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How can quantum computers 
be useful?

• Exponential Scaling

• Time complexity

Time
(usually brings 
better computers)

Timeline

Early computers

VQE
• Parametrized circuit
• Minimized by brute force
• Access directly wavefunction 

(gs)
Time evolution

NISQ

Subspace expansion 
Methods

Fault-Tolerant

QPE
• Energy spectra
Shor’s algorithm
• Break RSA
…

…



Subspace expansion Methods
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low/high energy sub-space expansion of the Hamiltonian

Idea
• Propose wavefunctions

• Use Quantum Computers to change basis

Same as
classical Krylov !
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Given H and a reference state, define subspace

classical Krylov

Expand H in this subspace

where V  is formed by orthogonal vector in the subspace, and 
solve for H



Key Ingredients

close to subspace• Generating a basis 

Introduction
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classical Krylov :

• Change of basis for the operator of interest 



Quantum Krylov
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• Generating a basis

• Change of basis 

Key Ingredients

• Time-evolved states

• Expectation values with

Hamiltonians are not unitary!

Non orthogonal basis!

How do we solve this?
Propose a generalized eigenvalue problem:

where



Circuit proposal
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Key Ingredients

• Time-evolved states

• Expectation values with

Yoshioka, N., Amico, M., Kirby, W. et al. Nat Commun 16, 5014 (2025).
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Key Ingredients

• Time-evolved states

• Expectation values with

Exact time evolution is expensive! 
(Use Trotter decomposition)



Results
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Exact exponential 20Ne

Trotterized exponential 8Be

Check efficiency of the basis

Check effect of Trotter error affects



NSM results
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Exact exponential 20Ne

• Explore Hilbert space

• Aliasing effects (due to complex 
exponential)

Results

Trotterized exponential 8Be



NSM results
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• Limited from below: explore Hilbert space

• Limited from above: Trotter error

Results

Trotterized exponential 8Be

Fine tuning of Krylov 
dimension 

Exact exponential 20Ne



NSM results
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More gates

Reduce Trotter error

Need in 105 CNOT gates (not feasible) 

Trotterized exponential 8Be
Exact exponential 20Ne
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Wait for better computers

Not available yet

Easy solution

• Improve time evolution
• Q. Phase Estimation
• Rodeo algorithm
• Krylov
• Adiabatic

• Find other subspace to expand H

Difficult solution



Backup
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classical Krylov

This works because:
• Rayleigh principle

• Gram-Schmidt

• Create orthogonal basis

• Optimized version: create tridiagonal 
matrix for transformation, highly efficient 
to solve...

• Only save some vectors

Key ingredients:
• Generating a basis with operator (encode of 

eigenvectors)

• Change basis of the operator of interest (encode 
the eigenvalues)

Or functions of the operator!
Also forget about requirements for classical 

optimization
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Advantages

• Directly implement powers of H
• Create an orthonormal basis
• More flexibility on operation

Disadvantages

• Memory: save vectors and matrix 
(sparse?)

• Slow calculations: grow with 
dimensionality

• Classical:

• Quantum:

Advantages

• Inherently tackle large dimension
• Some functions of the operator are 

efficient to implement

Disadvantages

• Hamiltonians are not (usually) unitary
• Creating an orthonormal basis is not easy



Circuit proposal
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Kyrlov dimension
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Algorithm overview
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Circuit
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All – to-all connectivity
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Trotterized exponential
• 8Be: 10 time-steps, dt = 0.01

2nd order Trotter step: 

20K CNOT            5 K (rely on full connectivity)



NSM results
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Exact exponential Trotterized exponential
• 8Be: 10 time-steps, dt = 0.1

• 20Ne: 20 time-steps, dt = 0.1

Krylov
ED

Krylov
ED

• 8Be: 10 time-steps, dt = 0.01

2nd order Trotter step: 

20K CNOT            5 K (rely on full connectivity)



NSM
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Remarks:
• Trotter error is huge • 8Be: 10 measurements, dt = 0.01, n = 10

• 8Be: 10 measurements, dt = 0.05, n = 2

• 8Be: 10 measurements, dt = 0.01 , n = 10, 1st order Trotter
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