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Nuclear Energy Density Functional

0 Approximations/theory to describe nuclear properties

Configuration Nuclear energy density

Ab initio approaches interaction approach functionals (EDF)

applied to almost all nuclei
(phenomenological)

[ Paths toward constructing phenomenological nuclear energy
density functionals

v’ Start from an effective nuclear interaction or Lagrangian : H=T+V

Evaluate the expectation value <<I>|l§l|<1>> = F[p]in a Slater determinant

L, Skyrme, Gogny, relativistic mean field (RMF) model

v’ Treat the density p(r) as the fundamental variable and construct the energy
density functional directly

\—> Fayans energy density functional



Constraining Nuclear EDFs: Methods and Challenges

O How do we constrain nuclear EDFs?

Nuclear observables or Ab initio predictions

Bayesian inference
Phenomenological
coupling parameters

x2 minimization

0 What are the current difficulties faced by nuclear EDFs?

= Current experimental data are too limited / not precise enough to
constrain the isovector part of the nuclear EDFs.

= Tensions between different constraints emerge and cannot be
simultaneously accommodated by parameter tuning alone.
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Example: Parity violating asymmetry

Apy = ——— 550

Adhikari et al. (PREX), PRL126, 172502 (2021)

Sensitive to the isovector channel of the EDFs
PREX2: Lead (?°8Pb) Radius Experiment
CREX: Calcium (*8Ca) Radius Experiment

Reinhard, Roca-Maza, Nazarewicz, PRL 129, 232501 (2022)
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} EDFs well calibrated to masses,
radii, and surface thickness (and
parity violating asymmetry, dipole
polarizability)

No simultaneous description
Tensions exist for current EDFs !
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Skyrme EDFs: Spin-orbit (SO) density

* Spin-orbit density (spherical nuclei)

Jq(r) — 47:7,3 Z’UE (2]z ‘|’1)>< []z (]z —|_]-)_li (li +1)_ %}RZQ(T)

* Contributions from j, and j_ largely cancel
with each other
« j. =1+ 1/2: positive contribution @

¢ j.=[— 1/2:negative contribution

° . . . . . 48
Spin .orblt den5|jcy is large in *®Ca, but 208}
relatively small in 2°8Pb
* ®Ca: J,~0, J,>0 (8 1f;, SO unpaired neutrons)

* 208p. J,~J,>0 (14 1i,3/, neutron and 12 1hy,, protons) neutrons protons

The isovector spin-orbit (IVSO) coupling is expected to have
significant effects on 4Ca while essentially no influence on 2%Pb!




Skyrme EDFs: CREX and PREX2
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| ¢ % I\lvonIreI:;tiv'isli‘c ETDIJ;.. - | quantity eS250 €S53 eS5007 exp
® Relativisic EDFs -~ = | A3 (fm)  3.4786 34642 3.5015 34771
’.' LeX AFS 0.0329 00428 00288 0.0277 £0.0055"
1 ArdS (fm) 0,130 0.18] pl=ils
- - ,ﬁé;;‘ AP - off (fm’) 225 232 | 255 207£0229 |
004+ " ¢ 10V-min - EX8: (MeV) 1378 1378 1355
25 |
[
< quantity  eS250  eS53  eS500¢ exp
= 2% (fm) 54786 54793 55107 5.5012%
1% = AFZ® 0.029 0029 0041  0.041£0.013"
0.02 ’ Arg® (fm)  0.195  0.198 _0.273
a2 (fm?) 2012 1984 [2298  19.60+0.60"]
0.00 0.02 0.04 0.06 :
208 T.G. Yue, Z. Zhang, LW. Chen, arXiv: 2406.03844
AF .
CW
@The isovector spin-orbit coupling b,, = The electric dipole polarizabilities are
500 MeV-fm? gives perfect fit to CREX/PREX2 not compatible with experimental
data measurements when b,, = 500 MeV-fm>

The isovector spin-orbit coupling b, should be larger
than = 250 MeV-fm?® to fit CREX and PREX2 data
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RMF: CREX and PREX2
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4 Q. Zhao, et al. PRC 106, 034315 (2022)

_ % as (V) (Pip) — [% Qs (V) (Y7 )] 1sovector-scalar coupling
- %av (V7.9) (v v)— %arv (V. 79) (Yy )

isoscalar tensor coupling
isovector tensor coupling

- Sor(V0,9) (b0 0)— Gau (bo,7) (b0 7v) |

- 2650, (42)8" ()
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OD ,:N‘“. @G“SD @Charge-weak form factor differences in
0.05F 5 1 48Caand 298Pb: Consistent with PREX-II
0,
oosl Dg s | andCREX(67%C.L)
-9 /lj,- — '_ :
: g w3 KON
0.03 in o D ( ) E () Reasonable descriptions for binding
. T - 7| energies, charge radius, spin-orbit splitting,
) single-particle energy levels and neutron
0.0} N . S = matter equation of states
.00 0.02 0.04 0.06

AF.,.,(298Ph) M. Qiu, Z. Zhang, T.G. Yue, LW. Chen, arxiv: 2511.15385 6
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https://arxiv.org/abs/2511.15385

bi¥ [MeV - fm?]

bi? [MeV - fm5]

biv/bis

RMF: Role of isovector spin-orbit (IVSO)

e By performing a nonrelativistic reduction, we found

bIS — 88% O — 48%0[8 — 433045,0 bIV — SB(Q)OZTT — 48%0{78

M. Qiu, Z. Zhang, T.G. Yue, LW. Chen, arXiv: 2511.15385
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https://arxiv.org/abs/2511.15385

Future plan: Fayans nuclear EDFs

e Starting directly from the energy density functional, Fayans EDF is constructed by
g — gkin —I_ gnuc —I_ gCoul —|_ gls —I_ gpairing

* Volumne and surface term More sophisticated density dependence
2 — bY¢ 17,"
E,= §sfqpo la; fu(0, B, Va,...)a® +aj fs(a, 5, Ve, ...) 5] fi(a) = 7: If:.(:”;‘ . t=a,pB
2 t
E£,= gerporslaaga(a, 0, Ve, .. )(Va)* +aigs(a, 8,Ve, . )(VB)']  g(a,8,Va,...) = 1 |
1+ ciat + dir2(Va)?
e Pairing term More flexibility in pairing
2 ep
palrlng — Z F Palr Tfpalr( 7/87 va?"') "iq
qg=n,p
Fosix (0,8, V@, ....) = L —Dpgir 0" & g r2(Va)?

Fayans EDFs show advantages in charge radii systematics

Conclusion: The Fayans paring functional, with its generalized density dependence, significantly improves the

description of charge radii in odd and even nuclei. Adding differential charge radii to the set of fit observables



Towards Improved EDFs via Bayesian Inference

Question 1: Can current Fayans EDFs simultaneously
accommodate the PREX2 and CREX data without
compromising other ground state properties?

Bayesian parameter
estimations

Under model M’ s assumption

The prior probability
l of quantities of interest © before

The likelihood function ®
of observing y given the
model M predictions at ©

being confronted with the
experimental measurements y

The posterior probability P(O| - \/l) _ E(}" @,M)ﬂ'((9| ./\/l) 2 aeres 2
distribution of quantities of J > The marginal likelihood/Evidence

interest © given experimental p(y Th‘? probabll'lty of model M
measurements y giving experimental measurements y

M) o——e

Prior 1(0) Likelihood L(y|0, M) Posterior p(Oly,ml_l\qu)J

AN




Towards Improved EDFs via Bayesian Inference

Question 1: Can current Fayans EDFs simultaneously
accommodate the PREX2 and CREX data without

Bayesian parameter

. . estimations
compromising other ground state properties?
Question 2: If not, which aspects of the Fayans functional ]
form should be generalized or extended? Gw_ded by
v’ Additional isovector spin-orbit coupling term? Bayesian model
v’ Additional isovector surface term? comparisons
v’ Different density dependence?
- Anincrease in the number of the phenomenological parameters
4+ Evidence (a larger evidence indicates a better model)
Z=p(y |M)=J(10L(y|M,9)ﬂ(0|M) 1
” (@) = Ao ::' g L(y| M, 0)
o) (st o
: 2 o No. of parameter, =
Maximum likelihood , Af
model complexity like

Rav Mad Phve 282 G472 /100
) von Toussaint, Rev. Mod. Phys. 83,943 (201 1)
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Conclusion and Outlook

O Current nuclear energy density functionals are unable to
simultaneously describe the PREX2 and CREX data, indicating the
need for further improvements.

[ Existing analyses from Skyrme and relativistic mean field (RMF)
frameworks: a larger isovector spin-orbit (IVSO) coupling strength
than previously assumed may play a key role in reconciling the two
measurements.

O Future work: Bayesian-guided extensions of Fayans energy density
functionals for improved descriptions of finite nuclei, including PREX-
II, CREX, and other ground-state properties

hank you!



ZH series: Parameters

PCF-PK1  ZH-1 ZH-2 7ZH-3
ars(psat) -1.981 4701  -0.8403  -3.321
ars 2.328 0.5947 2.126 1.802
brs 0.06179  84.914 334.1 9.290
Crs 0.5704 50.16 711.5 17.36
drs 0.7644  0.08152  0.02165  0.1386
arv(psat) 2.976 5.400 1.927 4.096
arv 2.547 4.212 9.430 6.656
brv 0.3459  -0.001241 -0.001728 -0.002950
Crv 1.612  0.0006678 0.0007385 0.001406
drv 0.4547 22.34 21.24 15.39
ds -0.6658  -0.7173  -0.7886  -0.7311
ar 3.374 4.312 5.673 4.546
QrT 0.535> 6.967 9.195 7.114
AF&y 0.0405 0.0327 0.0329  0.0326
AF&y 0.0269 0.0284 0.0280  0.0282
Arﬁdi 0.172 0.116 0.128 0.127
AP 0.183 0.188 0.190 0.191
Esym(psat) 330 336 324 321
B (2pis/3) 245 25.4 25.8 26.9
L 78.4 66.7 43.8 19.4
L(2psat /3) 50.4 54.2 50.2 49.0
Koym 61.4 -114 -276 -469
(bE>) 150 172 205 178
(822 153 176 210 182
(b)) 35.0 222 230 213
(B 36.7 229 238 219 13

a The maximum value of a1 in #¥Ca in PCF-PK1.



Density dependent point-coupling RMF
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1 as () (P) _[% Qs (V) (Y7 )] 1sovector-scalar coupling
2 S TS

- %av (V7.9) (v v)— %arv (V. 79) (Yy )

isoscalar tensor coupling
isovector tensor coupling

- Sor(V0,9) (b0 0)— Gau (bo,7) (b0 7v) |

o
i ——————————— -

- 2650, (42)8" ()
* Density dependent ansatz oy | oy 1t+bi(z+d)”
for S, V, 78, 7V P = epd B, L =R G ay

fi(1)=1,£/(0)=0
* In PCF-PKI, o, determined from Fierz transformation

1
r=1g (- ag+ 3a,5 + 20y — 60, + 6ar)

* We treat a1T as a free density-independent parameter

» Keeping the isoscalar channels unchanged, the remaining parameters are calibrated to:
* Form factor difference of “*Ca and 2°*Pb
* Ground states properties of “*Ca and 2°*Pb
* Properties of nuclear matter equation of states 6



Three new relativistic EDFs : ZH-1,2,3

» Charge density and weak density in 8Ca and 2°8Pb

0.12 T T T T T
(a) 48cgqg ¢ PCF-PK1 (b) 208pp Exp. Pch
0.10 — oz} ]
—== ZH-2

—-- ZH-3

- weak density

- weak density

5 charge density charge density

No unphysical density fluctuations in the
nuclear interior




Three new relativistic EDFs : ZH-1,2,3

* Binding energies and charge radius

§
o N T NP exp 1
o 4F 0Ep = [Ep— Ep"|/Eg s
— 2F ]
S0 o R, TS
N T = |
> '1 oy a :
- '" . = [ ALS AR B i3 B PCF-PKI

L

) ]
A~ E: Y — 2 expl / Rexp 3
:X 4 ... () [l), [11’. [l)l ]‘/ ]I’l ‘
20 o, %0 _eo00  gog0—0%ey o5®
< IF ]
Z
e é @ /il @ /i ® i @ rCFPK

) b 5 T: () T e r; () 320 N);
1°0 0Ca ¥Ca ONi  OSNj  88gp  Ngy 100G, 182G, 208py,

M. Qiu, Z. Zhang, T.G. Yue, LW. Chen, in preparation

Reasonable description for ground state properties
of (semi-) doubly magic nuclei




Three new relativistic EDFs : ZH-1,2,3

* Pure neutron matter equation of state

20.0 — ;
_ EFT

175 booer PCF-PKI

[ — ZH-]

[ == 7H-2

[ = ZH-3
- ¥ Machleidt

[— p—
) [y
I —
N S
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—
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~—
|

Epxulp) [MeV]

A 1 A A A A | A
0.05 0.10 0.15
P [fm ™

M. Qiu, Z. Zhang, T.G. Yue, LW. Chen, in preparation

Reasonable description for neutron matter equation of
state




ZH series: SO splittings
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Non-relativistic reduction

Density-dependent point-coupling potential energy density

1 1 1 1 1
{ E= §0Lsp§ + §0LVP%/ + §0L»rsp%s + §0LTVPEV Qor jor” — Qup 1’ — 568 (Vps) 2}

Ps
Pv In expressionof T
jr J

Non-relativistic Skyrme energy density

( 2 2+« bIS \
E = byp®+byp +b,pAp +bp7 + 5 pVJ Isoscalar

bopi+ bspip®+ bapAp + b, pr + éVpVJ Isovector
density gradient Kinetic  Spin-orbit
\_ dependent )




Non-relativistic reduction

* Dirac equation
(m—l—S—i—Vo U'(p—’iTO)><g0> (gp)
— €
o-(p+iT°) -m—S+V°/\x X

* Eliminating the lower component of the Dirac spinor

. ;0 — —
Rt o Bofip  B=letmt§—V0]t Ti=p+r

e Normalization condition
/d?)r%%:/dgwﬁs@:l:/d?’w‘ﬂ*qﬁd f=1+0-TB%- T

0= j71/2¢c1
e Order counting

S+V0~0v2?,
€e—m~v?,

a'-(p—iTO)Ba'-ﬁ~v2



Non-relativistic reduction

* Non-relativistic limit of relevant current and density
PV = P,
ps = Z(ﬁ)""f"/? (l -0 - ﬁBga : ﬁ) e
— p—2B2 [T VI —Vp-T°+27°.J + /)T“Q] :
jop = Z [(b“'ff_'/‘“) (iaB(,aﬁ) =428 _ (_'.(_']
= ByVp — 2B,Tp — 2B,J.
* Non-relativistic limit of the potential energy density

/1 1 s i 1 s EL . ‘, S
Pe— (5(1'5 + 50'\"> [)‘2 - <§(17-g —+ 5(_1'.,-\;> pz — 5()5(V/))2 — QBG)Q‘SpT — 2850"751)’7'
¢ ¢ ¢ ~\ 2 0 0 o~ ¢ 5 ~

— arB2(Vp)? —a,tB2 (Vp)" — 4atB2J? — 4a,vB2J? — PB2al.spVp | J

+ (=2B2akp — 2BRas + 4B2ar) NVp- J +|(=2B2as + 4Bia,t) Vp- J

* Non-relativistic limit of the SO coupling strength

bIS = SB%OZT - 48%0&8 - 46% Oéép bIV = 8B(Z)CXTT - 48%&7-3 bSV = = 48(2)057,'Sb

ISSO coupling IVSO coupling SVSO coupling



ZH series: SO partner ordering

S

ingle particles energies of “8Ca

M. Qiu, Z. Zhang, T.G. Yue, LW. Chen, in preparation
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Different from meson-exchange RMF case
v’ Right ordering of SO partners
v Shell closures

What results in the difference?



Central average mean field v.s. SO potential

/' Starting from energy density in non-relativistic limit, we derive
Averaged central potential
~ 1 ! ! ]- ! ! ~
U,=(as+av)p+7s(ars+aw)pt 5 (as+as)p®+ 5 (ars + ars) p°

—2BasT — 213 B3 a5 T — 2B% ol pT — 2Bl T

+ (2B%QT + 53) V2p + 27’3 B%Q{TTVZp

_ %VJ_E% bIV‘|‘27'3bsvvj J

Spin-orbit potential

i —

____________________________________________________________________________

Only SO potential is modified
Spin-orbit potential Uso — U (r) £ UL (1)

N A.Kunjipurayil, J. Piekarewicz, M. Salinas, Phys. Rev. C 112, 014310
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changes largely due to the
unpaired f,, neutrons
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Central average mean field v.s. SO potential

In Skyrme-like EDFs

208
CW

AF
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Central average mean field v.s. SO potential
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ZH series: correlations

M. Qiu, Z. Zhang, T.G. Yue, LW. Chen, in preparation
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* Weak-charge form factor differences of 8Ca as a probe of IVSO coupling strength
* Neutron skin of 2%8Pb as a probe of L(2p,/3) instead of L




ZH series: correlation
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Spin-orbit interaction and neutron skin

0.28 —' | I T l T ~l l | R0 B\ l L [ '_". ] 1] ' g 5 ] [ L] -_I L L I | B 8 | l-
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Sensitivity analysis based on MSLO

Chen, Ko, Li, &Xu, PRC82, 024321 (2010)

The Neutron skin of
48Ca is sensitive to
spin-orbit coupling W,!

e 43Ca and 298pb have different shell and surface structures

* Both are related to spin-orbit interaction




Nuclear spin-orbit interaction

Strong spin-orbit interaction—> magic numbers
U(r)—=U(r)+W(r)L-S

Relativistic energy density functionals

1 d(V—-29)
2M *2p dr
Duerr, Phys. Rev. 103, 469 (1956)
Nonrelativistic energy density functionals (Skyrme):

L-S

W(r)=

Mayer and Jensen (1949)
e Spin-orbit interaction: iW,(o1+ o), - [P'X6(r)P] Chabanat, et al., NPA 627, 710 (1997)

1

5 WolJ -Vp+J,Vp,+J,Vp,]

e Spin-orbit energy: E_ :/dr3

b b

Reinhard and Flocard, NPA 584, 467488 (1995)
Bender, Heenen, and Reinhard, Rev. Mod. Phys. 75, 121 (2003).
Ebran, Mutschler, Khan, and Vretenar, PRC 94, 024304 (2016).

« Standard Skyrme EDFs: Isoscalar dominant bry = by /3 = W, /2



Efforts in relativistic EDFs

 Meson-exchange relativistic mean field model

a) + tensor coupling.
b) + isoscalar-isovector mixing term in the scalar sector
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* Remove unphysical density oscillations.
* Inslightly worse agreement with CREX and PREX
* Intension with Chiral EFT predictions for the neutron matter EOS



