω(ω

(i)
)

MC estimate

Variational MC estimate

Eω ↑ E(MC)
ω = average of E(i)

ω

Variational energy

Eω ± ϱEω

Convergence of Eω?

Gradient optimization

Compute gradients ς↓ωEω

εnew = εold ↔ φς↓ωEω.

End

Optimised Eω and ϑω

Yes

No

Adjust Nsave

No

Yes

ω new →↑ ω
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ω

20 dimensional
variational space
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Loss = Eω → E0 ↑ Eω



From a signal-to-noise to an optimization 
problem
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When the ansatz is an eigenstate of the 
Hamiltonian…
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! ! (" R , " I ) = ! 0(" R , " I )

<latexit sha1_base64="13HhVunVh1tU1M4bvAF/RrwZWtQ="></latexit>

Var( E ) = ! öH 2" # ! öH "2 #$ Var( E) = ! ! ! |E 2
! |! ! " # ! ! ! |E! |! ! "2 = 0
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Local energy evolution
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Wavefunction evolution
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Generalized to any field theory
3.2. GROUND STATE OF THE FREE FIELD SYSTEM 63
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Figure 3.1: Representation of a 4x4x4 lattice.

3.2 Ground State of the Free Field System

In this chapter we are going to work with! 4 Þeld theories, which mean that the interaction
potential in (3.1.9) is

V(!ö, ! !ö) = " ! 4. (3.2.1)

In Ref. [5], the vacuum state of a scalar free Þeld theory, i.e." = 0, is shown to be

! ! |" " = " [! ] = exp
!

#
1
2

"
d3x! (x )(µ2 # $ 2)1/ 2! (x )

#
, (3.2.2)

up to a constant. The lattice version of this vacuum state is

" [! ] = exp

$

#
1
2

%

i,j

! i (µ2 # $ 2)1/ 2
ij ! j

&

. (3.2.3)

13

! (! 1)

" (! 1)

...

! (! L 3 )

" (! L 3 )

h1

h2

h3

...

hN hid

! (NN! [!])

" (NN! [!])

W (1) , B (1) W (2)

! QCD is a 3+1 field theory

2Ld real inputs

Nhid hidden nodes

2 real outputs
<latexit sha1_base64="8XShWPatGraesWkUEV2WX2jK/Ak=">AAACBHicbVDLSgMxFM34rPVVddlNsAgVpMyIVJdFN7qrYh/QKUMmzXRCM5khuSOU0oUbf8WNC0Xc+hHu/BvTdhbaeuByD+fcS3KPnwiuwba/raXlldW19dxGfnNre2e3sLff1HGqKGvQWMSq7RPNBJesARwEayeKkcgXrOUPriZ+64EpzWN5D8OEdSPSlzzglICRvELRTTT3XAgZEFx2k5B7dyfTdnPsFUp2xZ4CLxInIyWUoe4VvtxeTNOISaCCaN1x7AS6I6KAU8HGeTfVLCF0QPqsY6gkEdPd0fSIMT4ySg8HsTIlAU/V3xsjEmk9jHwzGREI9bw3Ef/zOikEF90Rl0kKTNLZQ0EqMMR4kgjuccUoiKEhhCpu/oppSBShYHLLmxCc+ZMXSfO04lQr1duzUu0yiyOHiugQlZGDzlENXaM6aiCKHtEzekVv1pP1Yr1bH7PRJSvbOUB/YH3+AJfFl20=</latexit>

ωω(εR,εI)

dim = 2Ld Nhid + Nhid + 2Nhid
dim = Nhid ( 2Ld + 3) 

M. Rovira, R. Perry, A. Parreño. Proceedings of Science 
PoS QNP2024 (2025) 036



Summary & future outlook
! VMC approach in the Hamiltonian perspective provides an alternative without a signal 

to noise problem.

! One can study the stationary system and then its evolution (just one point in time).

! The problem is now an optimization problem.

! Can we obtain the low-lying energy spectrum of heavy nuclei?
 (e.g. lead, uranium) with some systematic errors.

! Drawbacks
o Generate samples efficiently.
o Some ansatz will suffer from strong autocorrelation.
o In high -dimensional theories, tune the NN ansatz (Nhid) so that it does not scale 

rapidly with the volume.

14
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Heatbath algorithm

#&

<latexit sha1_base64="EvKOfm8MQYrAxXGlSlC9sppMPyw="></latexit>

S[ω] =
L→1∑

t=0

[
|ωt+1 → ωt|2 +M2|ωt|2

]

<latexit sha1_base64="mMkG3aoKeZOr3U4W9DBOcEOQlvA="></latexit>

St = (2 + M 2)|! t |2 ! 2" [(! !
t +1 + ! !

t " 1)! t ]

<latexit sha1_base64="5EX7yRS+VR4IBjB/r27zXj1cHaQ="></latexit>

Pt ! exp(" St ) (complex normal distribution) ,

<latexit sha1_base64="RcG2oZwxrdFwB2vClIpgwoEDRmc="></latexit>

! ( i )
t updated from taking a sample ofPt

<latexit sha1_base64="ToCQE6u6ZXJ8DdtfZvhPnzRrTLw=">AAACG3icbVC7SgNBFJ31GeNr1dJmMAgWMewGiTZC0MZKIpgHZJcwO5lNhsw+nLkrhmX/w8ZfsbFQxEqw8G+cPApNPDBwOOfeO/ceLxZcgWV9GwuLS8srq7m1/PrG5ta2ubPbUFEiKavTSESy5RHFBA9ZHTgI1oolI4EnWNMbXI785j2TikfhLQxj5gakF3KfUwJa6phlx48kEQJD0blLSBdzfG4VnW4EqugAe4D0OuukE0b9LDu2Sx2zYJWsMfA8saekgKaodcxPPY8mAQuBCqJU27ZicFMigVPBsryTKBYTOiA91tY0JAFTbjq+LcOHWulivaR+IeCx+rsjJYFSw8DTlQGBvpr1RuJ/XjsB/8xNeRgnwEI6+chPdBARHgWFu1wyCmKoCaGS610x7RNJKOg48zoEe/bkedIol+xKqXJzUqheTOPIoX10gI6QjU5RFV2hGqojih7RM3pFb8aT8WK8Gx+T0gVj2rOH/sD4+gFKW6D9</latexit>

! t, i = 0 , . . . , Ncf " 1.



Metropolis - Hastings

#'

<latexit sha1_base64="GJq1N8Vc2gtN/AM7MkDYxoAh3WQ=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV2WmSHVZdOOygn1AZyyZNG1DMzMhuSOUaXHjr7hxoYhbv8Kdf2PazkJbDwQO59zLzTmBFFyD43xbuZXVtfWN/GZha3tnd8/eP2joOFGU1WksYtUKiGaCR6wOHARrScVIGAjWDIbXU7/5wJTmcXQHI8n8kPQj3uOUgJE69lENe1LFEmI89qTmHQ8GDMj4vtyxi07JmQEvEzcjRZSh1rG/vG5Mk5BFQAXRuu06EvyUKOBUsEnBSzSThA5Jn7UNjUjItJ/OIkzwqVG6uBcr8yLAM/X3RkpCrUdhYCZDAgO96E3F/7x2Ar1LP+WRTIBFdH6olwhsAk/7wF2uGAUxMoRQxc1fMR0QRSiY1gqmBHcx8jJplEtupVS5PS9Wr7I68ugYnaAz5KILVEU3qIbqiKJH9Ixe0Zv1ZL1Y79bHfDRnZTuH6A+szx8WFJdB</latexit>

P ! |! ! |2

<latexit sha1_base64="jtuZXTgUizO1s/1JBPSHUSv7fLE="></latexit>

Propose a new conÞg.÷! ( i )
j = ! ( i ! 1)

j + N (0, 1), j = R, I,

<latexit sha1_base64="ou+yyXH5wtfzg3t2TtUhq7FjLuI=">AAACGHicbVBNS8NAEN3Ur1q/oh69LBbBU01EqniqevFYwX5AW8pmO22XbjZhdyKW0J/hxb/ixYMiXnvz35i0OWj1wcDjvRlm5nmhFAYd58vKLS2vrK7l1wsbm1vbO/buXt0EkeZQ44EMdNNjBqRQUEOBEpqhBuZ7Ehre6Cb1Gw+gjQjUPY5D6PhsoERfcIaJ1LVP6ALaCI8YX3EOITLFgYY68JgnpMDx5aTQtYtOyZmB/iVuRookQ7VrT9u9gEc+KOSSGdNynRA7MdMouIRJoR0ZCBkfsQG0EqqYD6YTzx6b0KNE6dF+oJNSSGfqz4mY+caMfS/p9BkOzaKXiv95rQj7F51YqDBCUHy+qB9JigFNU6I9oYGjHCeEcS2SWykfMs04JlmmIbiLL/8l9dOSWy6V786Klessjjw5IIfkmLjknFTILamSGuHkibyQN/JuPVuv1of1OW/NWdnMPvkFa/oNoRmckQ==</latexit>

Acceptance probability:
<latexit sha1_base64="Ehegzp+GaYv4iUPA3/T0XFgtu0k="></latexit>

P ( ÷! ( i )
R , ÷! ( i )

I )

P(! ( i ! 1)
R , ! ( i ! 1)

I )
=

|" ! ( ÷! ( i )
R , ÷! ( i )

I )|2

|" ! (! ( i ! 1)
R , ! ( i ! 1)

I )|2

<latexit sha1_base64="1WlqQY03fPx87sT9OWhSSe+B0TY="></latexit>

! ( i )
j = ÷! ( i )

j accepted/rejected according to the acc. prob.

<latexit sha1_base64="Lj95rx9mdJwGh1TE7u4tzWXb0U4=">AAACFnicbZDLSgMxFIYz9VbrbdSlm2ARXNQyI1LdCEU3rqSCvUA7DJk004ZmLiRn1DLMU7jxVdy4UMStuPNtTC8LbT0Q+Pj/c5Kc34sFV2BZ30ZuYXFpeSW/Wlhb39jcMrd3GipKJGV1GolItjyimOAhqwMHwVqxZCTwBGt6g8uR37xjUvEovIVhzJyA9ELuc0pAS6551AH2AOk9hz7OMMfn2C51uhGo0sS4ztx0QtTPMtcsWmVrXHge7CkU0bRqrvmlL6NJwEKggijVtq0YnJRI4FSwrNBJFIsJHZAea2sMScCUk47XyvCBVrrYj6Q+IeCx+nsiJYFSw8DTnQGBvpr1RuJ/XjsB/8xJeRgnwEI6echPBIYIjzLCXS4ZBTHUQKjk+q+Y9okkFHSSBR2CPbvyPDSOy3alXLk5KVYvpnHk0R7aR4fIRqeoiq5QDdURRY/oGb2iN+PJeDHejY9Ja86YzuyiP2V8/gCXl5+y</latexit>

with i = 1 , . . . , Ncf



Monte Carlo

#!

<latexit sha1_base64="p1R5eKQqS+J9RvGI3JZuAlVVl1Y="></latexit>

E! = E [! ! ] =
! ! ! | öH |! ! "

! ! ! |! ! "
=

! !
d" R d" I |! ! (" R , " I )|2E loc

! (" R , " I )
! !

d" R d" I |! ! (" R , " I )|2

<latexit sha1_base64="hZkNfo6gAWVM/HDRwUUNQYgZjoE="></latexit>

E! ! E MC
! =

1
Ncf

N cf!

i =0

E ( i )
! , E ( i )

! = E loc
! (! ( i )

R , ! ( i )
I )

<latexit sha1_base64="NJ+km1u2jCcVgoH+oPDZubzZ+KQ="></latexit>

with ! ( i )
R,I !

!
!
!" !

"
! ( i )

R , ! ( i )
I

#!
!
!
2



Propagator
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Uncertainties

%$

<latexit sha1_base64="L6H6qtgBbHrom5oU5+UiLtfT/Uk="></latexit>

GMC
t =

1
Ncf

N cf ! 1!

i =0

G(i )
t

<latexit sha1_base64="oQOrQg2WZthRdndv//PA3hlrlSk="></latexit>

! GMC
t =

! Gt!
Ncf

=

!"
"
# 1

Ncf

N cf ! 1$

i =0

%
G(i )

t " GMC
t

&2

<latexit sha1_base64="1tOdZ5PfLMJKVIZpd6mLHO3EuFA=">AAACJXicbVDLSgMxFM3Ud32NunQTLIIglBkRdaEgiiiCUME+oK1DJs20oZkHyR2hDPMzbvwVNy4sIrjyV8y0s9DWA4GTc84luceNBFdgWV9GYWZ2bn5hcam4vLK6tm5ubNZUGEvKqjQUoWy4RDHBA1YFDoI1IsmI7wpWd/uXmV9/YlLxMHiAQcTaPukG3OOUgJYc8/TKgcfk7jLFZ7jlSUITO03AuU1bIuyOhes8kWqWwH5mju9FxyxZZWsEPE3snJRQjopjDludkMY+C4AKolTTtiJoJ0QCp4KlxVasWERon3RZU9OA+Ey1k9GWKd7VSgd7odQnADxSf08kxFdq4Ls66RPoqUkvE//zmjF4J+2EB1EMLKDjh7xYYAhxVhnucMkoiIEmhEqu/4ppj+hqQBeblWBPrjxNagdl+6h8dH9YOr/I61hE22gH7SEbHaNzdIMqqIooekav6B0NjRfjzfgwPsfRgpHPbKE/ML5/AO42pY8=</latexit>

E MC
t =

1
tJ

log
GMC

t

GMC
t + t J

<latexit sha1_base64="nTyGiE3ZgJNCnmUp9PiYWWN1SrU="></latexit>

! E MC
t =

!"
"
#

$
! GMC

t

GMC
t

%2

+
$

! GMC
t + t J

GMC
t + t J

%2

! 2"

&
! GMC

t ,G MC
t + t J

GMC
t

'
GMC

t + t J

( !

)



Uncertainties

%#

<latexit sha1_base64="L6H6qtgBbHrom5oU5+UiLtfT/Uk="></latexit>

GMC
t =

1
Ncf

N cf ! 1!

i =0

G(i )
t

<latexit sha1_base64="oQOrQg2WZthRdndv//PA3hlrlSk="></latexit>

! GMC
t =

! Gt!
Ncf

=

!"
"
# 1

Ncf

N cf ! 1$

i =0

%
G(i )

t " GMC
t

&2

<latexit sha1_base64="1tOdZ5PfLMJKVIZpd6mLHO3EuFA=">AAACJXicbVDLSgMxFM3Ud32NunQTLIIglBkRdaEgiiiCUME+oK1DJs20oZkHyR2hDPMzbvwVNy4sIrjyV8y0s9DWA4GTc84luceNBFdgWV9GYWZ2bn5hcam4vLK6tm5ubNZUGEvKqjQUoWy4RDHBA1YFDoI1IsmI7wpWd/uXmV9/YlLxMHiAQcTaPukG3OOUgJYc8/TKgcfk7jLFZ7jlSUITO03AuU1bIuyOhes8kWqWwH5mju9FxyxZZWsEPE3snJRQjopjDludkMY+C4AKolTTtiJoJ0QCp4KlxVasWERon3RZU9OA+Ey1k9GWKd7VSgd7odQnADxSf08kxFdq4Ls66RPoqUkvE//zmjF4J+2EB1EMLKDjh7xYYAhxVhnucMkoiIEmhEqu/4ppj+hqQBeblWBPrjxNagdl+6h8dH9YOr/I61hE22gH7SEbHaNzdIMqqIooekav6B0NjRfjzfgwPsfRgpHPbKE/ML5/AO42pY8=</latexit>

E MC
t =

1
tJ

log
GMC

t

GMC
t + t J

<latexit sha1_base64="nTyGiE3ZgJNCnmUp9PiYWWN1SrU="></latexit>

! E MC
t =

!"
"
#

$
! GMC

t

GMC
t

%2

+
$

! GMC
t + t J

GMC
t + t J

%2

! 2"

&
! GMC

t ,G MC
t + t J

GMC
t

'
GMC

t + t J

( !

)



Bootstrap

%%

<latexit sha1_base64="q9HoBSlCLJm+chJd9zOTfnQY11A="></latexit>

Gb
t =

1
Ncf

!

! (k )

G(! (k ))
t

<latexit sha1_base64="roYguU8Hu6p2tILlUCMMk71NzfU="></latexit>

GB
t =

1
Nboot

N boot ! 1!

b=0

Gb
t

<latexit sha1_base64="l3qNFspwj39u8q1dTamvJfcUuBI="></latexit>

! GB
t =

!"
"
# 1

Nboot

N boot ! 1$

i =0

%
Gb

t ! GB
t

&2

<latexit sha1_base64="hS4KTPJlekmVg1COmxH55cKVRTg=">AAACMXicbVDLSgMxFM34rPVVdekmWAqCUGZEqhuhKGJxVcE+oK1DJs20oZkHyR2hDPNLbvwTcdOFIm79CTOdLrT1QODknHtJznFCwRWY5sRYWl5ZXVvPbeQ3t7Z3dgt7+00VRJKyBg1EINsOUUxwnzWAg2DtUDLiOYK1nNF16reemFQ88B9gHLKeRwY+dzkloCW7UMNzuLHhMXYSfIm7riQ0tpIY7LukK4JBJtxmA4kmMZyk3vRqF4pm2ZwCLxJrRopohrpdeO32Axp5zAcqiFIdywyhFxMJnAqW5LuRYiGhIzJgHU194jHVi6eJE1zSSh+7gdTHBzxVf2/ExFNq7OkcJY/AUM17qfif14nAvejF3A8jYD7NHnIjgSHAaX24zyWjIMaaECq5/iumQ6J7AV1yXpdgzUdeJM3TslUpV+7PitWrWR05dIiO0DGy0Dmqohqqowai6Bm9oXf0YbwYE+PT+MpGl4zZzgH6A+P7Bw4Kp3M=</latexit>

E b
t =

1
tJ

log
Gb

t

Gb
t + t J

<latexit sha1_base64="aCnbt/N8ytQul9BYm7NoNl8/beM="></latexit>

E B
t =

1
Nboot

N boot ! 1!

b=0

E b
t

<latexit sha1_base64="uLap7UmRXy8JFt8tLpqPgnPTVvw="></latexit>

! E B
t =

!"
"
# 1

Nboot

N boot ! 1$
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%
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t ! E B
t

&2



Signal-to-noise Lepage, 1989

Argument given by Lepage: for a system with N valence quarks lines (2 for mesons and 3 for 
baryons) the errors are controlled by the square of the correlator, which has 2N lines
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Signal-to-noise

pions
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Signal-to-noise
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Signal-to-noise

noise-to-signal independent of time

pions

Lepage, 1989
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Signal-to-noise problem in baryon systems

nucleons
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Signal-to-noise problem in baryon systems
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nucleons

NPLQCD, arXiv:1104.4101 [hep-lat]

exponential grow of noise

!  

cosh(M" (t # T /2))

! N

Important issue when working with baryons: NOISE!
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Signal-to-noise problem in baryon systems Lepage, 1989

YesterdayÕs talk, with Sandra Tom‡s
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Signal-to-noise problem in baryon systems
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Signal-to-noise problem in baryon systems

NPLQCD, Phys. Rev. D80, 074501 (2009)ÒGolden windowÓ
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